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PREFACE 


The Introduction and Chapter I were printed off in 
1931 and some important changes should be supplied from 
the Addenda and Corrigenda, which an intending reader 
should take note of at once. Chapter II, whose completion 
has been unavoidably delayed, has now been rewritten. 
For help in this I owe an overwhelming debt to Dr. W. W. 
Rogosinski, who not only supplied much of the material, 
but criticised and corrected my text in the last detail. 

I wish also to express my gratitude to the printers 
Messrs. C. F. Hodgson & Son for their courtesy and great 
forbearance over a difficult 20 years. 

June , 1944. J. E. L. 
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NOTE 

The theorems of the Introduction have numbers 
below 100, those of Chapter I begin at 101, those 
of Chapter II at 201. Sections are numbered 
consecutively. 


ERRATUM 

p. 153. (i) The upper limit in (A*) is, as in (A)(1), with 

respect to £ ^ z. 

(ii) The usual definition of upper-semi -continuity 
is (A)(1) and not (as in the text) (A*). This 
makes, of course, only a momentary difference. 



Introduction . 


The various matters collected in the Introduction agree only in being 
more conveniently separated from their applications. It is not, how- 
ever, necessary to read it consecutively, and much of it is first required 
in Volume 2 ; the reader may therefore welcome a few words of explana- 
tion and advice. 

He cannot become familiar too early with the inequalities of Holder 
and Minkowski, and he should read consecutively (but not try to 
memorize) to the end of Section 2 if he can do so without becoming 
impatient. This section is developed rather more systematically than is 
necessary for applications, but the number of distinct forms in Theorems I 
and 2 that are specifically used is surprisingly large ; and if the details are 
taken with a judicious lightness the subject is quite an easy one. Sec- 
tion 3 is very short. There is a certain field of complex function theory 
(the problems of “boundary- values” — these are discussed in Volume 2) 
which demands a fairly complete “real- variable” technique. Sections 4 
and 5 are designed to meet this need. Section 4 dealing with general 
theory, and Section 5 with the more special subject of Fourier series. 
While not exhaustive, the account is sufficiently systematic to be read 
for its own sake, but the reader may postpone it if he wishes until he 
reaches Volume 2. Section 6 is concerned with an isolated problem of 
analysis situs , and may be read when it becomes relevant (in Section 19). 
Section 7 presents a fairly complete general theory of harmonic func- 
tions ; much of it is required later, it is easy, and the subject is apt to 
be neglected in England ; it should probably be read before Chapter I. 
Section 8 consists of straightforward calculations. It sets out the be- 
haviour of certain special functions whose role is to be illustrative, and 
especially to provide “Gegenbeispiel’ ' ’si. It is required hardly at all 
in Volume 1. 


f- A. “ Gegenbeispiel ” for a proposition p is an example which shows that p is false: the 
function x~ l ie a “Gegenbeispiel" for the proposition “all functions are bounded in 
0 <.r<l”. The important examples are those which complete the account of a theorem by 
showing that it is “ best possible" (depends on the minimum hypotheses). 


B 
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Notation. 


1. Notation. We use the symbol A(x> y , ...), or sometimes 
for a positive constant depending only on the parameters shown 
explicitly ; in particular A will denote a positive absolute constant. We 
use K for a positive constant depending in general .on all the parameters 
of the context. We use 3 for a number satisfying | 9 K 1- A 9 s, K's, and 
9’s are not in general the same from one occurrence to another; if we 
wish to preserve their identity in the course of an argument we affect 
them with suffixes 1, 2, .... 

e(x), e n , etc., denote functions tending to 0 as their argument tends 
to the limit (finite or infinite) under consideration, The symbol o(l) 
is available for such functions, and the e notation is used only to mark 
a distinction ; we use it for functions that are independent of some 
parameter or parameters. 

The symbol e without an argument, and also denote as usual 
positive constants (“arbitrarily small”). 

Certain letters used as indices (exponents) will denote numbers sub- 
ject to special conditions, p may be any real constant, positive or nega- 
tive. The remaining letters denote 'positive constants, and, moreover, are 
restricted by the following inequalities : 

X > 0, 1, r > 1 ; 1 Cjp < 2, <?>2; 0 < ac< 1, 0 < p < 1. 

We shall occasionally allow ourselves the licence of extending the 
ranges of X, k 9 p to include 0, those of p, X, k, r , q to include + oo , and 
that of p to include — oo ; but in such cases we shall always indicate the 
extension explicitly. [The commonest indices are A and r. p and q 
do not occur in Vol. 1. The definitions are repeated from time to time, 
and the reader need not memorize them.] 

We write t f =tj(t — 1), where t is any one of the special indices 
(supposed, however, not to have the value t = 1). A dashed letter does 
not necessarily belong to the class denoted by the undashed letter : thus 
p r and q! are respectively of types q and p , and X', k\ p r may be negative. 

The relation between t and t f may be expressed in two further w r ays, 
with which the reader should make himself familiar : 

-y+-J-=l, «-l)(*'-l) = 1. 

The integrals with which we shall be concerned are generally ex- 
tended over a bounded set of points. Such a set of points can be reduced 
by a trivial transformation to lie within any given interval : we shall 
suppose always, unless the contrary is stated (and this does sometimes 
happen), that all sets E, e, ... are contained in the interval ( — n, n). 
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which we denote by E 0 . We write E i C E 2 for “U i is contained in E 2 \ 
and denote E 0 — E by CE. 

By HK, the 4 ‘product 1 * of two sets of points H and K, we mean the 
set of points common to H and K. 

A function f(0) to be considered in E 0 is likely to have some natural 
relation to the period 2?r. On balance it pays to lay down the con- 
vention that “/ is continuous in E 0 ” shall include the relation 
/( — 7r) = / (?r). In theorems about functions not necessarily continuous 
it is generally possible to alter arbitrarily the value of the function at 
a single point. In such circumstances we shall tacitly suppose that 
/( — 7r) = /( tt) and that /, defined originally in E 0 , exists everywhere 
and has the period 2 tt. This convention enables us, for example, to treat 
an interval | 0 — <9 0 |< on the same footing when it projects out of E 0 
as when it does not. 

Unless the contrary is stated all given functions are supposed measur- 
able : other questions of measurability are generally trivial, and we do 
not discuss them. 

When |/(0) | x is integrable in the sense of Lebesgue in a set E we 
say that / belongs to the class L x in E. We write also for brevity L 
hi place of L 1 . 

The “sign of z” , or, in symbols, sgn 2 ; is defined to be 0 if z = 0 
and zf \z | otherwise. z denotes the conjugate of z, sgri z = sgn z. 

The symbol [/]ivr denotes / if | / 1 -ZV, and N .sgn/ if \f\>N. 
[JE'jjv denotes that part of the set E for which the modulus of the variable 
does not exceed N. 

By a null-set we understand a set of zero measure, by a null-function 
a function that is zero except in a null-set. /= <j>, or, in words, “/ 
is equivalent to <f>\ means that / — <j> except in a null-set, or that 
/ — <j> is a null-function. 

We shall use the following abbreviations : — 

p.p. (“presque partout”) for “almost everywhere” or “almost 
always” (i.e. “except in a null-set”), [“a.e.” is insufficiently vivid and 
is apt to be mistaken for other things] ; 

b.v. for “bounded variation” and “of bounded variation” ; 

a.c. for “absolute continuity” and “absolutely continuous”; 

u.b.v. and u.a.c. for “uniform(ly) b.v.” and “uniform(ly) a.c.” ; 

t.v. for “total variation”. 

By a “trigonometrical polynomial” we understand a finite sum of 
type 

N 

2) (c n cos n6~\~d n sin vQ). 

71 = 0 

B 2 
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Inequalities of Holder and Minkowski. 


2. The inequalities of Holder and Minkowski. 

2*1. We suppose until further notice, unless the contrary is stated, 
that all letters denote numbers that are positive or zero. The sums with 
which we deal are in general taken over an infinity of terms, but in 
our proofs we may suppose them finite, and complete the argument by 
a trivial passage to the limit. There is a single exception to this rule : 
Theorem 4 of §2.82. Here * ‘convergence’ ’ is mentioned explicitly 
and given a special treatment. 

Holder's inequality is 

(H) 2ab < (2 (r > 1 ). 

Minkowski’s inequality is 

CM) [l(a+bt) l > k < (2a}fl k +(2l k ) llk (k > 1). 

We first prove these results, then develop them at length, and finally 
collect everything for reference in Theorems 1 and 2. 


r . d r . V 

< b — 

r r 


2 * 2. Let U r = la r f V r = Zb r ', W = 2a&. We have 

( 1 ) 

For 

where x = nWh- 1 !*, 


{v +b i)/ ab = m = T 




and differentiation shows that t(x) is a minimum (for x ^ 0) when x = 1, 
in which case t = 1. 

It follows from (1) that if A is any positive constant 

ab = \a.\~ l b < X r — + 

r r 

Summing we have 

77 r T/r 

(2) TF< A r — + 

r r 

"We may suppose in (fl) that U, V > 0, in which case, if we choose A so 
that 

xu r = A -r ' V r ' - (X r U r ) llT (X~ r ' F0 1/r ' = PF, 


(2) becomes 


iJF , PF 
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The inequality (M) is trivial when k = 1 ; supposing then & > 1 we 
have, by (H), 

T* = 2(a+b) k == 

(8) < {2(a+&)^ 7 ^^ 

and the desired result follows. 

(M) evidently extends directly (or by induction) to more than two sets 
of numbers (a), (5); we have, in fact, 

(4) { 2 (a+ b+ c + . . .) k \ lfk < (Xa k y lk + (lb l ^ k + .... 

Results corresponding to ( H ) and ( M ) exist also with integrals in 
place of sums, and in (4), where a double summation is involved, there 
are also mixed forms. For the most part the proofs are substantially 
the same for sums or integrals ; where this is so we shall generally give 
only the argument for sums ; where it is not the integral case is the 
more difficult and we consequently select it. In stating results we select 
sometimes the sum, sometimes the integral form. We suppose in our 
proofs that the range of integration is bounded ; extensions to infinite 
range are trivial when they are valid, and we do not consider them until 
our final summing up. Our integrals are Lebesgue integrals. We 
actually require none but elementary integrals in Volume 1, but the 
subject is more easily treated in the general field, and the full results are, 
in any case, required in Volume 2. 

For the “integral-integral” form of (4) the argument transforms as 
follows : The case 7c = 1 is trivial. Supposing then k > 1 we have 

T k = j dy ( j/(x, y) dx^j = j dx j j / ( j/cfa) <%} 

(5) ^ dyj' | = T klt \ 



which is the desired result. 


2 . 3. Let now / and g be functions, possibly complex, for which 
g ^ 0. Then 




M r (f)M v (g). 


This is, in fact, what may be called the “mean” form of (H) (for 
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integrals). The 2tt’s may be retained or omitted at our pleasure, since 
they occur to the same power — 1 on both sides. AV 7 e prove now that 
the sign of equality in (1) holds t if and only if each of 

(2) \f\r= e \g\f 9 where c = M r r (f)/M^ (g), 

and 

(8) sgnfg = e ia = c | g | r ', where a is a real constant, 

hold in the set of 0 for which f 0. 

It is easily seen that equality does hold in (1) subject to (2) and (3). 
Suppose now that equality holds. Then, in the first place, it continues 
to hold when the integrand fg is replaced by | f\ \g | . [Let A r+r ” = c" 1 . 
Then (indeed for any A) 

(4) 1/9-1 + 

and equality in (4) happens only if | / [ r = c | g \ r \ If (2) is false there 
exists a set, not null, in which (4) holds with inequality, and therefore 
a non-null set in which the difference of the two sides exceeds some 
positive §t. Then 

j \fg I ao < £ jj/| - ae+ ~\\g V'dO. 

Since in .any case 

L i/r^+wL 

JEo-e ' J 2T 0 — e T jE 0 -e 

+ The reader will find in Vol. 2 that the conditions for equality (here and in §2.76) can 
be important weapons of argument:, it is a mistake to suppose that they are of purely 

academic interest. 

J We shall often have to use the principle involved here, which is that if <p(6) >0 in 
a set of positive measure, then, for some 8, <p > 8 in a set of positive measure. The principle 
can be generalized into the following form. 

Suppose that with every 9 of a set E of positive measure thei’e are associated h positive 
numbers <p x {B) f <p z {9), <p h (e ) ; k finite real numbers M x {9), M z {6), ... y M k (6); and l positive 
integers N-i(6) y N z (e), ...» Then there exists a positive number a, a finite y., I positive 

integers v Xy v Zy ..., v\ y all independent of 0, and a perfect set E* of positive measure contained in 
E, such that for every 6 of E* 

> a (n < h), | M,fQ) | </*’(»< 7c), N a = i/ M (n < 2). 

In fact, let H (p, q; r u r 2 , ..., r t ) be the set of 0 of E for which <p n {9) > p- 1 (n < /i), 

I (0) 1 < g (n ^ k), N u = y n (n ^ l). Every 6 of E belongs to some set H, and E = 2li, the 

summation being taken over all positive integral p, q , r u r . Since 2 has a denumerable 
number of terms, some H has positive measure with E, since mE < 2 mH . if contains a 
perfect set E* of positive measure, and this satisfies the required conditions, with 

a = p- 1 i H- — ([> t'n = r n . 
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we have by addition 


6 2x7T 



< 


X[ 

r 27 r 



_1_ 

27J 



\ r 'de 


= (v+v) M r(f)MA9) = Mr(j)MAg), 


contrary to hypothesis. Thus (2) must hold. 

Finally, for equality in (1) we must have 

\ Jgd6 = e^\ \fg | d6 

J A(, J Kd 

( l/g Id — fg) dd = 0. 

JP^ 

The real part of the integrand being non-negative, we must have 
\fg | j 1— M(e - *sgn/sr)} = 0. 

Since the set in which fg = 0 is equivalent, by (2), to the set in which 
/ = 0, we have sgn fg) = 1 and so e~ lp sgn fg = 1, except when 

/ = 0. This completes the proof. 

The case of sums is much simpler. 

Consider now the case of equality in the ( M ) inequalities, supposing 
everything non-negative. There is equality in all cases if k = 1. If 
1 the condition for equality in the ‘ ‘integral-integral’ * form is that 
f(x , y) = F(x)G(y) p.p. in x and p.p. in y. In fact, for equality in (5) 
of §2.2 the as-integrands must be equal p.p. in x. By the ( H ) result 
equality requires 

7 
1 

p.p. in y, where c(x) is independent of y . This proves the result. 

In the “ sum-sum ” form (4) the condition is that b tl = ca ni c n = c ( a 1t , 
for all n, where c, d , ... are positive constants. 


f(x, y) i 


\k 


(W 1 


= c(x), 


2.4. The inequality ( H ) remains valid if the index r is replaced by a 
jj. C 1 and the sign of inequality is reversed; provided only that p =£ 0 
[negative values of p are permitted]. Similarly ( M ) is true if k is 
replaced by p ^ 1 and the sign of inequality is reversed, provided p =£ 0. 

To prove this let us denote the inequality (H) by I (a, 6, r), and the 
inequality with reversed sign by I*. If now u = — \ < 0 and we write 
a = a ~ (A+1)/r \ 6 = (a/3) (A_fl)/ \ I*(a, 6, — X) is equivalent to J(a, /3, 1+X*" 1 ), 
which is true, If // = p [0 < p < 1] and we write a = ( a/3 ) 1/p , 6 = 
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then I* ( a , b , p) is equivalent to I (a, 1/p), which is true. Thus our 

assertion about (ZT) is proved. In the cas6 of (M) we have only to 
carry out our former proofs, using I* in place of I. 

2 . 5. Lemma a (2a) > (2a*) 1 '* (k > 1). 

For (2a) 1c = 2 { (2a)*' 1 . a } > 2 \ a 1 ^ 1 . a } . 

[The simplest case of the lemma is 

(l+#) fc > l+x k (x !> 0).] 

The inequality (H) extends at once to the form 

( 1 ) | 2 a b ... | < (2 1 a |^) /*(2 1 6 

where the r’s are connected by 



and the a’s, b’s, are not necessarily positive. To prove this we write 
the product ab ... as aft and use ( H ) with r = n. In the sum 2/3 r ( we 
now write /? as by and use ( H ) with r = r 2 , and so on. We thus obtain 
(1). 

We observe next that (1) remains true subject only to 

(8) \> 1 , r a >l 2— >1 

In fact, let 21/r = k, or 2 1 (rk) = 1. Then, by Lemma a, 

2a6 . . .t | < (2 1 a \ 1Jk . . . 1 1 1 1 '*)* < [IX { 2(| a I 1 /*)'* } = n (2 1 a |0 1/r - 

The inequality (1), subject to (2), may be replaced by the “mean”' 
form 

1 / l \ 1 / r 

— 2a6... <n(— 2|aN , 

in which n is the number of terms in each set of numbers ( a ), (b), .... 
This inequality does not hold subject to (3). We shall call inequalities 
“homogeneous” t when they are true equally in #< sum (integral)” or 
“mean” form. 

We conclude this paragraph by noting some easy variants and con- 
sequences of ( H ). The integrals are all taken over (— tt } rr), and /, g, ... 
are not necessarily positive. 

< 4 ) 


The homogeneity is in the range of summation or integration. 
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[Trivial for k = 

by \fg llk l g by I g 


■ 1, otherwise a consequence of (if) with / replaced 
1 ■/*] 


(5) 

(6) 


£ !■*"» 1 < (s J ^ I <*>) (s 1 l/l** 8 ) (s W I'") 1 " 


if 

where 


h ^ 1, A: ^ 1, 



[For I/p | = |/V l 1/r - (|/|V'*. (I 9 m 


(7) 




0 fc > 1). 


This is the special case g = 1 of (4). The parallel form is 



(8) is not homogeneous [nor is (7)]. If we suppress the factors 1/n the 
inequality becomes false; indeed, when the a’ s are non-negative, it 
becomes true with sign reversed, as is seen at once from Lemma a. (The 
result corresponding to this in the theory of integrals has little interest.) 


2.6. We prove next (a’s and b’s not necessarily positive) : 

(1) (Sla|*) 1/yt -(S| (Z\a+b\^ k < (2|a|*) l '*+(2| b\ k )^ (A* > 1). 

(2) 2|a|*-2|6| <e <2|a+&| ie < 2|a|*+2| 6|* (0< *< 1). 

In each of (1) and (2) the left-hand inequality reduces to the right- 

hand one if we replace a by a+b and b by — b. The right-hand inequality 
of (1) is (M). To prove that of (2) it is enough to show that 
(a+b) K <; a Kj tb K for a, b ^ 0 : this reduces to 

l+x K (x>0), 

which is easily verified by differentiation (since k— 1 ^ 0). 

We can combine (1) and (2) as follows. For A > 0 let 


Then 

(3) 


a 


a (X) = 


1 (X<1) 
1/X(X>1) 


(2 \a |*)“-(2| b | A r <(2|a+6 1*)« < (2 1 a b«+(2 1 b | A )% 


or, what is the same thing, 

(S') | (2 1 a + b ft- ■ - (2 1 a |*)« | < (2 1 b b«. 
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The remaining results in this sub-section involve constant factors. 
Their value lies in application and the precise values of the constants 
are without importance. We have first a result roughly equivalent in 
application to (3')* 

(4) |2|a+d|»-Z|«|*|<2|&| A +JJ*(a, 6) (X>0), 

where 

f0 (X < 1) 

R K (a, b) - (S | ^ |A } X-1/A (2: j 6 |A } lM +( ^ | ^|X)1M (S | 6 |A } I -1M ) (\>1). 

This is proved [in (2)] if X ^ 1 ; suppose then X > 1. The function 

\(l+x) k -l -x K \l(x+ x x ~ l ) 

is bounded in x ^ 0 [consider as ^ % ^Zx x ^ 2 separately] 

and non-negative, by Lemma a. 

Hence, writing B for A x , we have for non-negative a, b, 

0 <1 (a+b) A — a x — b x <; Bia^b+ctb^ 1 ), 

0 < 2(a+b) x -2a A < 26 A +B(2a A - 1 b+2a6 x -' 1 ), 

while finally 

Xa x ~ l b < (2a x ) l - l l x (2b K )V\ Sab*- 1 < (SaWSft*) 1 - «/\ 

The case a ^ 0, b ^ 0, is therefore disposed of. Consider now the 
general case : we have 

(5) A = 2k+6| A ~2|a| x <2|6| A +BA(a* 5 b) 

a fortiori from the positive case. On the other hand, by the same argu- 
ment, 

(6) -A = 2|a A |-2|a+&l x 

= 2 ((&-)-- b)-f-( — b) | A — 2|a+b| x ^ 2 1 — b j A -(--Rx (a+ b, — b ). 
If A is positive (5) gives us what we want. If, on the other hand, 
A is negative, then B^a+b, —b) < H K (a, b), [since 1 — 1/X > 0] and 

(6) gives what we want. This completes the proof. 

Next we have two simpler results. For X > 0 

(7) S|a+b| A < A(2|a| A +2|b| A ), 

(8) (2 1 a+ b | A )^ A < A x ] (2 | a | A )^ A + (2 | b \^ [ , 

with extensions to more than two sets. 

For |a+6| x < |2Max(|a|, | b|)[ x < 2 A (| a | A -f-| b| x ). 

Thus (7) is true with A x = 2 X . Further 
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and so (2|a+&| x ) 1/x < 2 1+I ' x Max {(2|a| x ) 1/x , C2|&| x ) 1/x } 

< 2 1+,/x { (2 1 a | x ) 1/x 4-(2 1 b | x )Wf , 

which proves (8). 

We now prove that, for A > 0, 

(9) if f \f~ f%\ K cLQ-*0 as n-> oo, then f |/J x <Z9-»f |/l x dd; 

Je Je J e 

(10) if f I/—/* j x d$ -* 0, f [/*— /»| A dd-+0, then f* =f in E. 

J E J S 

In fact, by (3)' (for integrals), 

(fl/*N0)“- (JI/l x ^) a |<((|/„-/! x do) a ->o 

provided j \f\ k dO is finite. If the last integral is not finite we can con- 
clude that for any fixed N 

J I/. N0 > j I [/»]* \ x dd-+\\ [/> | x dd 

and so j|/ 7l \ x d0 -> oo , since the last expression tends to oo with 
Thus (9) is true whether J|/| A <70 is finite or infinite. 

It is not difficult to deduce (9) also from (4). 

For (10) we have /*— / = (/»—/) +(/*—/«), and so 

\\f*-f\*dd < Ae 1Jt/n-y| A ^ + j|/n-n X dd} 

by (7). Since the right-hand side tends to zero the left side is equal to 
zero, and the non-negative integrand is equivalent to zero. 

2.7. The means M m (/). 

2 . 71. We define, for any finite /x =£ 0, 

w>= 

A„(/) = log Mff): 

For ^ = -+00 we define M m — as the greatest number such 
that for every e |/| > M—e in a set of positive measure, or as oo if no M 
exists. We call this number also Max(|/|) or the maximum of |/j: 
equivalent functions have the same maximum, and for any / there exists 
on equivalent /*(= [/]#), of which M is the maximum in the ordinary 
sense. Similarly we define Min|/|= M_« = as the least m such 



12 


Inequalities of Holder and Minkowski. 


that |/|-<m4-e|in a set of positive measure. For a continuous / M 
and m are, of course, Max | / 1 and Min|/| in the usual sense. Finally 
we define 

Ao = log lf 0 == j^log|/|de. 

This integral has a definite value (possibly + qo or — oo ) unless the 
integral over the positive values of the integrand and that over the nega- 
tive values are both infinite. In the latter case we regard A 0 as taking 
all values from —qo to + oo, and interpret statements about it in the 
obvious way (e.g. A,, A 0 would mean A^ = + go ). fx = 0 is a genuinely 
exceptional suffix, but the gloss enables us to remove those points of 
difference that are merely trivial. 

We observe that 

(1) A_„(/) = — A m (1//) (— <»<m<+cc), 

a result which enables us to infer propositions about negative fx from* 
those for positive jm. 

2 . 72. We prove next : 

(2) A^-> A +O0 as yLt-^+co, A^-^A-co as /ul—>—cc. 

It is enough, by (1), to prove the first. If < +ao there exists an 
/* such that 

l/l = l/*l < M m , 

and so 2tf.(/) = < M x . 

On the other hand, | / 1 > M m —e in a set E of measure <5 > 0, 

( A ) Vh- 

lim M ^ M n —e, lim ^ . 

/A— ->-00 

Hence M tl -> M m . If M x =® we have, for an arbitrarily large K, 
\f\>K in a set of positive measure S, 

K > ) , Urn M * ^ if, lim = oo . 

2 . 73. We show next : A ^ is an increasing function of fi {in the wide 
sense). We have to show that A M > A w if ^ > Mi- If Mi > 0 this 
follows from §2.5(7) [with |/|« for /, & = mJmJ, and (1) above then 
shows that it is true also for /x 2 < 0. (Incidentally we see that 

M +0 = lim M h 

M — > + 0 
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exists, and similarly for M_ 0 .) It is therefore sufficient to prove 

(1) K>K 0* > 0), 

and to this end we may suppose < -J- oo , < oo . Then, since 

log |/] = Max (log | /f, 0) < A^fY, 

1 fff + 

we have ^ J log j/j dd < oo , 

and a fortiori A 0 = ^ 

[This means incidentally that Aq has a definite value less than oo .] 
Supposing, as we may, that A 0 > — oo , we have now 

I/I' 1 = exp O log j / 1) > 1 +m log! /I, 

M* > 1+Mo, 

and so M+o = lim AT,* lim(14-^A 0 ) 1//A = exp A 0 = AT*. 

fA— > + 0 

Since M ^ is increasing for ^ > 0 this gives A^ A 0 0* > 0). 

2 . 74. Continuity of A„, Af^. We define now (as above) 

A ±0 = lim A^, Af±o = lim Af M . 

M — >±0 m— >± o 

As above we have 

(1) A_ 0 < A 0 < A +0 , Jf.o < M 0 < M +0 . 

We show now : If fii>0 and A w is finite, then is continuous for 
every fi in 0 < /t < fii, and is continuous on the left at /* = ui- 

In the first place A^ is finite in 0 < u <C Mi since A^ ^ A M < + oo 
and A M = — oo gives = 0, / = 0, AT W = 0, A M = — oo . Let now ^ 
tend to a m 0 > where 0 < ,u 0 < mi, but only from below if u 0 = Mi- Then 
we have 

l/h < i+l/!' M > 

a function of class L independent of y.. By a well known theorem 
[proved below as Theorem 10] , 

im f \f\*d6 = (lim \fYd6 = j l/|^d0, 

fj. — > Mo J 

or -*■ M„„- 

Suppose now further that A 0 is finite ; we shall show that A^ is con- 
tinuous in +0 ^ [j. ^ jUi — 0. It is enough to prove that A 0 = A +0 or, on 


[ log |/1 


dd < oo , 
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account of (1), that A +0 < A 0 . Suppose first that |/| is bounded be- 
low by a positive constant, which we may suppose, on grounds of 
homogeneity, to be 1. Then log | / 1 ^ 0 and 

| /h< l + /alog|/!+(Mlog!/i) 2 (l + l/l iw ) 

(2) Jtf£ < I+mAo+^V, 

where J = ± j(log |/1) 2 (1+|/| 4 ' 11 ) ^0 < ® 

since M /li < oo . Hence 

lim < lim (1 +jkA 0 +/* s J') 1, '‘ = exp A 0 , 

M ->+0 

the desired result. Finally, no longer supposing | / 1 bounded below, let 
/„ = Max ()/|, n -1 ). Then 

A+o (f) < A+o (/») 

< A 0 (/„) 

by the bounded case. This being true for all n we havet 

A 0 (/)= hm A o (/J>A +0 (/). 

n — >co 

This completes the proof. 

We conclude with one or two simple observations. 

(3) If A Ml <ao, and A /Jt =~oo, then A M+0 ~ — ao . 

For A m+0 (/) < A m+0 (f n ) = A „(/*), 

and this tends to — oo whether /z >0 or fx = 0. 

(4) The relations A^ < go , A iUt+0 = + QO are {simultaneously) possible 
for a m > 0. 

(5) — oo = A_ 0 < A 0 < A + o = + oo is possible . 

The function /= 0|(log j 0|) 2 | _1/ ^ has the property (4), and 
/ = exp (| 0j~*sgn 0) has the property (5). 

The results of the subsection, collected and extended to negative y 
by means of (1), are given in (10) to (18) of Theorem 1 below. The facts 
are simpler than the arguments, and the best classification involves some 
rearrangement, which the reader may profitably verify. 


t By Theorem 11 Cor. below, /„ being monotonic. 
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2 . 75. Convexity. 

Lemma Suppose 0 < a ^ S ^.y, a < y, and M y (f)<. oo . Then 

(1) where 5 = 1-5 = 

7 p(y — a) p(y— a) 

J-71 o£Aer language , log (Mj) is a convex function o/X.f 

The result is trivial unless a< ft <y, which we suppose. 

Then 0 <9 < 1, and if r = a/(/3$) = (y— a)/(y— - /?) >1 , we have 

l/i 3 = l/i a/r l/K, 

<» *S = 

¥^ < = i¥f 

We show next that equality can occur in (1), with a < ft < y, only if 
there exists a set EdE 0 such that |/| = c in JSJ and /=0 in CE , c being: 
a positive constant, and that in this case (1) is true, with the sign of 
equality, for all a, ft, y [satisfying 0 < a ^ ft ^ y]. 

The last part is evident. If now equality holds in (1) it holds in (2). 
Hence |/| a “c|/| Y , by (2) of §2.1, and this leads at once to the first 
part. 

As a corollary of Lemma ft we have : If \ < X 2 , M Xl (f n ) tends to zero- 
as n-+ao 9 and M X2 (f n ) is bounded, then M x (f n )-+ 0 for X < X 2 . 

Results parallel to these hold also, of course, for means of sums. 
Thus, if S* = (2 ( a | a ) 1/a and we suppose in the first instance that there* 
are n a’s, we have 

n-WSfi < 

We may, however, drop the n-f actors on account of homogeneity, and 
may then suppose the a’s infinite in number by a passage to the limit. 
Thus 

S* < sfsj-*, 

where S is the number in (1). and equality can hold, for a <C ft < y and 
S a <C oo [in which case S y < S a < <*> by Lemma a] only if all a’s are 
zero except a finite number, and for these | a | = constant. If this 
happens, then equality does hold for a, ft, y. 


f <p(x) is a convex function of x if, for any interval a ^ x ^ $ <p(x) ^ where xf/(x) 
is the linear function of x which agrees with <p(x) at x = a and x = &. Or, if “ the arc lies 
below the chord 
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2 . 76. The three-term inequalities in § 2 . 75 are homogeneous. We 
consider now two-term inequalities ; these are non-homogeneous, and 
1 ‘means” and “sums (integrals)” behave differently. We have seen 
already that M a (f) M y (f) (a ^ y), and Lemma a shows that 
S a >S v ('a ^ y). [Thus means and sums are monotonic in opposite 
senses. Neither monotony is implied, of course, by the convexity.] We 
proceed to consider the conditions for equality in the (non-trivial) case 
a Cy. The results are : 

(1) If a C y and M y < <x> , then M a == M y if and only if |/| = c, where 
c is a constant, and then equdlity holds for all a, y. 

(2) If a <. y and S a < 00 , then S a = S y if and only if all a’s are zero 
but one, and then equality holds for all a, y . 

Let j8 = i(a+y). Then, by Lemma j3, S^^S y , and so 

M a = Mp = M y , S a = Sp~ S y (if the extremes are equal). These require 
respectively \f\ = <j> when (p is everywhere 0 or c ; | a | = c for a finite 
number v of a’s, the rest being zero. If E is the set in which <f> = c we 
have 

cimElZ-Tr) 1 !* = M a = M y = c(mH/2x) 1 ^, 
whence mE = 2n if c 0. Similarly 

v^c = Sl = S y = p'l'c, 

and v = 0 or 1 if c ^ 0. These facts establish (1) and (2). 

2 . 77. We conclude by determining the limits to which the monotonic 
function S a tends as a->0 and a-> ao . 

(1) If S a < 00 /or all a > 0 then S a -> ao as a~*0 unless there is only 
one a different from zero, in which case S a is the same for all a. 

For if a v a 2 =£0 i l a + 1 | a > f for a < a 0 and S a > (§) 1/a ~> ao . 

(2) If S a << c 0 for some sufficiently large a, then S* -> Max [a | as a->oo . 

Clearly | a | = y = Max | a | > 0 can occur for at most a finite number, 
v say, of <z’s, otherwise S|a] a would diverge for every a. Hence 



where every b n d. Further, the last series is convergent for a ^ a 0 , 
say, otherwise S a = ao for every a. But then Eb* is uniformly con- 
vergent for a ^ a 0 , and so tends to S lim b* = = E0 = 0 as a-> ao . Thus 


{SJmT S a -> [a. 
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2 . 81. We now sum up the results obtained so far in a number of 
separate theorems. We do not always give the parallel results for both 
sums and integrals, and shall treat as sufficient a reference to a “sum” 
result where the application requires the * ‘integral” one. 

In Theorems 1 to 4 we use the index conventions : 

fi real, X > 0, 1c > 1, r > 1 ; 0<jc< 1, 0</><l; t f = t/(t— 1). 

Other letters denote in general arbitrary complex numbers. We recall 
the definitions 

/if* \ i//*. 

**(/> = fejJ/N 0 ) 0»=Jfc°), A/*(/) = log 

subject to the gloss explained in § 2 . 71. 

= Max |/|, = Min.|/|.t 

Sl=2\a\K 

Theorem 1. We have the following inequalities , integrals being 
taken from — ir to it, unless otherwise stated. 

(1) (Lj ] \ffdd ) l ”' (L j | g Y'de)" r = M r (f) MAg). 

More generally 

<2) ~\ j fgh...dd\^MAf) MAg) ... if 2-1 = 1. 

(3) (2) remains true subject to 2~ ^ 1. 


(5) Jm«|< it ■ 



f In the modified sense of § 2 . 71. 


C 
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for any h , k satisfying h^l, k ^ 1, h+k > hk, where 



(7) 



\b\ r ‘ 


(8) In (1), (2), (4), (5), (6) we may suppress the factors ~ and 

suppose the integrals taken over any set E , of finite or infinite measure . 

(9) When everything is positive the inequality (1) is true with reversed 
sign when r is replaced by a non-zero jl < 1 . 


We have further the following results, supposing [in (10) to (18)] 
that |/| is not almost everywhere zero or almost everywhere oo. 


(10) A ^(/), M^if) are increasing functions of y. {in the wide sense). 
In particular M ^(f), exist 


(11) M,(f) (/) = Max |/| as m -> co , 

(f) = Min |/| as 

(12) If A m , A M2 are finite and Mi < then A M is continuous in 
Mi ^ M M 2 * [Either Mi or M 2 may, of course, be 0.] Suppose Mi ^ 0 
and A m is finite , /Am A^ is continuous in the interval (0, Mi) taken closed 
at mi am? open at 0. Further A^-^Aq as m-* 0 in (0, Mi) [but A 0 may be 
+ oo ] ; in particular , if mi > 0, then M ^ is continuous in 0 ^ m ^ Mi- 


(13) At a fixed point p > 0 the alternatives are : 


(i) — oo < Ap, < co , A „_ 0 = A M , A^+o is either A^ or cd . 

(ii) = A m+0 = oo, — co < A^q < oo . 

(14) At a fixed p < 0 the alternatives are : 


(i) — ao <C A^ < cd ? A ^ +0 = A^, A m _ 0 is either or — oo . 

(ii) A^ = A M _ 0 = — oo , — co<A /a <oo. 

(15) At m = 0 £Ae alternatives are : 


(i) — • oo -< A 0 <C oo , A +0 = A 0 or -f- co , A__ 0 = A Q or — oo . 

(ii) A_ 0 = A 0 = A +0 = oo . 


(iii) A_ = A 0 = A +0 = — oo . 
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(16) In (13) to (15) all possibilities left open can actually occur. 

(17) A^ cannot have a finite discontinuity at any p. 

(18) Except at p = 0 one or other of A^+o, A M _ 0 is equal to A^. 

(19) Let 0 < a < 0 < y, M y (f) < oo . Then 


9 = j§jMj, 1-9 = $^ ■ 

(20) Equality occurs in (19) if and only if \f\ = c in some set E 
and f = 0 in GE , and then it occurs for all a, /?, y ( satisfying 
0 < a < fj < y). 

(21) If 0 <a<y M y (f) < co , then M a = J£y if and only if 
\f\=c, and then all M a are equal . 

(22) If Xi < X 2 , (/»)-> 0 as co , ancZ M Xi (fn) is bounded as 

n~> ao , ZAen M\(f n )->Q for all X < X 2 . 

(23) S x a decreasing function of X (m t/ie wide sense). 

(24) I/* < oo /or aZZ X > 0, Z&en. S A ->a> as X~>0, 

o;iZ/ cws a different from zero , in which case S\ is the same for all X.t 

(25) If S\<i co /or some sufficiently large X, then £x-^Maxja( as 
X“» oo . 


(26) Let 0 < a < /3 < y, £> a < co . Then 


Ss<Ks\- 


where S - 1_S - V^~ a) 

w/iere » - j g (y _ a y 1 » - /8(v _ a) - 


(27) Equality occurs in (26) only if all a f s are zero except a finite number 
for which |a| is constant, and then equality occurs for all a, ft, y. 

(28) If 0 < a < y and S a < co , then S a = S y only if all a’s but one 
are zero , a?i<# then all S a are equal.l 


Theorem 2. 


(1) (£|a + &| fc ) 1/fc < (2|a|V*+(2|M*) 1/fc (* > D 


f If n is the number of a’s, then n~ l l x S A — ^(ria) 1/M : this result is the analogue of u M x —* M 
as A->0 (provided some M x < oo )”. 

J The analogue for integrals (as opposed to means) is : if 

then / = 0 except in a sub-set of E of measure unity, in which \ f\ = c . 

c2 
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More generally 

, bailie , y/fc 

2) ( 2 n ) ^ 2 ( 2 | <X OT> n I J 

<4) (f I J M*) dx f) < } s (f !/•<*> 1 fc ) 1/4 

(5) (| J fix, y) dy * <te) ' < J ( j !/(*, J/) I 4 dx) dy. 

(2) may be generalized to 

{ fc\v* ( A 1 /* 

<6) ( 2 2 Ci rt dsn, n ) ^ 2 | 0 m | ( 2 j <£w, » I ) j 

\ 7 j, r/i / m '7i f 

(5) may be generalized to 
<7) <p(y)dy\ \yjs(x)\dx) 

< j ( j I f(x, y) | 4 1 i'ix) | dx} 1/4 1 9?*(t/) i dy, 

and similar extensions may be given to (3) and (4). 

(8) Equality occurs in (1) if and only if all b's are zero or else b = ca, 
where c is a positive constant. Equality occurs in (5) if and only if 
sgn f(x, y) is constant where it is not zero , and f(x } y ) ~F(x) G(y), 
p.p . in x and p.p. in y . 

(9) W7&6tt everything (but the index) is positive the inequalities (1) to (5) 
are true with the reverse sign if h is replaced by any non-zero p<Cl. 

(10) (2j a (2| 6 j^) 1 ^ < (2j 5 | & ) 1/A ^ (Si a 1 6 (fc> 1) 

(11) 2|a|' c -2:|&|' c <S|a+&|' c <2:ia|' c +Z|6| #c (0 < * < l).i 

(12) |(E[ a +6| x )*-(2k|y|<(2|J|^ « = il/xcx J iy 

(18) (2|a+6+c+...| x )*<(2|®[ x )“+(2|6| x )*+(2|c|Y+.... 

(14) | (2 1 a+ &+«+.. . | Y-(2 1 a | x )* | < (2 1 b |*)‘+(2 | c |Y + . . . . 

(15) |2|o+&| x -2|a| x |<2|fc|H-3, 

t For non-negative a , b there exist the following companions to (10) and (11) : 

3{a + b) k ^ Xa k + 26*, {2(a + 6)*} 1 /* ^ {2a fe )>/* + (2&*) 1 /*. 

The first is an immediate corollary of Lemma a, the second is a case of (9). 
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where B = 0 if \ ^ 1, and 

B = A x ( (2 | a 1 b \ K y' K +(E | a 1 b |Y" 1/X ) 

*y.x> i. 

(16) 2U+&| x <A(2|aN-2|&| x ). 

(17) . (2|a+6l^^^>((2l«l^+f2l6l x ) 1 /H. 

(18) If ( \f-—f n \ K dd~>0 as n->a o, then j* \f%\ x d6->[ \f\ x dO, 

J E J E J E 

where the right-hand side may be finite or infinite . 

(19) If [ |/-/*| x <W-*0 and f \f*-~f n \ x d6-+0, then f*=f. 

JE JE 


2 . 82. To the preceding theorems we add two more, of which the 
first constitutes a kind of converse of ( H ). They arise naturally out of 
our considerations of the case of equality in (if). 


Theorem 3. Suppose that r > 1 and E is any set of finite non-zero 
measure. Suppose that (/ being any complex function) 


( 1 ) 



< UV 


for every bounded function g such that 

< a > M, Wde=r,>o - 

Then 

( 8 ) 


If f is real it is sufficient for (3) that (1) should hold for every real 
bounded g satisfying (2). 

We may suppose U ^ 0. If now we take g to be a suitable constant 
in [EH.v and zero elsewhere [the constant being chosen so that (2) is 
satisfied] , our hypothesis asserts, among other things, that / is integrable, 
and so measurable, in [E]^, and so measurable in E. 

It is sufficient to show that 


( 4 ) 
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If the left side is zero there is nothing to prove. If not, choose 

9 = #|[/>r _1 sin/+ 

and the constant t so that (2) is satisfied, i.e. so that 


<5) 



| dQ 



Since g is bounded (1) holds, by hypothesis. This gives 

Eliminating t between (5) and (6) we obtain (4). 

Theorem 4. Suppose that , all letters denoting non-negative numbers , 
2 a n b n ^ convergent for every set of b's for which 2% is convergent . 
Then Ha r n is convergent. There are corresponding results for the con- 
vergence of infinite integrals (of both kinds). 

Note that this theorem is not a trivial consequence of Theorem 3 (for 
sums). 

It is sufficient to consider the series form, and to prove : if Zo£ 
is divergent there exists a set of V s such that 26^ is convergent and 
1a n b n divergent ; or, writing a r n = a n , = t n a n , to prove : given a diver- 
gent 2a n we can find a set of t n such that is divergent and 2a n t* 

is convergent. For this it is sufficient to take t n = l/s n , where 

Sn = a 1 + a 2 +... + a n . 

\Vor 2— diverges with II (l-—) = n^=3, 

L S n ^ \ Sj S n 

and on the other hand 



2 . 91. Theorem (Young). Let <p(x) > 0, yj,{y) > 0, <p(0) = \fs(Q) = 0, 
and let y=z(f>(x), x=z\}r(y) be strictly increasing , continuous , and 
inverses of each other in x ^ 0, y ^ 0. Then, if 0, b ^ 0, 



and equality occurs if and only if b = <p (a). 


t Note that sgn / = sgn [/]n- 
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Either a — <p(a) ^ b = <p(/3), or else /3' = \jr(b) ^.a — \p{a') ; say the 
former. Then /3 ^ a. 

fa fa ffl 

-f- J yp-dy—ab = j xd<p(x)—ab 

= <p(x)dx—ab 

Ja 

> /3<j>(/3)~(p~a)<t>(/3)-ab = 0 . 

The inequality 

/0 x , ^ a r , b r ' 

r r' 

is the particular case <p(x) = .oj r " 1 . It generalizes to 

<B) — for 2— = 1. 

r r 

for more than two numbers a , b, e, .... This, in turn, generalizes as 
follows. 


2.92. Theorem. Let ^(rc), ... <f> m (;z) be continuous., strictly in - 
creasing functions of x in z ^ 0, and <f> n ( 0) = 0 (n ^ m). Let 
= x<p n (x), and let x = Z^(y) be the function inverse to y = $„(ar)* 
Suppose now that the <p n are connected by 

(1) nZ w (2/) = ^ (y> 0), 

i 

or, more generally , hi/ 

to 

(1) ' n Z n (y) < y (y > 0). 

1 

Then for a n ^0 (n ^ m), 

m to |*a n 

(2) 0„(a;) cfa. 

i i Jo 

We may suppose that no is zero. Consider 

(B) F{&i 9 cl%, ... &'m) — ^ i <f> n {x) dx (a n 0), 

Jo 

subject to 

7)1 

(4) G — II a w = t, 

where t is a positive constant. F is evidently bounded below, and it 
tends to 00 as any extends to infinity. It follows (since F is continuous) 



24 Inequalities of Holder and Minkowski. 


that F attains its absolute minimum for some set of a«’s, none of which 
is zero. 

For this set we have, by a theorem of the differential calculus, 


(5) 


3F . SG 
da n 3 a n 


- 0 


(n <; to), 


for some value of A., independent of n. (5) gives 




dF 

' Wn 


, 3(? _ -v, 

Xan ^~ M ’ 


(6) a n — Z rt (Xt) ; 
and taking the product for n ^ to, 

(7) t = nx„(\f) 

< Xf, by (1)'. 

The right-hand side of (7) being a strictly increasing function of X, 
the equation (7) has at most one solution for X given t. Hence there is 
exactly one solution X 1, for which (6) gives a minimal set of a n . For 
this set the (minimum) value F* of F is 


™ r.r„(xi) 

F* = 2 <p n (x) dx. 
1 Jo 


Transform the integral by x = Z H (f), when <-/>„ = f h„/x = £/Z„(£). 
We have 


(8) 


2?* 


#y„(£) 

o 

= nz H (xt) = t. 


>2 


w nz„0~-^ = f w dnz„(^) 

Jo -A.»w,> Jo 


Hence for any set Oi, ... a-„, 

F > F* = t = IIa B , 

the desired result. 

The relation (1) is the generalization of the relation between a pair 
of inverse functions <f>, 'Js. To see this, let y = x = 'fs(y). Then 

xy ~ $(x) = T (y) ; x = <&- J (zy), y — 'if- 1 ( xy ), 

ay = (ay) T " 1 (xy) . 

For a general function there is no extension, universally true, 
of ( H ) in product form. 
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3. Theorem 5 ( the “selection principle ”). Suppose that the numbers 
fan,m) exist for all integral values of n and m, and are bounded for 
each fixed m and varying n. Then there exists a strictly increasing 
sequence n u n 2 , ... and a set of numbers fa, fa ... such that for each 
value of m, /3(n r , m) tends to j3 m as r -» oo . 

The numbers fan, 1 ) have at least one limit point fa say, and we 
can select, a strictly increasing sequence S\, or ?z 1} 1? ?z 1>2 , . such that 
/3(ni >r ,l)^/3 lt The numbers fan^r, 2) have a limit point, fa say, and 
we can find an (increasing) subsequence S 2 of Si, or n % 2 , n 2 , 2 , for 
which j 8 (w 2 jf , 2) fa. Further we may evidently suppose that 
, 1 , for example by choosing 1 = ni, 2 * The process can 

be continued indefinitely: there exists fa and £ 3 , or n Bt i, ^. 3 , 2 , a 
subsequence of S 2 with n 3t 3 > n 2> 2 and so on. Consider now the in- 
creasing sequence S, or ?i 2>2 , ^ 3 , 3 , For each m we have 

fi(n,7ri)-+8 m as n-*oo through S,*; hence also as ?z-->ao 

through S', which is a subsequence of S,». 

If the variable m (but not n) in y 8 (n, m) is replaced by a continuous 
real or complex variable, the principle ceases to hold. We may, however, 
expect it to hold if ft (n, z) has sufficient continuity for its behaviour to 
be dominated by the behaviour of fan , z m ), where (z m ) is a set of points 
everywhere dense. . We have, in fact, the following important and power- 
ful principle. 

Corollary. Suppose that f n is continuous in a bounded domain D 
of one or two (or any finite number of) dimensions , and '■ that in any 
closed set D[ interior to D the continuity is uniform in n. Then there 
exists a subsequence ( n r ) and a continuous “limit- function" f such 
that fn r ->f ? ~>oo, uniformly in any closed set interior to D. 

The uniformity of the continuity means that given e there exists 
a 8 = <5(e, Dj) (independent of n) such that for all n and all z, z r of Di 
subject to | z— z ! |<8 we have 

(1) \Mz’)~fn(z) I < e. 

Consider the points of D whose coordinates are rational. They can be 
arranged in a progression (z m ) in such a manner that for any z of D 
there exists a z m within distance 8 of it for which m ^ M, where 

M = M(S) = M(e) 

depends only on 8 and D (for example, by arranging that the greatest 
denominator occurring in coordinates of z m is monotonic increasing with 
m). The numbers fan, m) = f n (z m ) are bounded for fixed m and varying 
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n. Hence, there exists a sequence ni, n 2 , and numbers ai, a 2 , ... such 
that for each m 

<j>r(Zm) fn r (,Zm) 

as r-> oo . [Note that the sequence (n r ) and the functions <j> r do not 
depend on D [. ] Now let D 2 be any closed set interior to D, a the dis- 
tance from D 2 to the frontier of D, and let D[ (so far arbitrary) be the 
set of points of D whose distance from the frontier is not less than £*a. 
Let 8 be the number associated with D[ and the inequality (1). We may 
allow 8 to be diminished, and may therefore suppose that 8 < \a. If 
now z is any point of D 2 there exists a z m within a distance 8 of z, where 
m ^ M(8), and £ and z m belong to D[. Now, given any m , there exists 
a v(e, m) such that 

j \ pripm i) (psiZ'm) | € (?*, S ^ v) J 

hence, if Max v(e, m) = N = N(e, S) = N(e, D 2 ), 

we have 

(2) | (pr(.Zm ) 0s(^m) | "‘v £ (?*> S ^ -AT, W ^ AT). 

In the inequality 

| J ^ J | “j" j tysiz) ^sC^m) ] HK j | 

each term on the right is less than e (if r, s ^ N), the first two in virtue 
of |#— £ W |<S and (1), the last in virtue of (2). Thus 

I <pr{z)— <ps(z) I 3e 

for*r, s ^N(g), and all z of D 2 . It follows that <p r (z) tends to a limit 
function f(z) uniformly in D 2 . Since D 2 is arbitrary, f(z) cannot de- 
pend on it; finally / is continuous at any point of D, as the uniform 
limit of a continuous function <j> r . This completes the proof. 

4. Theory of functions of a real variable. 

4.1. In this section we set out those parts of the theory of real 
functions which we require later. We sometimes carry our develop- 
ments beyond what is strictly necessary, but have not tried to be 
exhaustive. The extent of knowledge required is nothing like so 
great as is sometimes supposed. There are three principles, roughly 
expressible in the following terms : Every (measurable) set is nearly a 
finite sum of intervals; every function (of class I/) is nearly continuous; 
every convergent sequence of functions is nearly uniformly convergent. 
Most of the results of the present section are fairly intuitive applications 
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of these ideas, and the student armed with them should be equal to most 
occasions when real variable theory is called for. If one of the principles 
would be the obvious means to settle a problem if it were * ‘quite' * true, 
it is natural to ask if the * ‘nearly’ ’ is near enough, and for a problem that 
is actually soluble it generally is. 

When our results are capable of extension to functions that may take 
complex values — and they, generally are — the extended form is either 
deducible trivially from the real one, or else the proof for the real case 
applies with trivial modifications. We shall therefore take such exten- 
sions for granted, giving only the proof in the real case, and sometimes 
only the enunciation in the real case, when either procedure suits our 
convenience. 

4.21. Theorem 6f. Suppose that /($) is of class L x in jB 0 , and let 
8, e be given. Then there exist (a) a continuous <p, (b) a stretchwise 
constant t (“step-function") <f> } with the further properties: 

(1) | f—<p i < €, except in a set e of measure less than 8, 

( 2 ) £]>♦**<* 

(3) = <j>(— x). 

If further f is bounded on one or both sides, such a can be found 
with the same bound or bounds. 

Theorem 2 shows that if, given /, we can find, first an / (1) of a 
certain type such that Mx(f — / (l) ) is arbitrarily small, then, for fixed / (1) , 
an / <2) of another type such that M x (f 0) —f (2) ) is arbitrarily small, and so 
on to / (r) ; then, given /, we can find a function of the last type, / (r) , such 
that M K (J—f r) ) is arbitrarily small. We shall use this argument fre- 
quently, and we have here its first occasion. A precisely similar principle 
is available for a result of the type (1). 

Let f n = [/]» and let e n be the set in which f n =£ j. Then 
«=!/-. I < I/I in e n , 

n x e n < f \f\ x dQ < j , 

J e n J Eq 

and so e n -+0 as n-> oo , and 

f \f-f n \ x dd < f | 2/| x d8 -*■ 0. 

J E 0 J e fih 

f This is the second principle of §4.1. 

% That is to say : E 0 can be divided into a finite number of intervals, in each of which $ is 
a constant. 
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By the principle explained above we may, in proving (1) and (2), 
now suppose that /is bounded. We may, for similar reasons, reduce the 
proof further to the case when / is a function which takes only a finite 
number of values a u a 2 , ..., a N . [If f* is the integral multiple of e' 
nearest to / we have [/*■— /( < e'.] Let now e r be the set in which 
/=a r . Then e r = e r r -\-e"—er f , where e r and e' r " have arbitrarily small 
measure and e' r is a finite sum of intervals! ; moreover, the dissections 
can clearly be made in such a way that e[, e' 2} ... e r N are mutually ex- 
clusive and together compose E 0 . Then if /* is the function which is 
a r in el (r = 1, 2, ..., N), is arbitrarily small, and /* is 

a stretchwise constant function <f> with the properties (1) and (2). 
By bridging the gaps in the graph of this <j> by sufficiently steep 
lines [thereby disturbing the values of the function in a set of 
arbitrarily small measure, and disturbing M x (/~0) arbitrarily little] 
we can convert <p into a continuous function, which, by one more 
such adjustment, can be made also to satisfy (3). The stretchwise 
constant <f> itself can be made to satisfy (3) by an arbitrarily slight adjust- 
ment. Thus we have proved the existence of <£’s of types (a) and (6) 
which satisfy (1), (2), and (3). To prove the last part of the theorem we 
have only to observe that if, e.g., a ^ ^ (3 and <p satisfies (1), (2), (3), 

then 0*, defined to be 0, a, or ft, according as a^^/3, <p C a, or 
<£>/?, is of the same type [(a) or (b)] as 0, and satisfies a fortiori the 
conditions (1), (2), (3). 

A less elementary but shorter and more elegant proof proceeds as 
follows. [It appeals to theorems proved a little later, but they are with- 
out logical priority to Theorem 6.] 

Let 

n/n 

/*=[/| x sgn/, **($) = 2n f*Xe+Qdt t * = | sgn 

J —lfn 

<f> is continuous [and satisfies (3)], and it is easily verified that bounds 
of / are also bounds of <j>. Since /* is of class L and is therefore almost 
always the derivative of its integral, the functions 

±»] o ‘ f*(6+t)dt, 

and therefore also <f>*(9), converge almost always to f*{6) as n->oo. 
Hence also (sgn <£*-+sgn /* and) <p-*f p.p. Also 

L W*'*’ = Jj **!<»< 2,, n = j jm r ae. 

t This (for an arbitrary set) is the first principle of § 4 . 1. 
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By Theorem 13 (2) holds when n is large, and (1) is an immediate 
consequence of Theorem 9. This disposes of case (a ) ; the transition 
to a step-function is, of course, easy. 

4 . 22. Theorem 7. Let f(0) be periodic and of class L\ Then 
F(8) = ^ Jf(t+ at 

is periodic and continuous. In particular F(d )-> 0 as 6-> 0. 

Given e we can find a continuous and periodic <f> for which 

J 1/ — <p\ x dd < e. 

Let #(0) = f \<t>(t+6)-<p(t)\ x d9. By Theorem 2 (14) 

< (I" I f(t+d)-<p(t+6) | k dty+ (j I k dt)< 2e“. 

Since <1>(0) is continuous it follows that {F(0)\ a and jF(0'))- a differ by 
at most de' provided 6 r — 9 < 8(e), It follows that { JP (0) )- ° and F(9) are 
continuous. 

Cobollary. Let f and g be periodic, and f of class L r and g of 
class L r \ or f of class L and g bounded. Then 

= J{Q + t) g {t) dt 


is a continuous function of 0. 

We have in the first case (writing t — 9 for t) 

1 Air I = | H(d+ S)-H(9) l = | At+S)-f(t ) } g(t-e) dt 

( 1 [V ) 1/r ( 1 fir ) 1/r' 

(4) <{^J Jf(t+S)-f(t)\ r dtj j^J _\g{t-6)Ydt\ 

The first factor is small with 8, by the main theorem, the second is 
M r '(g)f and so finite. Thus AH-+Q with 8. 


f This disappearance of an apparent parameter (here d) will become very familiar. 
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In the second case the right-hand side of (4) is replaced by 

where JSC is a bound of | g \ , and the conclusion follows as before. 

4.23. Theorem 8 (Biemann-Lebesgue). If E is any set (of finite- 
or infinite measure) and f \f\dO exists , then 



Let [Bjjy be the set of those points of E for which \& \ ^ N. Then 



as N -> oo . It is therefore enough to prove the theorem for a bounded 
set, or for E 0 and a periodic /. 

(i) Writing rj for 7 rt~ J , 

F(t) = r m e m dO = - p" f(9-n) e m dO, 

-J —ir — tr + ij 

and, adding and taking half the sum, 
m = i T {f{6)-f{6-r,)}e m dQ 

J —TC 

f{e-r,) e^de-i^fie-n) e‘ H dd. 

iJ'WKif \f(0—v)—f(0) | dd+i [ |/(0)|dfl+i[ \f(0) I dB, 

when e x and e 2 have measure >7. Each term on the right tends to zero 
as t-+ 00 (or the first term in virtue of Theorem 7. 

(ii) It is easy to prove directly from Theorem 6 that it is enough to 
prove Theorem 8 when / is a step function and E an arbitrary finite 
interval. This reduces to proving it when / is a constant, and this is 
immediate, by direct integration. 

4.31. Theorem 9 (Egoroff)t. Suppose that as n-> oo / u ($)-->/($) 
p.p. in EczEq, and that f is finite p.p. Then there exists a set H, 


f This is the third principle of §4.1. 
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of arbitrarily small measure, such that f n -*f uniformly in E—H. The 
result holds also if f is (say) + co p.p. 

The last part follows by a trivial transformation from the first, which 
we proceed to consider. 

Let <p n (x) be the upper bound of \f—f m | for m > n: <f> n is a decreasing 
function of n for each a;. Let E n (e) be the set in which <£„>,«■. For 
fixed e E n (e) is a decreasing set, and its limit as n—> oo is included in the 
null-set in which /„ does not tend to /. Let now e„ tend to 0 as n-> oo 
and let 2a n be a convergent series of positive terms. 

Since «£,(e)->0 there exists an n r such that mE nr (e r ) < a r . The 
measure of the set 

H = 2 E nr (e r ) 

r 

oo 

does not exceed 2 a r , which is less than tj by choice of r. Consider now 

r 

any point 0 of E — H, and let n > n r+s , where s will be chosen presently. 
We have 

\M6)-f(6) | < <f> n (6) < <p nr „(6) < £ ,. +s , 

since 6 belongs to the complementary set of E nr „(e r+S ). Since e r+J < e for 
s > s 0 , where s 0 is independent of 6, it follows that /*,-*/ uniformly in 
E—H. 

4 . 32. Theorem 10. If f n -*f p.p. inEaE 0 , then 

[ f n dd-+ [ fdO, 

Je Je 

provided f n is uniformly bounded t, or the product of a uniformly bounded 
function and a function of class L independent of n, or, more generally, 
provided f n has a majorant of class L and independent of n. 

For if F is the majorant of the f n (and therefore also a majorant of 
/), and H is the set of Theorem 9, we have 

lim i fn — f I d6 < lim +lim = lim lim \ 2 FdO, 

n->« Je JE-H JH Jh JH 

and this is arbitrarily small with the measure of H. 

A similar result holds, of course, for a function depending on a 
continuous parameter instead of on n, and the same thing applies to many 
of the theorems that follow. We shall state explicitly only the results 
involving the parameter n. 


t In these circumstances we say that f H converges to / boundedly. 
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4 . 33. Theorem 11. (i) Suppose a r (n) > 0, a r (n) -> a r as n-+ oo, 

Then 


<D 


2 a r ^ lim 2 a r («). 

1 n— >» 1 


(ii) Suppose f n (0) > 0 awuZ /»->/ p.p. EcE 0 . Then 


( 2 ) 


/<20 < lim [ f n dO. 

r? u~~>x J £ 


To prove (i) we need only observe that for every N 

JV JV oo 

2a r = lim S a r (n) < lim 1a r [n). 

n — >co 

For (ii), the analogue of (i) for integrals, we have [/*]y [/]y p.p*, 
<ind. boundedly. Hence, by Theorem 10, 


'[/lv 


d6 — lim 


[/»]n^ < hm f n dO, 


since f n > 0 and so [/n]jv</»- The limit of the left side as N-> oo is 
/<f$ by definition, and the desired result follows. 

JJS 

The proofs are valid whether the right-hand sides of (1) and (2) are 
-finite or + oo . When [ fdO is finite (ii) is an immediate corollary of 
Theorem 9. Thus 

lim [ {fn f) dO > lim f (f n —f)d9+ lim [ f n dd— [ fdd, 

Je h-ii hi hi 

and of the terms on the right the first is zero, the second non-negative, 


and the third arbitrarily small with mH , whence lim 


> 0 . 


Corollary. If f n is monotonic increasing ( decreasing ) in n for each 
6 of E, so that f n converges to some f in E, and if f n dO > — x « - f oo ) 

c i J-® 

for some n = v, then 


lim f n d6 = [ fdd. 

JE JE 


For supposing f n increasing, f„- f, is non-negative for n > v on the 
one hand, and not greater than /-/„ on the other, so that 
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■Suppressing the various — ■/„ we have 



' 4 • 84. Theorem 12. Suppose that a T (n) — > a r , for each r, as n ->oo t 
and that 2 | a r \^ is convergent. Then in order that 

(1) lim 2 | a,.(n)—a r | x = 0, 

n — >oo r=l 

it is sufficient , and also necessary , that 

(2) 2 | a r (n) | x -» 2 j a r |\ 

The necessity is given by Theorem 2 (18). t For sufficiency we 

assume the truth of (2) and have to prove (1). We have 

lim 2 |a r («) | x = lim 2| a r {n) | x ~ lim 2 |a,.(«)| x = 2|a r | x — 2 |a r | = ejr. 

n — >co N 1 111 

Hence, by Theorem 2 (16), 

lim2| a r (n) — a r | A ^ lim A k 2 (| a r (n) | x + | a r | x ) < 2^ x e N . 

N JV V 7 

Hence finally 

lim 2 | a r (n)—a r | A = lim 2 2Axe x v, 

1 AT 

and the left-hand side must be zero. 

The same arguments establish the following 

CoRonnARY. Let f r (0) (r= 1, 2, ...) he a set of non-negative func- 
tions each continuous at 6 = 0 o . If now 

F(6) = 2 f r (d) 

is continuous at 0 0 , then 

lim H\f r (9)—fr(0 0 )\ = 0, 

and 2 f r (0) is uniformly convergent in some neighbourhood of $ = 0 Q . 

The first part is a particular case (with A = 1) of the theorem (for 
a continuous variable 6). For the second (“Dini’s theorem”) we have 

2 f,.{6) < 2/ r (0 o )+ i\fA0)-f r (0 0 ) |. 

N N 0 

f Indeed the hypothesis a r {n)->a r is here unnecessary, being a consequence of (I). But 
this no longer applies in Theorem 13, the corresponding result for integrals. 
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The first term on the right is independent of 6, the second is less than e 
provided that |0— 0 O | <$(«), the first P art > and the result follows at 

once. 

4.35. The result for integrals corresponding to Theorem 12 is as 
follows (we have developed certain details) : 

Theorem 18. Suppose that /„-*/ p.p. in E 0 and \f\ K dB<<x>. 

J E 0 

Then in order that 

(1) ( \fn-f\ K dO-+0, 

Je 0 

it is sufficient , and also necessary , that 

(2) [ \f»\ x d6-+\ |/| x d6 y 

JJSo JJBo 

and in particular it is sufficient that 

(3) [ |/„|\»<[ \f\ x dd. 

J Eq J Eo 

When (2) holds we have also 

( 4 ) f i /. fae-d \/\*m ( ece 0 ). 

. JE JE 

In particular , when X = 1, (2) is a sufficient condition for 

(5) \ f n dO->[ fdG {E cio), 

Je Je 

hut it is not necessary. 

Finally j if either ( and therefore both) of (1) and (2) holds for a par- 
ticular A, they hold for all smaller A. 

We follow the proof of Theorem 12 so far as is possible. It is in- 
structive to note what elementary device in Theorem 12 corresponds to 
the use of Theorem 9 in Theorem 13. 

In the first place, by Theorem 2(18), (1) implies (2) (and, indeed, 
without the hypothesis / n -> / p.p.). Suppose now that (2) holds. It 
is easy to see that (2) must hold also when E 0 is replaced by any E c E 0 . 
Tor writing 

Jn(E) = J(E) = j I f\'dO, 

J E 

■we have, by Theorem 11, lim J»{E) > J (E). If now Tim J n (E) > J(E) r 
we have, by combination with limJJCE) > J(CE ), lim J n {EJ > J(E 0 ), 
contrary to hypothesis. Thus lim J n (E) s^J(E) and lim J„ (E) = J(E). 
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We can now deduce (1) from (2). By Theorem (9) |/«— /|-*0 'uni- 
formly in E 0 —H, where mil is arbitrarily small. Then 

f \f»-f\ x ae-+o. 

JE 0 -H 

Also f \f n \*de+AA iffae. 

Jh hi Jh 

The right-hand side tends to 2 A K \f\ x d6, by what we have just proved, 

J H 

and this is arbitrarily small with mH. It follows that 



is arbitrarily small and therefore zero. 

Since (8) implies (2), by Theorem 12, it is sufficient for the truth 
of (1). 

The result (5) is, of course, included in (4). To see that, however, 
(2) (with A = 1) is not necessary for the truth of (5) , consider the example 

/„ = 0 (0 = 0), /» = « (O<|0|<m _1 ), /»=— n (n- 1 <|d|<2w~ 1 ), 

/» = 0 (| 0 1 > 2ra _1 ). 


Here f(6) = 0, but 



To prove the last part of the theorem we have only to observe that if 

[ tends to zero for a particular X it does so also for any smaller 

J T£ 

X, by Theorem 1 (10). 


4.41. Let (a lt ft), (a* ft), (<w, ftv) be any finite set of non-over- 
lapping, but possibly abutting, intervals contained in E 0 . A function / is 
said to be of bounded variation (b.v.) in E 0 if a K exists such that 


t= 2 |/(ft»)— /(O | < % 

m=l 

for all such sets of intervals. If, further, given e, there exists a 8 = *(«> 
such that t < e for every such set of intervals whose total measure does 
not exceed 8, the function / is said to be absolutely continuous (a.c.). 

If / depends on a parameter n and if numbers corresponding to K, 
8 above exist which are independent of n, then /„ is said to be uniformly 
b.v. or uniformly a.c. (u.b.v. or u.a.c.). 
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In what follows we use e to denote the set of points belonging to any 
finite set of non-overlapping intervals contained in Eo, and (a n , fi n ) 
(ft = 1, 2, N) for the intervals themselves. We shall sometimes use 
the symbol e to denote also the mode of dissection of the set e into 
intervals. [Note that distinct modes of division e may correspond to the 
same set of points e .] 

Any measurable set E is of the form e-\-Ei — E%, where mEi, mJS 3 
are arbitrarily small. Let now mE 1 , mE 2 , and Max \ft m — a m jtend to 
zero in any manner. Then it is known that if / is a.c. the number t 
tends to a unique finite limit T(f, J5J, depending only on / and E , and 
additive in E. T is called the total variation (t.v.) of / in E . 

For a b.v. function and a yx % interval a/J, the t.v. is defined to be the 
upper bound of t for all modes of division of a/3 with an e. The t.v. for 
an e is defined as the sum of the t.v.’s for the intervals composing e (this 
depends on e only qua set of points). When / is a.c. and E is an e there 
is evidently consistency with the definition of T(/, E ). We shall never 
have occasion to apply the conception of the t.v. of a b.v. function in 
an arbitrary E , and since it would require a long explanation we shall 
ignore it. 

The further results contained in Theorem 14 and 15 are also known. 

Theorem 14. (i) A b.v. function is the difference of two positive and 
increasing functions, which may be supposed continuous if f is con- 
tinuous. (ii) A b.v. function f has p.p. a finite differential coefficient 

and f belongs to the class L. (iii) If j is non-decreasing and con- 
tinuous, then 

\ 9 f(e)de^f(d)-f(a) (0>a). 

J a 

Theorem 15. A function f a.c. in E 0 is of the form 

f g(0)de+c, 

Jo 

where g is of class L in E 0 and c is a constant. Further 

T(f,E) = f \g\dO, 

Je 

so that T tends uniformly to 0 with mE (i.e. uniformly in E) t. Con- 
versely the integral of a function of class L is a.c. 


t This is true by definition when E is an e. 
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(1) 


4 . 42. Theorem 16. Suppose that f has the property 

JV 


f \f(8*)-f(an)\ T < c 
n~l I A a. n | r 1 ^ 


for every set e, where r> 1 and G are constants . Then there exists a 
function g of class If such that 


(2) 

and 

( 8 ) 


f(Q) = ( gd6+c 
Jo 

Je , 


Conversely (2) and (3) together imply (1). 
The converse is immediate, since 
\f(j3 n )-f(an)\ r _ 8 

I fin — <*» | r_1 ” |A * a ”' 


1 

fVe 

* a n 

yA a n . 

1 

[""Ini 

} /A J 

Ifl'l 

J a n 


by Theorem 1 (10), whence the sum taken over the left-hand side does 


not exceed 


r \9\’ 

JBo 


ddzCG. 


Suppose, then, that (1) holds. We have first, by Theorem 1 (4), (8), 

f |/(/U -/(«») | = 2 | & | A0 < (S | ££ | r A0) Vr (2A6)^' < 

Since this tends to 0 with me f is a.c., and so, by Theorem 15, is of the 
form (2). Consider now a sequence of divisions e n of E 0 , e n being, say, 
(fig* e { ?\ 6& h ), in which Max |flft 1 -e£ > |-*'0. We define a gM for 

(to vj 

all 6 of jE 0 by 

gM = WS? < e < 

Then if e is taken to be (1) is identical with the inequality 

(4) ( | g n (d)\ r d6^G. 

Je, 


Now g n is of the form 


g(t)dtj(e n +€ n ). 
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For a 6 at which g(0) is the differential coefficient of its integral the 
numerator is 

hence g n (B)->g{&) except for a null-set in 0. Hence, by Theorem 11, 

( | q \ r dd < lim [ | | r <20 < G. 

Je 0 n-*co J# 0 

4 . 51. Theorem 17. If f n is u.a.c. then 

fn = f g n d6-{-Cn> 

Jo 

n is of class L and c n i s a constant depending on n t. 
e, there exists a 8 = 8(e), independent of n, such that , if E is any set 
( not necessarily independent of n) for which mE ^ 8, then 

T (f n , E) = | | <7„ | <?0 < e. 

For (for fixed n) T(/ n , E) differs arbitrarily little (see § 4 . 41) from a 
finite sum t taken for a set e of measure arbitrarily near mE. 

4 . 52. Theorem 18. Suppose that /„->/ p.p. in E 0 . Then in order 
that both f shall be of class L and \f n —f\dO shall tend to 0 it is 

r& J 

necessary and sufficient that \f n \dd is u.a.c., and , again , it is neces- 

re Jo 

sary and sufficient that J f n dd is u.a.c. ( Hence also the last two con- 
ditions are equivalent.) 

The equivalence of the u.a.c. of j |/ n | dd and \f n d.Q follows from 
Theorem 17 and we need only consider the first condition. 

If j \f n \dO is u.a.c., we have j* \f n \ d6 < 1 whenever mE <//, say. 

Then E 0 can be divided into [2? r//x]-f*l intervals e (at most) for each of 

which \f n \d6<l; hence \f n \d6 is bounded, and, by Theorem 11, 
J* Jeq 

f is of cl&ss L. We may therefore suppose, in both the necessary and the 
sufficient eases of our theorem, that and / are of class L, and incident- 
ally finite p.p. Then there exists a set fif, with mH < S, such that 

f Note that/,, need not be uniformly bounded : consider, e.g., the cause /,, = c„ = n-. 



Eeal functions. 


89 


/»—/-*■ 0 uniformly in E 0 —H. We have, therefore, on the one hand 

(1) ^ o(l)+e(i)+|^|/ w |, 
and on the other 

(2) ( |/.|i«<[ |/*-/|dd+ f ]/]<»<( |/.-/l^+^W 

•J R m) E JR J Eq 

where e(<5) and e x (d) are independent of n, H, and E, and tend to 0 with 
8. If now J | f n | is u.a.c., the last term on the right-hand side of 
(1) is less than e 2 (<5), and it follows that 1 |/»— f\dd->0. Conversely, if 
J |/„| d6 is not u.a.c., there exists an a > 0 and a sequence E v jB 2 , ••• for 
which mE n -+0 and j/„ \dd> a. If now we take E = E„ in (2) and 

Jj$n 

make iv-> oo 5 we have 

lim f |/»— /| <20 > a. 

J Eq 

It follows that, if the integral last written tends to 0, must 

be u.a.c* 

4. 58. Theorem 19. Suppose that /»->/ p.p. in Then in order 

that f shall he of class L and j \fn—f\dd->0 {or in order that j f n dO 

shall be u.a.c.) it is sufficient , and also 'necessary , that a function d?(£) 
exists such that <p{t) = ${t)jt increases to +oo with t and 

(1) f *(| fn\)de<K 

J R) 

for all n. 

Suppose that (1) holds. Given any set E let /m — mE, and let E 1 be 
the sub-set of E in which \f n | < n~ h , E% = E—E v Then 

f \fn\dd < f /x'^dQ = m 4 = «i(m). 

Jb, M 

and 

( \fn\d6 < |^(m” 4 )( _1 f |/»| <p(\fn\)d6 = e a W, 

jei y E2 

I fn \dd < e(/x). 
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so that j f n dd is u.a.c. The sufficiency part of the theorem is therefore 
established (in virtue of Theorem 18). 

In proving the necessity part we may suppose that J f n dd is u.a.c., and 
also that f n (and so /) is non-negative (Theorem 18), and we have to estab- 
lish the existence of a $ giving (1). As in § 4 . 52 we have f n dd <K'. 

J jEJq 

Let 2a, » be a convergent series of positive terms, e n a positive function of 
m tending to 0 as m-*cD . Let T m be a positive increasing function and 
E m> n the set in which /„ > T m . Then 


mEm, » < 



y=r Max 

m ( n ) 


(f n dd<f, 

J JEo ■* wt 


In virtue of the u.a.c. it is therefore possible (as a little reflection shows) 
to choose the function T m in such a manner that 


(2) f f n dO e m a m (all n). 

J JEniy n 

Let us now define <i>(t) = tp(t) where 


t < T m+ i). 

Then 


[ $(/„) dd= (f + 2 f ) M(f n ) d6 

* -®0 ' J 2 ?o — *® 1 » n ni — lj JSm, n — JEni r 1 , 




\ j fn 


dQ 2w2 r, 1 + 2 a m = K. 


Corollary 1. Suppose that f n -*f p.p. in E 0 , r^l, and f |/ n | r ^<6'. 

f r £ ° 

Then 1/ | r dd < G, ]/»— / 1 d6 -*■ 0 and ( a fortiori) f f d9-+ f fd& 

->K r e } E ) E 

for any fixed EcE 0 , and J f n d6 is u.a.c. Finally we have 

I \fn— f\*dO-*Q for 0<s<r. 

J JE 0 

The first part follows from Theorem 11, the second and third from 
the main theorem. The remaining last part is a consequence of the 

second and Theorem 1 (22), [jince (j |/„— f\ r dO) ^ ^ ZK l ' r ~\. 

Corollary 2. Suppose that r> 1 and J |/„! r d0 < G. Then 
J /*d0 is u,a.c. 
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In fact the argument proving j \f n \dd < e(m) is independent of the 
hypothesis /„->/. E 

4 . 61. “Completion” . Suppose that a function / is defined in a set 
everywhere dense in E 0 , but not everywhere in E 0 , and let Q be the 
exceptional set, 6 Q a point of it. Let us denote by A(0 O , S) the set of 
points 6 satisfying | 0—0 o | < <S. We shall define to be 

lim [upper bound of f(6) in A(0 O , 5)], 

S — *0 

and shall denote by f c (0) the function that results from this completion 
of the definition. [Taking the lower instead of the upper bound would, 
of course*, produce a different but equally satisfactory completion.] 

We often start from a sequence of functions f n which converges to 
a limit f except in a null-set in E 0 . To ensure that f c is unique in this 
case we lay down the conventions that Q is the set in which f n does not 
tend to a limit (this phrase being taken strictly), and that f c is formed 
from Q and the values of the limit function in Eq—Q. 

We observe concerning completed functions : 

(i) A point <9 0 belonging to Q is the limit of a sequence 0 l9 0 2 > of 
points belonging to CQ for which 

f c (d 0 ) = lim f(f) n ) = lim/ c (0„). 

1 — >oo 

(ii) If, by assigning appropriate values to f in Q, it is possible to 
obtain a function continuous in E 0 , then f c is this continuous function. 

4 . 62. Theorem 20. j Suppose that f n (0) is u.a.c. or u.b.v. in E 0 and 
that f n -*f in a set everywhere dense in E 0 . Then f c is respectively a.c. 
or b.v. ; further , in the a.c. case fn—^fe everywhere in Eq, and moreover 
uniformly . 

We consider only the a.c. case; the other is simpler. Consider any 
e, or ( a n , fi n ) {n — 1, 2, ..., N). Some of the a n . /3 n may be points of Q. 

Let us suppose, to fix ideas, that a x belongs to Q , but that tio other a or 8 

does. Then a x is the limit as v-> oo of a ( {\ a point of CQ , for which 

/c(aj) = lim /(a? 0 ). 

V— 

Then, denoting by e v the set of intervals e , modified by the substitution o 
ctp for a lt we have 

2|/.C8J-/.(«0| = lim (l/(^ 1 )-/(«i'' ) )! + 2|/^-/(a n )|) 

l V— >00 ' 2 ' 

= lim lim t(f n , e v ). 

v — >co yi — >oo 


( 1 ) 
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Now me v < 2 me = 2 (say) if v > r 0 , and then, by hypothesis, 
f(/n, «,) < e(/4>. Hence 

lim <(/ n , e„) < eC«) («/ > i/ 0 ), 


and so, from (1), t(f c , e) < e(/x). 

This proves the first part. 

It remains to prove that f n ->/„ uniformly in E 0 . Given e there 
exists a 8, independent of 6, such that 


l/»(0O~ /»(#) | < e /or | 0'— 0 | < S and all n ; 
moreover (since j t is continuous), we may suppose also that 
( 3 ) \fc(0')-M9)\<e for \6'-e\<S. 

Let us divide E 0 into intervals less than <5 by v divisions 6 U . Q y 
belonging to GQ. For a given d let now 6 r be the division point nearest 
tod. Then 

\fn(6)—f n (9 r ) j < e (all n), 


Finally, by hypothesis, 


fM-fM) | < e. 


I fn(O r ) — / :(6r) \ < E (ft > ft r ). 

From these three inequalities we have 


!/»($)— /,( 0 )|< 8 «, 


and this completes the proof. 


n > Max (jij, « 2 n„). 


4.63. Theorem 21. Suppose that /»->/ in E 0 , or in a set every- 
where dense in E 0 , and that r > 1 , 

fn — [ 9ndd+c llt f I g n I r d6 < G. 

JO J 7? 0 ^ 

Then f c = ^gdd+c, where g is a function such that [ : g \ r d6 < G. 

By Theorem 19, Cor. 2, f n is u.a.c. Hence, by Theorem 20 / is 
a.c., and so an integral, say the integral of g. Consider now any « and 
the sum 

S(f c ) = 2 — -fc( a «i) l r 

1 | a m \ r 1 

taken over e. Since /»-*■/„ everywhere (Theorem 20) we have 

S(f<) = lim S(f n ). 
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Hence, since by Theorem 16 (converse part), 

S(f n ) < f 1 g n \ r d6 < G, 

J-JEo 

! have also S(f c ) < G. This being' true for all e, Theorem 16 shows that 
1 g | r dd < GA 

4.71. Theorem 22. Let f n (6) = f g n dd-\-c,i (n = 1, 2, ...) be a uni - 

Jo 

formly bounded and u.a.c. sequence of functions. Then there exists a sub- 
sequence fn r (0), r = 1 , 2, ..., which converges uniformly to a function 

f(6),= j gd6+c f where g is some function of class L. If further r > 1 
and 

Je 0 

Let be the rational multiples of tt in E 0 , arranged in any 

way as a progression. By Theorem 5 there exists a sequence ni, n 2 , ... 
and numbers a Xf a 2 , ... such that, for each m, 

= fnfOm) -> 

as r->oo. The sequence (f> r {9 ) is u.a.c. {a fortiori, since / n is). It follows 
from Theorem 20 that a m is the value at 6 = of a certain a.c. function 

/= j and that / Wr ->/ uniformly in J3 0 as r->oo. This proves 

the first part: the last follows from Theorem 21. 

4 . 8. Convergence in mean, 

4.81. Convergence on the average. Let /, / 2 , ... be a sequence of 
functions, / another function, and let E{v, e) be the set (in E 0 ) in which 
i fy—f\ > e. If now, for each fixed e , lim rajE7(y, e) = 0, we say that 

V — >-co 

f n converges on the average to /(in E Q ). 

Theorem 28. Let /, / 2 , ... a sequence of functions, each finite 
p.p., v, <■) the set {in E 0 ) in which I /* — | > e, ani suppose that 
for each fixed e mE{/u, v, e)-> 0 as r told independently to ao . 

£ 7 ^r <2 exists an f and a subsequence {f nr ), such that / u ,.~> f p.p. as r-> ao. 
Also any two such f are equivalent , and f n converges on the average to f. 


g A \ r dO G, all this happens , a?u2 also | g \ r d0 ^ G. 
^ ' Je 0 


t Theorem 16 has fulfilled its purpose in establishing Theorem 21, and is never used 
again. 
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Conversely, if f n converges on the average to an f finite p.p., then all the 
other events happen, 

If », <■)-> Q, then, given any convergent series 2e», we can 

find an (increasing) sequence n lt n 2 , ... such that. 


Consider now the series 


m±b(n r , iir+it € r ) <C e r . 


= 2« r . 


If 6 does not belong to E y = 2E(n r , n r+1 , * r ) we have | Wr |<e r for 
r>v, and the series converges (absolutely). Since mE y c |e r ->0 as 
""t °° * he 86t in Which the series diverges has arbitrarily small measure 

fu n nctio°n n /T 6ntIj ^ “ 6aSUre °‘ That i8 ’ A-/ PP ' (f0r some « 
Next, given e, >/, we have 

(1) I fn—fn r | < e 

except in a set E, = E(n, n r , e), where «£, < ,, provided n > „(, n ) 

” i!°’ ^ The0rem 9 ’ A-/ uniformly in where 

?nMj 2 < 97, so that 

(2) I /«,— /I < e (r > rj) 

except | in E 2 , Combining (1) and (2) for r = Max (r 0 , r ,) we have 

I /» / 1 < 2e except in a set (depending on n) of measure less than 2* 

.Hence /„ converges on the average to /. 

Suppose now that / and /* are two “limit-functions”. Then we 
have simultaneously 

IA-/|<e, |/„-/* | < e , 

|S|< 2 a 8et E ; {e) . W J 0Se measure to 0 as »- 00. Since 

/-A > 2I h r 6P •*“ -f' 1 lfc 1 , f0ll0WS that the set E(<) in which 

Let r ^ s h bltranly sma11 measure, and so measure zero The 
set, hm E{e), m which /»=,£=/ therefore also has measure zero 
and /*=/. 

Finally, since 

■E(M, v, 2e) e) +#(„,*), 

?n.F(/t, e) -»• 0 for each e as /x, y -» oo if e) n for fircJ 

— co. This proves the last part. ^ 0 for fixed , as 
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4 . 82. Strong and weak convergence. If A>0, / is of class L K and 
1 | fn — f -> 0 as n-y co , we say that f H converges strongly to /, 

JEq 

with index A. 

The simplest case of strong convergence (and, incidentally, of con- 
vergence on the average) in which we do not also have f n ->f (p.p., or 
indeed anywhere) is afforded by an f n whose graph is the real axis except 
for an interval I n , of centre j\ and length i % == o(l) (not too small), npon 
which there is a steep peak, the set of P n being everywhere dense in jE 0 * 
Por example, we may take the point 2?r \n*/Z\ (where \x) denotes x 
less the integer nearest to x) for P nt n~ l for Z u , and f n = n* or 1 respectively 

in I n (and zero elsewhere)* Evidently I f r % d9-> 0 if r < 2 in the first 

JE o 

-case and for all r in the second ; f n converges strongly to 0 with index r. 
On the other hand, familiar facts about rational approximations show 
that any 0 is interior to an infinity of I n (and, of course, exterior to 
another infinity), so that lim/ w exists for no 0. 

If r > 1, 

<1) [ I f»\ r de<G, 

J Eo 

and 

<2) there exists an f such that for each 0 of E 0 

\° f n de ^\* fdo, 

Jo Jo 

we say that f n converges weakly to /, with index r. Two “limit-func- 
tions” of the same sequence are necessarily equivalent, since the integral 
of their difference is identically zero. 

We observe in passing that, subject to (1), (2) must hold for all 9 
if it holds in a set of 6 everywhere dense in 9 (Theorem 21). 

The simplest example of weak convergence is f n = sin nd. f n con- 
verges weakly to 0 with any index r > 1 (by Theorem 8). 


4 . 88. Theorem 24. If /„->/ p.p* wi E 0 , r > 1, and 

J Ei o 

then ( )/„—/[ d6-+Q and {a fortiori) f n converges weakly 

J J3o 

This is merely a restatement of Theorem 19, Cor. 1. 


|/.l r d0<G f 

to f. 


Theorem 25. If f n converges strongly to f with index r^> 1, then 
J n converges weakly to f with index r. Also \f n \ r d6~> as 
oi o if E c E 0 . 
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The last part is a case of Theorem 2 (18), and it shows incidentally 
that j | fn\ r dQ is bounded. Also [ \f n — /| dd -*■ 0, by Theorem 1 (10) 

J E 0 J E 0 

4 . 84. Theorem 26. If f n converges weakly to / with index r and 
constant G, then 

f |/N0<lim f |/nN0<<?. 

J Eo n — >oo J Eo 

It follows first from Theorem 21 [with f n for g n ] that f \f\ r dQ < G. Next, 

J Efl 

if lim I ^ \f n \ r dd = Z, there exists a sequence (nj giving j !/„ 1 r d6-+l or 

JE° J E(> ' 

f \fn m \ r d9<l+e (m > m 0 ). 

J Eo 

Since the sequence / Mm (m > m 0 ) converges weakly to / with constant 
1+ e we have \ |/| r d$^Z+e, whence the result. 

JEo 

It is false that 

f |/N0 = limf \f n \*Jd; 

* "0 J E () 

a Gegenbeisjaiel is f n — sin n6, / = 0. 

4 . 85. Theorem 27. If f n converges weakly to f with index r and 
g belongs to class I/' then 

^J n gde^JgdQ (E c E a ) 

as n-+ ao . 

We naay suppose (by taking g = 0 in E 0 -E) that E = E 0 . By 
Theorem 6 there exists a step-function <p in E 0 for -which 

f \9-<P \ r 'de<S. 

JEo 

By Theorem^ / is of class L r ; hence, by Theorem 1, f n g and fg are 
of class L. Then 

\\ E J ngd6 ~\ B / gde I < | + 1 \ E }fr-f) {g-<f)de . 

Since $ is constant in stretches the first integral on the right is of the 

2c 'C ( JW )c * 0 -jJ (/»-/)^} . 
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and tends to 0 in virtue of the hypothesis. The second term on the right 
does not exceed 

of which the first factor does not exceed 

and the second does not exceed It follo-ws that 

I \ f n gd6-\ fgde \ < o(l)-f-e(<5), 

I J Eq J Eo I 

and so that 

f f n gdQ -> f fgd9. 

J Eq J Eq 

4 . 86. Theorem 28. Suppose that r > 1 , \ \f n \ r dO <: G. Then 

J Eq 

there exists a subsequence f nm converging weakly (r) to some f 
(for which the convergence of j fn m dd to j fdO being 

moreover uniform . 

F n {6) = | f n dO is the general term of a u.a.c. sequence (Theorem 19, 
Cor. 2) ; also 

l-Fnl < \fn\dd < 2 irMAfn) < 2 -kG"\ 

By Theorem 22 there exists a subsequence F nm converging uniformly 

to some F(0) = \ fdO. [The constant c is zero since F n (0) = 0, and so 
Jo 

F{ 0) = 0.] This proves all but the parenthesis, and that follows from 
Theorem 26. 

4 . 87. Theorem 29. Let (/») be a sequence of functions , each of 
class X > 0, and suppose that for each given e 

f I //*—. fv | X dd < s (fx, V^»v 0 (e)). 

J Eo 

Then, 

(1) there exists a subsequence f 7lm converging p.p. to some f of class X. 

(2) any two limit functions /, f* of this kind are equivalent , 

(3) fn converges strongly ( X ) to f , 

(4) f n converges on the average to f. 



48 


Real functions. 


With the notation of Theorem 23 we have 

v , rj) <; f | \ x d0 < €i]~ x ( ju t v > y 0 (e) ) . 

J TS(u.. U. Yl^ ' / 

Hence for each >? mE(/x, v, rj)^*0 as n, v-*cc and (1), (2), and (4) follows 
from Theorem 23, except that we cannot conclude that / is of class L x . 
Finally, if n > v 0 , 

f \f—/n\ x dd = j" lim \fn„—f n \ x d6 

J E 0 J m . — > oo 

=< lim j | fn„—fn \ K dd (Theorem 1 1) 

<C | edO = 2 7T€y 

by hypothesis : f n converges strongly (A) to /. Incidentally this shows 
that / is of class L\ and the proof is completed. 

If A = k ^ 1 (the most important case) it is possible to give an alterna- 
tive proof of (1), (2), (3). This does not depend on the idea of average 
convergence, or on Theorem 9 (but results from combining the argument 
of § 4 . 81 and the proof just given). 

Let be a convergent series. In virtue of our hypothesis we can 
find an increasing sequence (?i r ) such that 


Then 



€ r 


and 


lim 

jy— »■ o> 


,N 

\ '-o r 

[2\u r \ 

= 2 

JE o \ 1 ' 

/ i J, 


d& ^ 27 r Ze r . 


By Theorem 11 


I u r \ ^dO = j^lim < lilU J < 2t rSe,. < oo 3 

the integrand is finite p.p. and 2 u r is absolutely convergent p.p. In 
particular f n ->/ p.p. (for some/). But now 

L 1*^ = [ I fv-r—fn k d6 < lim f < e (w > w 0 

-'A) J JSu 7* — > oo J U 

and converges strongly ( k ) to /. Thus (1) and (3) are proved, and 
(2) is a case of Theorem 2 (19). 
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Finally, if A — r > 1, there is another proof of (3) which is worth our 
notice. 

If v > v 0 (l) we have 

f I A-/-0 l r M < 1. f I A \ r d6 < A r +A r f I f ro \ r dd, 

JEq JEo 

so that we have, for all n, 

f \f«\ r dO < G. 

J JE?o 

By Theorem 28 there exists a subsequence f n , n converging weakly to some /. 
Since converges weakly to f — f n , Theorem 26 gives 

( I f-fn I r d0 < lim [ I vao < e (*.• > «o), 

JE 0 m — > oo J Jg? 0 

and this proves (3). 


5. Fourier series . 


5.1. Notation. In what follows we suppose always, unless the 
contrary is stated, that /(d) is of class L and has the period 2? r. The 
constants 


<d 


a n — a n (f) = — f ft ft cos nOdd 
7T J —rr 

(« > 0 ) 

= &»(/) = ~ ] /(®) ain nOcM 

. ^ 771 


are called the Fourier cosine and sine coefficients of /. For negative n 
we define 


(2) — &_ n , — 5 — n (& 0 0) 

(and these equations are then valid for — co < n <C 00 ). The constants 

(3) = c n (f) = i j' /(« (- 00 < » c 00 ) 

we call the complex Fourier coefficients .of / (even if a n , are com- 

plex). Clearly 


(4) 


c*= l(a n —ib n ). 


E 
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We indicate the relations of the a n , h n , c„ to / by 

co 

(5) o+ 2 (a n cos ?i0+Z>„ sin «0). 

(6) /- 2 c„e“ 9J , 

— 00 

in which there is no implication that the “Fourier series” on the right 
are convergent, or that if they are convergent the sums are equal to 
f(6). If c„ = 0 for n<0 the “Fourier series” is said to be a “Fourier 
power series”. The condition for this in terms of the a n , b n is that 
b„ = ia„ for all positive n. 

We write also 


(7) a„ = a n (6) = a n cos n6-\- b„ sin nS (— oo < n < co ). 
We have the following identities, in which we suppose n> 0 : 

» n 

(8) s„ = s n (d) = |a 0 + 2 a m (&) = ia 0 + 2 (a m cos md+b m sin mQ) 


— 2 c n c 

—n 


,m6i 


= = s ,w+, 1 (6)+.. +«.-,(» = K+ !(,_») 

n m=i \ n ' 


Considered as derived from an / of which the a’s, b 1 s, and c’s are 
Fourier coefficients, s n and are also written cr n (0,f ). 

A” 

We observe that if Py is a “trigonometrical polynomial” 2 

-AT 

then 

s„(P.v) = P* <r n (P.v) = 2 (l - W) (W > n > 0) 

In particular we have 

«. M/)} = *»(/), - <r n {f) if W > n > 0. 

For, e.y., s u {P x ) = 2 j^j" ^ 2^«,.e r8i ^e - “ 9i cf6)j e mei , 

and we have only to integrate term by term. For a similar reason a 
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uniformly convergent trigonometrical series is the Fourier series of its 
sum. 

We write further 

( 10 ) <p(t) = <p(t, d, ») = i \f(e+i)+f(e-f)-2s\, 

(11) tf>o(0 = i \f(S+t)+f(0-t)-2f(d)} , 

(12) $(t) = <p{u) du, # 0 (0 = j" <po(u) du, 

(18) $*(€) = ^'\<p(u)\du, $*(t) = jj^ 0 (M)|rfw- 

5.21. Theorem 80. If f is of class L then a n , b n , c n tend to zero as 
n-><x > . If f is b.v. they are of the form 0(n~ l ); if f is a.c. they are of 
the form o(«“ x ). In any case 

— Kl<21, |6„|<2J. 

The first part follows from Theorem 8. For the second we may 
suppose / real, positive, and decreasing (Theorem 14) t, and then, by 
the second mean value theorem, 

Ch 

ira n = /(— 7r) 1 cos n6ddy 


where — it This gives a n =0(ra“* 1 ), and the result fox b n is 

proved similarly. 

CQ 

If /is a.c. it is an integral: say J g(t)dt-\-c. Then for n> 0, 


fcoanddQ ■ 


j g(t) dtj coanOdd 

j gdt\^ — 1 gif)) ainnOdO = O+oCn"" 1 ), 


by the first part. 

The last part follows at once from the definitions of a*, b n , c n 
5 . 22. Theorem 31. Suppose that (/ is of class L and) f ~~ ^c n e mei 9 
and that F(6) = £/(t) dt-c 0 d. Then 

Cm{F) = c -^Il ( m j= 0 ). 


t For once, of course, we drop the convention f { *■) — / (^r). 


e2 
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For 

c m (f) = ^ j e~ mM [F(0) + g; j^F<0) e~ nei d 

= 0+M<c*(f) = mic m {F), 

since F{n r) — F( — tt) = f f{0)d6 — 2xc 0 = 0. 


5 . 31. Theorem 32. Suppose that f belongs to class L. Then for 
any s 


(1) 

< 2 ) 

where 

( 3 ) 


s„(6)-s = ^ j' J/(0+i)-sf Q(t)dt = -i-j' <f{t) Q{t) dt, 
<r»(6)-s = ^ B(t) dt = <t>(t)R(t) dt, 


Q(t) = Qnit) = 


sin(n+^) t 
sirijf 9 


B(t) = JJ w (0 = 


sin 2 

nsin 2 


so that Q and R are even functions of t, R(t) ^ 0, and 


(4) — r<?(*) = — r js(<) dt = i. 

W* J® 7T Jo 

We have, writing u m = 1— |m|/n (and recalling that / is periodic), 

vjff) - 2 M„c m e m9{ = 2 J- [' fit) e- m,i dt 

— | fi6-)-t)e~ n “dt, 

and so, since cr n —s = <r„(/— s), 

<r n id)-s = = \f(e+t)-$\ Rtf) dt, 

n 

where R(t) = 2 This sum reduces to the form in (8) by ele- 

mentary calculations. The case of s n is similar [we have u m = 1 (m=fc 0) ? 
w 0 = J]. We thus obtain the first forms in (1) and (2). The second 
forms are derived by associating the values of the integrand for — t and 
+t. Finally, if we take the special f for which f — s = 1 we have 
<p = 1 in (1) and (2), and this leads to (4). 


5.82. Theorem 38. The upper and lower limits as n~-> oo of s n and 
<r n are unaffected by any change in f{6) outside an arbitrarily small 
interval (0—5, 0+<5), provided only that f remains of class L in E 0 . 
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In fact 

(1) £ {/(<H-*)+/(0— Q{t)dt = | £ x 0) sin (»»+i) tdt , 
when xtf) — {/(0+*)+/(0“- 2)} cosec it\ and since (for <5 < x) 

£ I X I dt < cosec is £ ( 1/(0+ t)\ + \f(6-t)\]dt 

dt < oo , 

the right-hand side of (1) is o(l) in virtue of Theorem 8. Also (for <r„), 

(2) £ <p(.t)B{t) dt < — £ | x | cosec itdt < 2 - cos ^ c5 ^ ^ [ /(*) | dt — 0 (i) 

5 . 33. When a trigonometrical series is uniformly convergent it is, as 
we observed in §5.1, the Fourier series of the function f{6) that is its 
sum, and then f(0) is represented approximately by the polynomial s n (6) 
when n is large. This is a desirable state of things, but in general no- 
thing so simple is true. In the first place the c n are unaltered if we alter 
f(0) at a single point ; hence the series and the value of f(0) have, at an 
assigned point, no particular connexion. This fact suggests negatively, 
and Theorem 33 suggests positively, that the “average of / at 6' 9 , that 
is to say 

1 f % 

lim ^ f{0+t)dt, 

or the limit of some higher mean, is the number, if any, to be associated 
with the series at the point 0. Secondly, the series may fail to converge 
at some or all points 0 ; we may then inquire whether the arithmetic 
mean o- u (0), or some higher mean of s u (0), converges to a limit in place 
of $ n (Q )• What is actually true (though the proof would take us too far) 
is that if some average of / exists at 0 y then some mean of s IL (0) con- 
vergevS, and to that value. Now for most important purposes the con- 
vergence of a mean of s n is quite as good as that of s n itself. As for the 
distinction between f(0) and its average, there are two principal cases. 
In one / is continuous, and so everywhere identical with its average ; in 
this case the facts are that cr n (6)-^> f(0) uniformly. In the other we are 
satisfied with convergence p.p., and it is a classical result of Lebesgue 
theory that any / ( 6 ) (of class L) has p.p. an average equal to itself. Here 
the facts are that o- n (9)-> f(0) p.p. 

The “convergence problem” proper for Fourier series, that is, the 
question under what circumstances s n (0) tends to a limit (for a particular 


<2eosec|<S \f(t) 
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d or for a class of 6), forms for the most part a curiously isolated portion 
of the subject, and we do not need to discuss it. 

5.41. Theorem 84(Fejer). If f {Q) {or any function equivalent to it) 

is bounded above , or below , or both , then, for every value of ?i, cr n (0) has the 
same bound or bounds as f. If f{t) <! C{8) in 0 < J 1— 9 1 •< 8 and 
G = lim C{8), then lim 0*^(0) <7, and similarly for limo- n (0) and a lower 

bound <7' = lim <7'(<S). If f{0) is continuous in Eq, cr n {9) is continuous 
a— >o 

in Eq uniformly in n. 

Suppose, e.g., that f{9 ) ^ a. Then, by Theorem 32, 

r„(0)— a = ~bj j/(0+# — a} -R(£) dt <C 0, 

since the' integrand is non-positive. In the second part, e.g, in the 
case of an upper bound, we may suppose, by Theorem 33, that / ^ C( 8; 
for all 9. Then lim <r n {9) ^ C{S ), and so lim cr n {6) <; G . The last part 
follows from the first since Acr n = cr n (9+h)—a n {d) = <r n {Af \ . 

5 .42. Theorem 35. At a point of continuity of f{6 ), cr n {6)~^f{6) as 
oo. If f is continuous in E 0 1, then cr n {0)->f{6 ) uniformly in E 0 , 

We have ir{<r n -f) = £ ^ 0 (# _R(# c?*+ £ 0 O (# E(# dt. 

Since in 8 ^ t ^ ir 

\m\mx ii/(0+^)i+i/(0-i)i+2j/(0)|} ~-l 

we have | jj |/(0)|+^ |/(j 5) | = o(l), 

and uniformly in the second case of the theorem. We have further, in 
the first case, | $> | < e in by. choice of 8, and in the second 

case this result holds also uniformly in 0. Hence 

/| < e+o(l) {n>?i 0 ) 

in either case, and uniformly in 6 in the second case. 

5 . 43. We denote by A the set of 6 in which, for every c, 

■Jl 1/(0+#— c| dt\ = |/(0)— c 

| Remember we are supposing (as usual) that /(— *) » /(*•). 
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at t 0. It is a classical theorem of the Lebesgue theory that GA is 
null. For any point 6 of A we have, as t -> 0 (by positive and negative 
values), 

(1) \jf(0+t)-M\dt = o(f), $*(*) = 0 (f), $ 0 (*) = o{t). 

Theorem 36. For any values of 6 and s for which $*(0 = o(t) we 
have cr n (d)— >■ s. In particular, at every point of A, and therefore p.p., 
we have cr n (6)-+f(0). 

By Theorem 33 it is enough to prove that 

I f fit) B{t) dt I < P | | Bit) dt < eiS) in > n 0 ), 

_ * •'O I Jo 

or that 

n | | (j> | X(nt) dt < e.(<S), where X(u) = - 

Now 

n ( | 0 1 X(iit) dt < n f |^| dt — = o(l), 

Jo Jo 

by hypothesis, and 


where 

co(ll) 


n | <p ( X{nt) dt <; n f = aCn" 1 ) 

Jn- 1 » * 


=i:^=ram 


<£*(^)cZw 4>*(7r) , 

<- *2 l 




JM*) 




< Offl+ofr 1 ) 

as u 0. It follows that g>(w) = o(l), and this proves the theorem. 

[Actually <r w ~-»s if <£(£) =o(t) and $*(t) = 0(t), and subject to the 
second condition the first is necessary as well as sufficient.] 

Theorem 36 is a suitable text for the following remarks : 

1. Suppose we are concerned with a theorem which asserts that some 
relation, say the convergence of a sequence, holds p.p., i-e. holds except 
in a null-set Z (and suppose that the premisses of the theorem do not 
themselves involve exceptional null-sets — if they did, the presence of one 
in the conclusion would call for no remark). If now we happen to be 
told what set Z is, what remains to be proved is a pure approximation 
problem, one of proving that a certain function of n and a fixed parameter 


t The contribution of the lower limit of the bracket being negative. 
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6 tends to a limit under certain conditions (those -which express that 0 
belongs to CZ). The search for an exceptional Z is therefore often the 
best line of attack on the main theorem. 

2. An exceptional set Z is generally \ the set of points 9 at which 
some function (not always the first to hand) is not the differential co- 
efficient of its integral. This is why so many proofs begin with an 
integration by parts, and it is why we sometimes [as in Theorem 44, 
proof (iii)] introduce an integration where it has prime facie nothing to 
do with the problem. 

5 . 51. We proceed now T to problems of strong and weak convergence. 
Theorem 37. Suppose that <i> is periodic, and that 

i>(d) = -~^$(9+t)H(t)dt, 

where H(t ) ^ 0 and Mi(H ) ^ 1. Then 

< M k m (*> 1 ). 

We may suppose Jfj,($) < oo . Then, by Theorem 1 (4), 

and the last factor does not exceed unity. Integrating with respect to 
6 we have 

^ 

Theorem 38. If (/ is of class L and ) h ^ 1 ice have 

f M0)l ,i d0<I= f |/(0 1**0. 

J Eq J En 

This is a case of Theorem 37, with / for <£, <t u for <p, and R for H. 

5 . 52. Theorem 39. Let & 1 and let f be of class L k . Then , as 

oo, cr n converges strongly to f with index k : 

f \<r*(0)-f(0)\ k d6-+O. 

J E () 

Since <x„ > / p.p., this follows at once from Theorem 38 and 
Theorem 13 (3). 


l’ M k k ($)H(t) dt <ATJ($). 


j- Theorem 23 provides an exception. 
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An alternative proof proceeds as follows (and does not use Theorem 
13). We have, by Theorem 37, 

£ W«@)-m\ k ae = dd (^ \f(6+t)-f(6)}R(t) at)* 

< ^ I' _ F(t) R(t) dt = or,(0, F), 

where F(t) = J | /($ + i) — /(0) | it dd. Since F is continuous at £ = 0 
(Theorem 7), cr n ( 0, F) = o(l) by Theorem 35. 

Corollary. 1/ / 1? / 2 have the same Fourier constants , tTien / x =/ 2 . 
For if / = /i— / 2 , cr I*, (ft* /) is identically zero, and 

f \<r»—f\dO->Q 

J — 7T 

requires / = 0. 

We use this result in the sequel only in the last of the four proofs 
of Theorem 43 (it is itself an immediate corollary of that theorem), and 
the reader who is not interested may ignore it. For proof (iv) of 
Theorem 43 to be genuinely distinct from the others, however, it is 
necessary to prove the present result without using ‘‘summability” con- 
siderations. We give accordingly another of the many existing proofs. 

Let |a|^ 7r, and let g(0) be the function that is unity in (0, a) and 
zero elsewhere. It is elementary (and well known) that 

00 

g(d) = 2 (y m cos sin m9) 

* n 

n 

for all 6 of E 0 , the sum 2 being uniformly bounded t. Hence 

o 

1 ^/( 0 ) d9 = fgd.e 

= lim I / 2 (y m cos m0+S 1n sin mO) dd, 

n >00 J — 77 0 

by Theorem 10, 

n 

= lim 2 (y K a,+iU = limO = 0. 

The integral of / is identically zero, and / = 0. 


sin ma 1 — cos ma 

, o»i = 


f Actually 


7 »* = 


nn r 


m 7r 


(m ^ 0). 
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5 . 61. Theorem 40. If f n converges weakly (r) to f, then for each m 

lim c m (J n ) = c m {f). 

n — >oo 

We have only to take g = e~ mei in Theorem 27. 

Theorem 41. Suppose that r > 1, that ..., c_ lf c 0 , c l9 ... are arbitrary 

n 

numbers , and that s n (6) = E c m e m6 \ <r n (9) = \s Q {d)-i- s n -.i{0)\ fn. 

—n 

Suppose further that either 


(1) 

27 r ' 

J Eq 

{all n), 

or 




(2) 

u 

\a n {B)\ r dQ < G 

Eg 

{all n). 


Then there exists an f (0) of class L r for which 

/~ 2 c m e m6i , and ;£- [ |/| r dO<(?. 

Since by Theorem 2 (2) 

(( |o-„rd0) 1/r <i 2 X ([ |s M |'d0) 1/r 

' JHo > to m=0 \)e 0 I 

(2) is a consequence of (1), and it is enough to prove the result for con- 
dition (2). By Theorem 28 there exists a subsequence a nm converging 

weakly to some / for which -f \ \f\ r dS^. G. By Theorem 40 
Cyif) = lim c y (cr„J = lim 1 1 — 7^) c„ = c„; 

in — >00 \ n m / 

that is, / ~ 2c y e vei . 


5 . 62. Theorem 42. Let f be of class L and r> 1. Then (i) 

a) ( ]<r„(0)i r de— >[ 1 m\ r de, 

J Eq J Eq 

whether the right-hand side is finite or infinite ; (ii) the necessary and 

sufficient condition that f \f\ T dd is finite is that f l c r n {9)\ r d6 is 
bounded. 


If the right-hand side of (1) is finite, then a n converges strongly to / 
by Theorem 39, and (1) follows by Theorem 2 (18) (and a fortiori 
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I |<r tt | ' dd is bounded). If \<r n \ r dd is bounded then \f\ r d6 is 

finite, by Theorem 41. These facts establish both parts of the theorem. 

5.71. Theorem 43 (“Parseval”). Suppose that f is of class L. 
Then 

s* = 1 C„ I 2 = i \ a 0 r+ E (I a. | 2 + 1 5„| 2 )} = J 2 = J J/(0) | 2 dd, 

where either side may be -f oo ( and f may have complex values). 

In the first place the two infinite series are equal, since 
\u+iv | 2 + \u— iv [ 2 = 2(|^| 2 +|t?| 2 ) 
even when u and v are complex, and so 


\c n \*+\C- n l* = U\*n\ 2 + \l>»\ 2 )* 

We need, therefore, only consider the c n series. We observe further that 
the theorem is elementary when / is a trigonometrical polynomial 

y 

2 For then 

-y 

1 fir / JV y \ 1 fir y 

J 2 = hM (2 2 c n c- n9i ) d0=±\ 2 cM^-^de, 

ATT J -ir \—N — N * “TT J —n m f n =-N 

and the integral of the general term in the last sum is 0 or 2x|c„;| 2 
according astn^norm=n. 

We give four proofs of the theorem, in which the depth of the “sum- 
inability” theorems appealed to progressively decreases. 


Proof (i). By Theorem 42, 

J 2 = lim JT- f |<r M | i dd 

n 2 h.oo -“7T J 


-» V u ) 


(by the special case of a polynomial /). On the one hand the right-hand 
side is not greater than 

lim 2 | c m | 2 = S 2 , 

w — >qo —n 

and on the other, if N is any fixed integer, it is not less than 


N 

lim 2 

n — >» — y 



N 

2 | c n 

~N 


so that it is not less than S 2 Hence P — S 2 . 
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We need not, however, appeal to so deep a result as Theorem 42. In 
the first place the inequality S 2 ^ J 2 is elementary. We have, in fact, 

° < L ~ L d6 

-r l/r-H-r |5»l 2 ^-2 2 » P fc m e-' M de 

J —i r J —7T —71 J— xr 

= 2x 2 | Cm | 2 — 47T 2 | Cm | 2 . 

— » -w 

2 | c m | 2 < J\ S* < J 2 . 

—n 

It remains to prove the complementary inequality J 2 ^ S 3 , and here 
our remaining proofs differ. 

Proof (ii). Since |cr w | 2 ->|/| 2 p.p., we have, by Theorem 11, 

which is 

lim 2 

— n \ H J 

From this we have, a fortiori, 

J' z <1 lim 2 | c m | 2 = S 2 . 

— » 

The remaining proofs apply (at least in their most natural form) 
only when J < oo . In this case S ^ J is, also finite. 

Proof (iii). Here we assume less than the proposition “ rr„—*f p.p.”, 
replacing it by Fejer’s theorem. The function 

(1) <f>(6) = J' J0+ dt 

is continuous, by Theorem 7, Cor. Also 

= L dt 

= C m (f) c m (f ) = I c n I 2 . 

By Theorem 35, therefore, 

?. 1™. 0 ~ 1 Cm I" = lim ^ (0 ’ = tf°>* 
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The left-hand side is S a [by an argument used in proof (i)], and 
*(0) = J\ 

Proof (iv). We argue, as before, that c m (<p) = |c m | 2 . Then f and 
the sum of the absolutely convergent series 

2 \c m \ 2 e mei 

— oo 

have the same Fourier series. By the uniqueness theorem (Theorem 39, 
Cor.), 

2 \c M \ 

— oo 

Since bath sides are continuous the equivalence involves identity : taking 
6 = 0 in this we have 

fi* = 0(O) = J 2 . 

CorolXiARY. Suppose that f and g are of class L 2 , and that 

e nQi y g e n9i . 

Then 

OO / CO \ 

2 Cnc’-n, i\ia 0 a’ 0 +I,(a n a'n+b n b' n )\ 

-CO V 1 1 

are absolutely convergent , and have the common sum 



Since c»c!_«+c^»c» = i(a n a n +b n bn) we may confine ourselves to the 
second series. The absolute convergence follows from that of 2 [ c n | 2 and 
2|c»| 2 . In proving the identity we may suppose (by taking real and 
imaginary parts and considering separately the four terms thus arising 
from fg) that / and g are real. The integral 

is equal, on the one hand, to 

(1) i(a 0 + O ' 2 + 2 { (a. ± ^) 2 ■ + (bn ± b f n ) 2 } , 

i 

and on the other to 

<» M-/ M+ Hy de ± i J>*>- 

Hence (1) and (2) are equal, and by subtracting the equation corre- 
sponding to the minus sign from that corresponding to the plus sign we 
obtain the desired result. 
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5 . 72. Theorem 44 (Eiesz-Fischer). Suppose that the c n are any 

CO 

numbers such that 2 | c n | 2 converges. Then there exists an f of class 

— CO 

L 3 such that 2 c n e nH . 

— 00 

This is an immediate corollary of Theorem 41, with r = 2, since 



On account of the great importance of the theorem, however, we give 
two more proofs. Let 

fn= 2 
—n 

Proof (ii). If n ^ m > 0 

(* |/». '/m l 2 ^ = 2 tt 2 (| c r | 2 ~h ( c^r) 2 ) ^ 27r 2 e (n ^ m > v). 

J—rr r-m+1 m +1 

By Theorem 29, /» tends strongly, and therefore (Theorem 25) 
weakly, to an / of class L 2 . Hence (Theorem 40) 

c r (f) = lim c r (/ n ) = c r ; 

that is, '£c m e m * i . 

Proof (iii). Let 

Fu{0> = = 2' (e"«-l), 

Jo _n mi 

F(9) = lim F»(6) = 2' (e”"-l), 

fi — ^oo — co TTi/b 

the last series being uniformly and absolutely convergent in virtue of 



and the hypothesis. 

Since 

[ |/n| 2 ^ = 27T 2 |c m | 2 <F, 

J JSo —n 

F n is u.a.c. (Theorem 19, Cor. 2), and so (Theorem 20) F is of the form 
j f*dQ. Let now then, since F(tt) = F ( — n r), we have 

c o (/) = 
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If now r =f=. 0, we have 



_ erif _cj _ Crif) (Theorem 31) _ 
n rt 

Thus c r (J ) == c r for all r ; or / — '£c m e™ M . 

Finally 

r \f\ 2 d0 = 2tt £ lc^| 2 < oo 

J — 7T — OO 

by Theorem 43, so that / is of class L 2 . [We may avoid this appeal to 
Parseval’s theorem by using Theorem 21 in place of Theorem 19, Cor. 2, 
when we may conclude that f* belongs to class L 2 .] 

The reader should trace all the proofs back to first principles. 

The first proof uses the selection principle, the second the (rather 
deep) existence of a convergent sub-sequence in strong convergence. 
The third is the most direct, and constructs (more or less) a definite 
function /. The underlying idea is that a function of class L 2 and its 
Fourier series are at least sufficiently closely related for the indefinite 
integral of / to be equal to the sum of the integrated series (the latter 
being uniformly convergent) ; and to construct the integral is to construct 
the integrand. 

The reader may be referred also to the remarks at the end of § 5 . 43. 

5 . 81. Theorem 45. Suppose that 0 and f is of class L\ Then 
there exists a trigonometrical polynomial 

N 

<p(Q) = 2 (c n cos 7i0+ d n sin n6) 
o 

such that 

(1) | f — <f> | < e except in a set of measure less than S, 

If further f is hounded above , or below , or both , then the polynomial 
<p can be found also with the same bound or bounds. 

This is an important extension of Theorem 6. By that theorem there 
exists a continuous +, with the same bounds (if any) as /, and satisfy- 
ing 

(3) [ /— + 1 < e except in a set of measure less than S> 


( 4 ) 
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If now (j> = tr n (\fr) and ii > n 0 (e) it follows, by Theorem 34, that 
<p has the same bounds as \Jr and therefore as /, and, by Theorem 35, 
that (if n 0 is suitably chosen) 

(5) | <j> — \f/ | ■< e (all 0), 
so that further 

(6) -Ljj 

From (3) and (5) we have 

( 7 ) |/— •<•/> | < 2e except in a set of measure less than <5, 
and from (4), (6), and Theorem 2 (16), 

(8) f \f-<t>\ x ae<A x ^. 

ATT J&, 

(7) and (8) complete the proof of the theorem. 

Corollary. If f is of class L x , then there exists a polynomial 

'P n (6) = 2 u n 6 n 
0 

such that < e except in a set of measure less than d, 

and £ ! f-Py | K dB < e K . 

Let P*(0) be the sum of the first N+l terms of the expansion of 
<j>(6) in powers of 0. Then, for fixed <j>, \<p— -P n \ < € for all 0 provided 
N > No . The argument can now be completed as in the proof of the 
main theorem. 

5 . 91. Lemma. Suppose that f(0) is of class L, and that h(0) is 
bounded. Then 

lim [ f{h— cr n (h)} d6 = 0. 

By Theorem 36 <r n (h) — h^O p.p. ; hence, by Theorem 9, <r n —h ~* 0 
uniformly in GH, where mH ■< d. Since further (Theorem 34) j cr n | ^ K y 
where E is a bound of | h |, so that ] o- n —h \ 2 K, we have 

If f(h~<r n )d6 |<f l/IIA-or^ldfl+axf | / 1 <20, 

\JBq I JCH JH 

<f \f\ed6+2Ke(S) (n > ? ?0 ) 

J Cif 

<«( \f\d6+2Ke{6). 

J 
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The right-hand side can be made arbitrarily small, and the result 
follows. 

5 . 92. We can now prove the following extension of Theorem 3 : 
Theorem 46. Suppose that r> 1, [/ is of class Lt] and 

m 

for every trigonometrical polynomial g satisfying 

(2) £J| gYa&^V'>0. 

Then 

( 8 ) 

Let h(Q) be any bounded function satisfying 
(4) —f J h \ r dB = F T '. 

ATT JJ5o 


Then I say that 



By Theorem 38 we have 


iJ a K.«r<i«=Fr, 

where Vi = Vi(n) ^ V. Also h ^0, so that V x > 0 (n>tio). Then 
g cr n (h)V/Vi is a trigonometrical polynomial satisfying (2). Hence, 
by hypothesis, 

(S) 

But by the lemma, as n^oo, 

(7) f /{/*-«■„(*)} d0->O. 

^ J Eo 

•and (5) follows from (6) and (7). 

Since (5) holds for every bounded h satisfying (4) the desired result 
now follows by the original Theorem 3. 

f This is, strictly speaking, implied in (1), since that asserts, among other things, the 

existence of the integral fgde for a certain constant value of g. 

J &Q 


F 
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6 . Some theorems of analysis situs . 

6 . 1. A domain is defined as an open connected set of points. The 
symbols D, A, occasionally d, d, are used for domains. If z l9 z 2 are any two 
points of j D, it is known that z 1 and z 2 can be joined by a (rectilinear) 
polygon lying in D. We denote the frontier, or boundary, of D by F(D ), 
or sometimes F . D together with its frontier is denoted by D' : this is in 
accordance with the ordinary notation for derived sets. We use the nota- 
tion D_ to denote a domain with the property CD-)' C D ; the “ distance ” 
of D- from F{D) is then positive. 

By “ closed contour” we mean a closed simplet Jordan curve; by 
“curve” we mean a Jordan curve. By a curve “extending to oo ” we 
mean a locus x = y = ^r{t) y where <f>(t ), \[s(t) are continuous for 
every t satisfying (say) 0 t < 1 , and tends to infinity as t 1 . 

We take as known concerning a closed contour G that (1) G divides 
the plane into two domains, an interior and an exterior, and the latter 
contains all distant points; (2) these domains are simply-connected, a 
simply-connected boundedt D being defined by the property that any 
closed contour consisting of points of D contains in its interior no point 
of F(P) ; (8) if 3 = 0 belongs to the interior of <7, then 

A (7 arg z = increment of arg z round G = 2 x. 

We shall take for granted some other, but minor, points of analysis 
situs ; in particular, that if a domain A is in one-one continuous corre- 
spondence (point by point) with a simply-connected domain D , then D 
also is simply-connected (more generally A and D have the same con- 
nectivity). 

6.2. Further properties of a closed contour C and its interior D. 

(1) Let A, B be distinct points of C. Then C divides into C l9 C 2 , 
with no common points except A and B. 

(2) A cross-cut q {simple curve lying in D except for its end-points) 
from A to B divides D into q together with simply -connected domains 
Di, D 2 without common points. D 1 has qf-Gx for frontier , D 2 q-\-C 2 . 

These results are well known. 

(8) Given A and B, there is a cross-cut q joining them. 

t I.e. without double points. 

J The case of an unbounded domain being dealt with by the usual processes of inter- 
preting statements about z — oo . 
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This is equivalent to 

(4) There exists a simple curve L joining an interior point 0 and A 
and lying {except for A) in D. 

‘[For, if L v Lq are simple curves joining 0 to A and P respectively, 
let P be the last (on Lj) intersection of L i with P 2 ; we go from A to P 
on L v then from P to B on P 2 .] 

Proof of (4). — We may suppose that the range of t is — 7r < t -zr, 
that B is t = xx, and that A is t = 0. Let P be the variable point t 
of the curve. The distance AP == p(t) is a continuous function of t with 
t = 0 for its only zero. The circle K 9 with centre A and radius r less 
than AO and AB , cuts C where p(t) = r, and this has solutions. (P is 
inside K when t = 0, outside it when t = ±?r.) 

Let L(r), l{r) be the upper and lower bounds of the moduli of the f s 
for which p(t) = r. Then, since p{t) is continuous, p (p(r) ) = /> ( Z(r)) = r. 
Also 0<l(r)<L(r). and B(>*)->0 with r. [If lim L = 2<J ;> 0, then 
L>& for some arbitrarily small r; r = p(L) ^minp(t)>0; and this 
is false.] 

Let /u(r) = Min p{t). Clearly 0 < fx(r) r. 

I $ I 

The circumference S' contains points of D, for its interior contains the 
neighbourhood of A and its exterior contains the neighbourhood of P. 
These points of K interior to D fall into a set of non- overlapping arcs. 
These, taken closed, are cross-cuts of D. I say that some of these cross- 
cuts q[, q 2 , ••• separate A and P, i.e. join a P + (P of positive t) with 
a P_. Suppose not. Then every q r joins a P + to a P+ or a P_ to a P_. 
Let t v t[ be the ends of q \ . Let C x be the curve derived from C by 
replacing the piece from t x to t[ by q[, described by a parameter running 
from t x to t[. Let be the first q r that is a cross-cut of G x (or D x ), and 
derive C 2 similarly, and so on.t The infinite process yields a Jordan curve 
Co,, since for any t between ±7r there exists a definite point, continuous in t . 
Also A belongs to C„, since A never lies on a rejected piece (the ends of 
rejected pieces have f s of the same sign and magnitude > Z). So, clearly, 
does P. Cu, is clearly simple, and encloses a . Also C D' ; hence 
D„ C D . But now the circumference makes no cross-cuts in D and this 
is impossible. 

Let q v q& ... be the set of cross-cuts separating A and P ; q = q{r) 

t No q r joins a t between t x and t{ to one outside this range, by (2) and the fact that two 
o' cannot intersect. 

F 2 
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that one which G, described positively from A, first meets; and let 

d = d(A,r) = d(r) 

be the domain, with A on the boundary, that q cuts off [see (2)]; m{r) 
the upper bound of the distance of a point of dir) from A. Then I say 

(5) m(r) -* 0 as r-+ 0. 

For if C x +q is the boundary of d(r), G x corresponds to a range of t of 
type _ T ^ f ^ T ' ; also the extreme t correspond to the junctions with 
q, for which pit) = r. Therefore | f | < L{r) on G u and 

Max p(t) < Max pit) -*• 0, 

c, 

Max AP = Max AP -*■ 0, m(r)-» 0. 

d C'l't'Q 

Observing now that 

{ distance of A from a 'point of D — d{r) | ^ fx{r) > 0, 

we choose a sequence r n tending to 0 for which r n+! < jm(r n ). Then a 
point of q n +\ = q(r n+x ), other than an end, is interior to D, and [since its 
distance from A == r n+1 < /*(r n )] is not a point of D—d n , nor (obviously) 
is it one of q n . Hence it is interior to d n . Therefore q ni . i is a cross-cut 
of d n . By (1) it divides d n into d n+x and another domain A n . 

If now P n is the mid-point of q n , P n and P /l+ i are on free circular arcs of 
the boundary of A n and can be joined by a simple polygon S * lying wholly 
in A n except for the ends. Consider the locus S l + S 2 ~\-^>- Its moving 
point can be described by x = x(t), y = 2 /(r), where r runs from 0 to £ 
on S u from £ to } on S 2 , and so on. x(t) } y{r) are defined for 0 <; t < 1. 
But since 0 we have x(t)-+x a , y{'r)-^y A as t-*1. Completing 

the definition we have a curve I/, 0 ^ r ^ 1, from P l to A. 

Since all domains of suffix greater than n are contained in d nAX and 
therefore have no points common with A n , we see that S n cannot cut an S 
of higher suffix. Therefore the curve is simple. We can finally join O 
and P x without meeting L\ 

7. Harmonic functions. 

7 . 11. In this section we discuss the classical properties of harmonic 
functions. We take for granted some results belonging to the circle of 
ideas of Green’s theorems and Cauchy’s theorem. 

The formula of Green is 

JL (H “ Ty) dxdy = [ ^dx+bdy) 


0 ) 
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where D is a domain bounded by L, where L consists of a fini te number 
of curves G. If in this formula we take 




The three integrands in (2) are invariant for a change of rectangular 
axes, and the last integral is written, in the usual convention, 
f d\lr , 5 , 

1 3 n ds, denoting differentiation “along the inward normal”, and 
ds the element of arc, taken so that the sense o! the axes (dn, ds) is 


the same as that of Ox, Oy. t 


7 . 12. These formulae have, in any case, no meaning unless the 
curves G are restricted in some way. We shall always suppose, when 
there is a question of integrating along a curve C, that C consists of a 
finite number of portions x = f x (t), y = f 2 (t) (a < t < fi ), where /' and 
fi exist and are continuous in a t /3, the various portions being 
pieced together in such a manner that C is connected. Such a curve G 
will be called an “elementary curve”. It will be found that the 
apparently ugly restriction does not in the end impair the generality of 
our conclusions. 

The formulae are proved in the first instance when D is bounded, 
and when respectively a and b have first derivatives continuous in D'. 
or <p has continuous first and \fs continuous (first and) second derivatives. 
In certain important cases, however, we need not assume so much. 
Suppose that <j> has first, and ^ second, derivatives continuous at every 
(internal) point of a bounded D, and that A ^ = 0 in D ; further that <f> 
and ^ have continuous first derivatives in D f . Then 


Sip' _j_ o<p d\fs 
dr dx ~ dy dy 


< p^ ds - 


t The questions of analysis situs raised by §7.11 do not involve any fundamental 
difficulty. 
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The deduction of this from the original case proceeds on the same 
lines as the modern proofs of Cauchy’s theorem. The result is valid for 

an Li “just inside” L, and the enclosed Di, and -> jjj' as L 1 -> L. 

The proof that j -> j is the most difficult part of the argument. 

This much we take for granted, and also the following : Suppose 
that a, b, da/dy, and db/dx are continuous in a simply-connected 
domain D. Then if 

da db 

^ dy ~~ dx 

for all points (x, y) of D , we have 


(adx+bdy) == 0 


for every closed elementary curve C contained in D , and conversely . 
Further, if 

J = \ (adx+bdy), 

Jo./ 3 

the integral being taken along any elementary curve in D , then J does 
not depend on the path from (a, /?) to (x, y ), and 

dJ _ dJ _ , 
dx ~ a ’ By ~ L 

7 . 21. A function u(x, y) is said to be harmonic in a domain D if it 
has continuous derivatives of the first two orders, and if Au = 0 for all 
points of D. u is said to be harmonic at a point P if it is harmonic in 
some neighbourhood of P. A (one valued) function, harmonic at every 
point of D, is harmonic in D (by Borel’s covering theorem). 

It is well known that if f(z) is regular at z = %+iy, and f(z ) = u+iv 
(where u and v are real), then An = Av = 0. Thus and %f{z) are 

harmonic in any domain in which f(z) is regular. 

We shall sometimes denote, for brevity, the point (x, y) by z, and 
u(x, y) by u(z). (The reader pnust, however, guard himself from sup- 
posing that u is an analytic function of z.) We shall also sometimes 
denote (x, y) by its polar coordinates (r, 9) and write u(r, 9) for u(x , y). 


f Practically by definition of f f . 

JJO 
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Theorem 47. Let Di be a domain bounded by L, a finite set of 
elementary curves , and let u be harmonic in a D containing D\. Then 

f du , 

La* =0 ' 

This is true also if L contains part of the boundary of D, provided that 
d-u/dx, du/dy are continuous in 1)' . 

We have only to take <f> — 1 in (3) above. 


Theorem 48. Let u be harmonic in | z — z 0 j < r and continuous in 
\z— zol^r. Then 


u(x 0 , y 0 ) 


2 x.U 


u{z 0 -{- re m ) dd. 


Let 

We have 


( 1 ) 


/><r, I(p ) = ^ j u(z a +pe u )d9. 

0 = jsra &=—/3 j_ ^ u (*o+pe ei ) d6. 


Since ^ ^ cos<? + sin# is continuous in | z | < p, 1 0 1 < x, we 

have 

^ = ilM de = 0 - 

Hence I(/>) is constant in 0^p<r; also it is evidently continuous in 
O^ p^r. Hence I(r) = 1(0) = u(z Q ). 


7 . 22. Theorem 49 ( Maximum principle ). Suppose that u is harmonic 
in a bounded domain D } and that a constant M exists such that , for an 
arbitrary e and any point P of the boundary F(D ), 

u < M-\-e 

for all points of D near enough to P . Then u ^ M in D, and equality 
at any point can happen only if u is the constant M. A similar result 
holds for the opposite inequality . 

Let G (possibly + 00 ) be the upper bound of u ia D. It follows by 
the bisection method that there exists some point P of D r such that every 
neighbourhood S of P gives G as the upper bound of u for points of SD ; 
let us consider the class of all points P of D* with this property. If no P 
is an interior point, some P is a boundary point. But then the hypothesis 
of the theorem gives G -< M+e, or G ^ M, while u = M at an interior 
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point makes that point a P, and is impossible. If some P is an interior 
point z 0 we have, by the continuity of u, u(z 0 ) = G (and Gc oo ). If 
now G, of radius r, is any circle round z 0 lying, together with its interior, 
in D, we have, by Theorem 48, 

\j^+re° l ) dd = ufa) = G = — j" Gdd. 

Now the first integrand does not exceed G. But a continuous function 
whose average is equal to its upper bound is necessarily constant, and it 
follows that u “ G for all points of C . Thus (since r is arbitrary) u — G 
in the interior of the least circle with P as centre and containing a 
point of F(D). I say now that u= G throughout D. For if u < G at Q, 
we join P, Q by a polygon lying in D, and it follows by a Dedekind 
section that a point R of the polygon exists, such that u = G on the 
polygon from P to any point short of R, but not from P to any point 
beyond R. By continuity u(R) = G ; hence, by the above argument, 
u = G in some circle round R, and this is contrary to what has just been 
proved. Thus the hypothesis u(P) = G for an internal P involves u = G 
throughout D, and then (since u = G near any boundary point) we have 

G<M+ e , or G^M. The statements of the theorem are therefore 
true in either case. 

Another proof proceeds on the lines of Theorem 201 below ; this does 
not require the Dedekind section argument. 

Theorem 50 ( Theorem of uniqueness for given boundary -values). 
Let u u u 2 be harmonic in a bounded D, and let them have the same 
boundary-values. That is, given e and any point P of F(D), then 
| Ui u 2 1 < e for all points of D near enough to Pi. Then u x — u 2 
throughout D. 


u u± u 2 IS harmonic in D, and satisfies the condition of Theorem 
49 with M = 0. Hence u < 0 in D, and similarly u > 0. 

7.31. Let u be harmonic in D. If a function v exists such that 

die __ dv dn dv 

dx oy' > dy dz* 


throughout D, then v (evidently harmonic in D) is said to be the function 
conjugate to u. Evidently v+c, where c is a constant, is also a conjugate 
of «■ Conversely two conjugates of * differ by a constant (since the 
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differences satisfies w x = w y = 0). If t? is conjugate to u , — w is evidently 
conjugate to a. 

Theorem 51. Let w be harmonic in a simply-connected t D. Then 
there exists a (one-valued) conjugate v, given by 



Also uA-iv = /(#), a function of the complex variable z regular in D. 

The first part follows at once from the last result stated in § 7.12. 
For the last part we have only to observe that the derivatives u x> u y , v X) v y 
are continuous and satisfy the Cauchy-Fiemann equations in D, so that 
f f (z) exists at every point z of D. 

It follows from the last part (and § 7 . 21) that the property of being 
real and harmonic at a point is equivalent to that of being the real part 
of some function f(z) regular in a neighbourhood of the point. 


7 . 41. Theorem 52. Let u and v be any two functions harmonic in 
a bounded domain D whose boundary L consists of a finite number of 
elementary curves C , and let u and v have first derivatives continuous 
in D'. Then 

£(“s - 'i;)* ==a 

For — j = |j (uAv-r-vAu) dxdy = 0. 

An important particular case of the theorem is that in which D is a 
circular annulus, with centre at, say, the origin. If the circles have 
radii n and r 2 we have, in fact, 



constant 


0*i < >* < > * 2 ). 


7 . 42. Consider now a bounded domain D and one special point of 
it, which we may suppose without loss of generality to be the origin 0. 
Let y = (x 2 +y 2 )*. It is easily verified that log r is harmonic except at 
0. Suppose now that u(x, y ) is harmonic in D and has first differential 
coefficients continuous in D[, and let 

h — h(x, y) = — lo gr+wfe y). 

Suppose, further, that D is bounded by L, consisting of a finite 
number of elementary curves, and let c be a small circle, of radius p, 


t If D is multiply-connected the conjugate is many-valued, with moduli of periodicity. 
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round 0. Then, by Theorem 52, 

(1) L (“ 5T ” ' h ^ ' P ' M = ie = ~\l (“ & “ k 3^ ^ 


Now on o 


9 A 1 , 

3 r p dr ’ 



u*rd6 = lim 
r dr 


and 


lim I ph^~d& = 0, 


— lim 



— 27m (0), 


since ph->0 and dujdn is bounded at 0. Taking 
therefore obtain 


(2) 




9u\ 

diz) 


ds. 


limits in (1) we 


Replacing now the origin by the point ( x , y), and using rj for 
current coordinates, we obtain : 


Theorem 53. Let u be harmonic in D, a domain whose boundary 
L consists of a finite number of elementary curves , and let u have con- 
tinuous first derivatives in D Then for a point (x, y) of D 

In particular we may take = — logr, where r is the distance 
between (x, y ) and (£, rj). 

7 . 43. The Green's function of a bounded domain. This is defined 
to be the function (if anyt) g{x, y ; £, rj), with the properties (i) g > 0 ; 
(ii) g is harmonic (in £, rj) for (£, rj) of D other than (x, y) ; (iii) near (x, y) 
g = — log r-f-w, where <o is harmonic for all (£, ij) of D ; (iv) gr tends 
uniformly to 0 as 2? tends to any point of the boundary. 

It is easily shown that (if g exists) g(x,y ; £ 17) =g(£, z, y), but 
we nowhere make use of this property. 

Taking h = g in Theorem 53 we obtain 


Theorem 54. Suppose that D is bounded by a simple closed ele- 
mentary curve C , and that g, the Green's function of D „ has continuous 
first derivatives in D f with respect to £, r\ [ for every fixed (x, t/)J. Let 


f We shall not be concerned here with the existence theorem. 
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h be the function conjugate to g. Suppose now that (i) is harmonic 
in D, (ii) u has continuous first derivatives in D f A Then if U(£, rf) is 
the “ boundary value ” of u at a point (£, rf) of C we have 


u = 






ds. 


7 . 44. The Poisson integral. It is easy to calculate Green’s func- 
tion for a circle. Let the circle have the origin as centre and radius a. 
Let P be (x,y), an internal point, P 1 the inverse point of P with respect 
to the circle, Q , or (£, tj), a point within or upon the circumference, p 
and p f the distances PQ, P'Q. It is a familiar geometrical fact that 
p/p 1 = k = k(x, y) for all Q of the circumference. The function 

g = log p+log />'+log k 

evidently has the required properties. 

A straightforward calculation gives 

dg a 2 — r 2 _ _1 <z 2 — r 2 

dn ~~ ap 2 ~~ a a 2 — 2ar cos(0— \fs)+r* 9 

where (r, 0), (a, \fs) are the polar coordinates of ( x , y) and (£, rf). We 
obtain now from Theorem 54 the following important result : 


Theorem 55. Let u be harmonic in a domain containing r^Za 
( r 2 = x 2 -\-y 2 ), and let u(ae* x ) = TJty)* • Then for r <Z a 

(1 > “ = sl (? 

where 

(2) P(p, 0) = ^ &(P> 0) = cos 0+p 2 . 

7 . 45. The equation (1) is called Poisson’s formula, and u the 
"‘Poisson integral of U” . We shall have to consider the formula subject 
to much less restrictive hypotheses, but at the moment we wish to point 
out other ways by which we may arrive at it, under whatever conditions. 

(i) Prom the point of view in which a harmonic function is the real 
part of an analytic function f(z) we argue as follows : We may sup- 
pose a = 1. If | so I < 1 and we denote by C the circle z = e*\ 


t It is enough, in actual fact, if (ii) is replaced by the continuity of u in D'. 
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we have (supposing / regular in \z | < 1), 

(1) 2tt/( 0 o ) 

Also 


Eiince IJz = g on C. In this change the sign of i, and of the whole ; we 
obtain 

(2) 0 = p ( TJ—iV ) . 

J — 7T C ' Zq 

Adding (1) and (2) we have 

(3) 2t {u(z 0 ) 4 -iv (* 0 )} = | (u 6 +iF) d\!s, 
and, taking real parts, 

“ w = tL ™ <** = £ L uF(n ■ *■-*> *+■ 

(ii) Proof by a transformation of Theorem 47. We shall in time be- 
come very familiar with the idea that a property of the centre of a circle 
in which a function is regular or harmonic can generally be asserted, in 
modified form, of any point of the circle. Poisson’s formula is such a 
modification of the formula of Theorem 47. 

We must observe first that, if /(*) is regular and f=f= 0 in D and 
the equation fffij = £ = /(*) transforms D (point by point) into a 
domam A of the (£, ij) plane, then the transformation from (a, y) to 
.(£’ changes a u(x, y), harmonic in (a, y) of D, into a Wl (£, ,), harmonic 
m (£, jj), of A. Also the conjugate v of u becomes the conjugate v 1 of 
«i. We have, in fact, by simple calculations, 

& ~ = ~’i*> = J — f(z) : s > 0, 

U XX-\-Hyy = J (Mff + M,,), 

which establish the first part; and for the second we have only to verifv 
that v ( = u,, »„ = -u t . 

Consider now the transformation t 

(4) , _ tllo 

W?o’ 

t This also is destined to become very familiar in the sequel. 


1 ( /(*) dz 


* JC Z — Z 0 


C Z 1 Zn 


= /(«**) ■ 




= r /(«*> 


f±|= (WF): 
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where |£o|<l. This transforms the unit circle of z, boundary included 
point by point into the unit circle of £ (and conversely), and dt,fdz and 
dz/dt, are never 0 (in either unit circle). Hence an arbitrary u(x,y 1 
harmonic in \z \ ^ 1, transforms into an arbitrary % (f, rj) harmonic m 

Take now the formula 

(5) u(0) = jhj u{e^)d<p, 

,nd let z = e +i and £ = e* 1 correspond by (4), and £ 0 = We have 

d<t> = Tz~ ~ id log * = ~ i + = P{p0 ’ d 

and (5) transforms into Poisson’s formula for Wi(£o, rj 0 ). 

7 . 51. We proceed to develop the theory of the formula subject to 
more general conditions. We start afresh from a different point of view, 
suppose in what follows that U = Uty) is any function (of period 2*r) 
integrable in the sense of Lebesguet, and consider the nature of the 
function 

(1) U = ^ £ UW P (r, i,-0) (r < 1), 

whether the values Uty) can be considered as in any sense 
“boundary-values” of u on r = 1. 

It is evident that we may differentiate (1) under the integral sign any 
number of times with respect to x and y, provided r<l. Now it is 
easily verified that P(r, 9) is harmonic in ( x,y ). Consequently we 
have 

Theorem 56. If Uty) is of class L, then the function u given by 
(1) is harmonic in r <C 1, and has derivatives of all orders , themselves 
harmonic functions, in r< 1. 

7 . 52. If we take a = 1, u = 1 in Theorem 55, we obtain 

Theorem 57. 

h l P(r,0-ir)di,= l (r < 1). 

f It would suffice for our immediate purposes to suppose U continuous, but the extra 
generality costs us nothing. We. shall return to the deeper study of the connexions of tt and 
XJ in Chapter 3. 
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This, of course, is incidentally a result in the theory of definite 
integrals, and may be verified as such. 

Cob. If U(\fr) is of class L and U G for all \fs, the function u given 
by (1) satisfies u < G. 

Similarly for a lower bound. 

Por P > 0, and so j (U—G) Pdf, < 0. 

J —IT 

7 . 53. Theorem 58. If Uty) has period 2n and is of class L and 
8<1 .then 

|I(<S, r, e, 0 O )| = _J HtyO P(r, yf,-9)df 

< Am-r) J J U d* (\z-e*>*\ < IS). 

Thus if z = re H ^>e 6 °', /-> 0 uniformly in 9 0 and in the manner in 
which z tends to its limit {by ct path internal to r = l).f 

We may suppose that 6 0 = 0. Then \z-l | < IS, \ 9 | < and 

I sin 0 1 < iS. Hence | 0 1 < a- A) S, and (in the ranges over which dr 
varies m I) AS < | ^-0 Then! 

A = (1 — r) 2 +4r sin 2 i(\fr-6) > (1— 
or, since this exceeds J for r < J and J^d 2 for r > J, 

A>^((?), P<(l-r ! )J(d)<2(l-r)J(d) ( 
and the desired result follows. 

Let U± (fro) be the limit as <5-+0 of the upper bound of U(\fr) in 
U<|Yr-^-o|^S, UAfro) the corresponding limit of the lower bound. 

I he condition that \fr 0 should be a point of continuity of U is 

tf+Wo) = ff-ty*) = U(f , 0 ). 


of a 0t ,v 6 P ° iS30n integral .° f V near ^ is ^ected only to the extent 

, , , f J f altering the values of U outside an arbitrarily small interval round J, - $ 

(so as to leave it of olass L). Compare Theorem SS Tr, fi, d • . “ , d * ~ 9 » 

U behaves very much like tha ‘ ^-“‘^ralofafcnction 

„ j xt. ... _ limit operation 7 *— ronlarimy 

"t d . T P ™ V. tt. posit!.. k„„ i! ''dopor 'imp , 

i It .. ™M .. tentative no* to ..pl.e. th. Motion „ r . « J 


where ij 1-r (in fact the two things differ by less than an A). 
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Theorem 59. If U(\[r) is periodic and of class L, and 

u = u(r, 0) = ~ I' Uty) P(r, yf,-0) (r < 1), 

then, uniformly as (in r-< 1), 

lim u < U+(\fs 0 ), lim u > U-(\fr Q ). 

In particular , if \fs 0 is a point of continuity of U, then 

(1) o) 

uniformly as If U is continuous in (— it, ir), then (1) holds 

uniformly in rfr 0 also, and u is continuous in r ^ 1. 

Finally the relation “ lim u = lim TJ(yJs) uniformly as z-^e 1 **" holds 
the limit on the right (as is + 00 or —oo. 

We have, supposing (^ 0 ) finite, 

uw < rr+^+e, {o < j v— V-d < «)K 

where we may suppose S independent of \fr 0 in case U is continuous every- 
where. 

Let U* be the function agreeing with U in \\p'—\fr 0 \<.S, and having 
the value TJ+^fr^+e elsewhere, and let u* be the corresponding Poisson 
integral. 

By Theorem 58 u~u* tends to 0 as z^e' p » i , and with the maximum 
degree of uniformity contemplated in the theorem. By Theorem 57, Cor., 
we have u* ^ U+(\fs 0 )+€, whence 

lim u U+(\fr 0 ) 

with the appropriate uniformity. A similar inequality holds for the lower 
bound, and the two inequalities together establish the desired result. 

The cases U + (^ 0 ) = + oo require only obvious modifications. 

7 . 54. Theorem 60. Suppose that U(yfr) is periodic and continuous in 
(— 3T,7r). Then there exists one and only one function u harmonic in 
r< 1 , continuous in r ^ 1 , and (for all yfs) taking the value Uty) at 
z = This function u is given by the Poisson integral of U . 

This important result is an immediate consequence of Theorems 50, 
56, and 59. 

7 . 55. Theorem 61. Suppose that U is periodic and of class L , and 
that u is its Poisson integral. Let v be the conjugate of u in r < 1. 
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Then 


where 

<3 = 


rf U(ir)Q(r,i,-d)d^+C, 

57T J- r 


— 2 r sin (\fr—d) 
A (r, yp—9) 


For, denoting ( r , 6) by z Q and e^* by z, 

if jjS+bty 

2ir J_„ Z— Z 0 


is differentiable with respect to z 0 under the integral sign. It therefore 
represents a function of z 0 regular in r < 1. Since its real part is 

hi. ™^: i + = rX. UPa + = '‘- 

it follows that its imaginary part is a conjugate, t?— C, of u. Since 

<3 = ji±i> 

z—z 0 

(as is easily verified) this proves the theorem. 

1 f r 

Cor. Let v denote the particular conjugate J UQd\J^. Then : 
(i) If \ U\^Gforallyfr, 


i 1+r 

1 ^ 7r ° 1 — r 


(ii) In any case 


1 f r 

where ^ J [ 27 1 d\[r. 

In fact, we have in case (i) 




2r sin <f>d<p __ G 
&(<t>) t r 


log A(^) 

L Jo 


2(3 , 1-f- r 

V l0 * 


and, in case (ii), 

P<T, 


1— r 1 l + r 


^(l-r) 2- l-r’ IVI ' 
whence we obtain the required results. 


Ts \Q\< Max 3^ 

-L ' (yf,) Z -2 
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7 . 6. General theorems . 

7 . 61. We bow apply the results of 7.5 to the general theory of 
harmonic functions. 

Theorem 62. A function harmonic in a domain D has in D partial 
derivatives of all orders , themselves harmonic functions . 

Any point of D has a small circular neighbourhood also belonging 
(when taken closed) to D ; by Theorem 55 u is equal to a Poisson integral 
inside the circle, and, by Theorem 56, has harmonic derivatives of all 
orders there. 

7 . 62. Theorem 63. Let the functions u tl he harmonic in D and 
continuous in D 1 , and suppose that the boundary values U n of u n con- 
verge uniformly to some boundary function U. Then u n tends uniformly 
in D to a function u, harmonic in D, continuous in D f , and with boundary 
function U . Also any derivative of u n converges to the corresponding 
derivative of u, uniformly in any closed set contained in D. Similai 
results hold for a u(x 7 y } t) depending on a continuous parameter t in 
place of n. 

We have | U n | < e {m, n > nf). Hence, by Theorem 49, 
\u n — u m < e for m, n > n Q and all points of D, and u n tends to a limit 
function u uniformly in D. 

Consider now any circle G in D , and let the values of u n and u on C 
be denoted by U n (C) and U(C). Then 

U U (G) = U(C) +o(l) f 

o' s being uniform in the variable point of C. Inside C we have 
u n = A- j" UniOPdir (Theorem 55) 

= U(QP#+^ jj U n (0-U(C) Pdyfr 

= A- j U{C)Pdyff+o(l) (Theorem 56). 

It follows that 

« = ^J' JJ{G)Pd^, 


and hence that u is harmonic. 


G 



82 


Harmonic functions. 


Let now G have radius r, and consider Gu the concentric circle of 

0 0 

smaller radius p. We have in Ci, denoting by D either or ^ » 

(1) Du n = ~ j U n (ODPd yfr, Du = | U(C)DPd^. 

Now HP is continuous in «, y, if (a, y) is in or upon G x and V' is the 
amplitude of the variable point of C ; thus 

| HP | < A(r, p) 

in the integrals in (1). Hence 

| Dun-Du |<£j| 17,(0- U{G) | | HP | d\fr = o(l), 

and Du n -+ Du uniformly in Gi. Since Du n , Du are harmonic (so that 
the arg um ent can be repeated), and since any closed set interior to D can 
be covered! by a finite number of circles C 1} the proof is completed. 

Cob. Suppose (in addition) that D is simply -connected , and that v n 
is a conjugate of u n and v a conjugate of u. Then there exist constants c n 
such that v n — c n — > v tmiformly in any closed set contained in D. 

Let 



which (by § 7 . 12) is independent of the path. G-iven any domain D: 
such that D{ c D, Li can be covered by a finite set of circles each con- 
tained in D, and there exists a K such that any two points of D x can be 
joined by a rectilinear path lying within the sum of the circles and of 
length not exceeding K. Since Du n -~>Du uniformly in Lx, it follows 
from (2) that 



uniformly in D u and vt and v* are particular conjugates of u )t and u. 

7 . 63. Theorem 64. Let ui, u 2) ... be an increasing sequence of func- 
tions harmonic in L. If now u n converges at one point A of D it con- 
verges uniformly to a function u in any closed set contained in L, where 
u is harmonic in D. 


t virtue of the theorem of Borel. 
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Evidently Un - 2w n , 

1 

where w n is, for n> 1, a non-negative harmonic function. 

Let G be a circle about; A (which we may suppose to be the origin)* 
interior to D and of radius a , and let p <Z. a. In a circle of radius r ^ p 
we have 

*-•)» 

(in the notation of § 7 . 62). Now 

0<P<^±£, 

" a — p 

whence, if n > 1, and so W n ^ 0, 

00 

Since 'EwniA) is a convergent series of non-negative terms, it follows that 
converges uniformly i nr^p. 

It is easy to extend the region of uniform convergence to any D ± for 
which D[ClD. If ^iCn converges uniformly in a neighbourhood of each 
point of D[ it converges uniformly in D{ , by Borel’s “covering theorem’" 
(a finite number of neighbourhoods can be made to cover D[). If now 
there is not uniform convergence at t every point of Di, consider the set 
E of points of non-uniform convergence!, and let B be the point of E' 
nearest to A (evidently BA ^ p). Clearly there exists a circle O', with 
centre at a point P of uniform convergence, lying wholly in D, and 
containing B in its interior. Since 'Ew n converges at P it converges 
uniformly in a circle just smaller than C f , and so converges uniformly in 
a neighbourhood of B , and, again, in a neighbourhood of every point of 
E near enough to B. This gives a contradiction and completes our proof. 

7 . 64. Theorem 65. ( Analogue of. Liouville’s theorem.) A bounded 

function harmonic everywhere is necessarily a constant. 

It is sufficient to prove that u(r, 9) = w(0). If C is j z \ = R > r, we 

f Uniform convergence “at” P means, of course, uniform convergence in some neigh* 
bourhood of P. 

t By this we mean, of course, to include points of non-convergence. 


2 



84 


Harmonic functions. 


have, supposing | u j < E, 

2 tt ■[«(;•, 0)- m( 0)} = j _^(R, y]s)P ffr—Oj d\]s—f u(R, f) d\ff, 

2tt |w(r, 6)— «( 0) |<[ | P -1 iTd!^ 

== jr( V I i -^ 3 2 J?r cqs(t/^— fll+y 8 } I , . „ 2 iJr-)- 2 > 


- v | i±C^-n - ]^-2Rr e0 sty-6)+P\ | ^ 2JJr+2>- 2 

J-* R*—2Rr cos(i/^— #)-j-r a . 

Since this tends to zero as R — *• gc the left-hand side 'must be zero. 

7.7. Functions harmonic in a circle or in an annulus. 

7 . 71. Theorem 66. ( Analogue of Taylor’s theorem.) Suppose that 

u is harmonic in r < R and v is a conjugate of u. Then 


u — •§«(,-)- 2 ( a n cos nd-j-b n sin nd ) r n 
i 

oo 

v-\-c = 2 (•— bn cob n9 +a n sin nQ) r n 


(r < B), 


where 

(2) = db L M(Z?1 ^ } cos n ^ d ^> bn = ~Rf sin n ^ dx h 

for every R x satisfying OcRiCR: The series 

®> 2(|a»| + UJ)r“ 

is absolutely convergent for r<R, and (1) is uniformly convergent in 
r^R 8 and all 0 . Further , ant/ expansion of u or of v+c in a series 
of the form in (1) which converges uniformly f on (say) r = r 0 , necessarily 
has coefficients given by (2). Conversely, if the a’s and b’s are any 
numbers such that (3) converges for r<R, then the right-hand sides in 
(1) are conjugate harmonic functions in r<R. 

Let R i <.R 1 <R. By Theorem 55 we have in r ^ R 2 

Since x 

1 (jr, ffr- ej= 1 + 2 /j-) cos n(\ff-6). 


^\R x 'r + cos n(\ff—6), 

a series uniformly convergent in r ^ R, and all f, 6, we may integrate 
term by term m (4), obtaining the first equation in (1) for r < R„. ° 


the unifo - — - ^ n-. 
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Since =22 sin n{\]s — t 

the second equation is proyed similarly. 

Since E 2 may be arbitrarily near E the first part of the theorem is 
proved. The second part is a consequence of 

| a» I + 1 M < - T ! I dyfr < . Br*. 

For the uniqueness of the series developments, suppose that 

ce 

u(r Ql 0) = ia r 0 + 2 (a4 cos nd-\-b' n sin nB) rj, 
where the right-hand side converges uniforihly (in 0). Then 

C/i 

i(ao—a Q )+ 2 { (a' u — a n ) cos n0+(b' n — b n ) sin nd} r% 

converges, uniformly in 0, to 0. We may now multiply by cos nB or 
and integrate term by term between — 7r and 7 r, and this gives 

CLn Qt/n — b n b n 0. 

The uniqueness result, combined with what has been proved, shows 
now that the Ex in (2) is arbitrary. 

For the converse we observe that 2?i*(| a n | + 1 b n |)(i2 — S) n is convergent, 
so that (for r < J?) we may differentiate any number of times under the 
summation signs in (1). It follows that u, v have continuous derivatives 
of all orders, and, since r )l cos nd and r 11 sin n0 are harmonic, that 
A u = Au = 0 and u , v satisfy the differential equations connecting conju- 
gate functions. This completes the proof. 

Cor. If, in particular , E = 1 and u is the Poisson integral of a 
function Ufyfs) (of class L), then a ny b n are the Fourier coefficients of U. 
If a u given by (1) has a continuous boundary function U , then a 7h b n 
are the Fourier coefficients of U . 

If U is continuous and a n , b n are its Fourier coefficients , then the u 
given by (1) is harmonic in r< 1, continuous in r ^ 1, and has U as 
boundary function. 

In particular , the Abel limit of the Fourier series of a continuous 
function U exists uniformly and is equal to V . 

For in u = j UP d\fs 

we may expand P in a series 
(5) 1 + 2 2 r n cos n (\fs-~9), 
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uniformly convergent in r ^ i — 8, and integrate term by term. This 


gives 



(6) 

u = Ja 0 + 2 (an cos 

n0+/3 u sinnO) r n } 

where 



(7) 

1 f tr 

a K = — U COS ivfrdyfr, 

TT J —n- 

1 f* 

fi r , = — U sin n\frd\jr, 

7T J -7T 


and the series (6) is, like (5), uniformly convergent in r ^ 1—8. By the 
uniqueness of the series development, a tl = a, h , /3 n = b n \ and, by (7), 
a n , fi n are the Fourier coefficients of U . 

The last parts are immediate, since u is the Poisson integral of U 
(Theorem 60). 

7 . 72. From Theorem 66 we can deduce the following result in 
general theory. 

Theorem 67. Suppose that u x , u 2 are harmonic in D, and that u\ = y 3 
in a domain t DiC.D. Then Ui = u% throughout D . 

If the theorem is false it is evidently possible to find concentric circles 
Ci, C 2 , with radii n and r 2 >ri, both entirely interior to D , and such 
that ^ = u 2 = 0 in and upon Ci, but not everywhere within C 2 . 
Taking the origin at the common centre we have a series development 
for u within C 2 . But the coefficients of this series are given by (2) of 
Theorem 66, and the integrands are identically zero if 0 < i?i C n. Thus 
the coefficients are zero, and u = 0 in C 2 , which gives a contradiction. 

7 . 73. Theorem 68. ( Analogue of Laurent's theorem.) Suppose that 
0 < ri C r 2 , and that u is harmonic in a domain containing the annulus 



r s . Then for 

an 

(x, y) of fi < r < 

r 2 , 



(1) 



U — Ui~ \-u e , 




where 







(2) 

Ui(x, y) — — 



— log JR 

3m (f , ^ 
cfe ) 

1*. 

(8) 

u e {x, y) = — 

i\ 

uK’> 3i r 

— log B 

3m (£ 

071 J 

Ids, 

Ci and C, 

j are r = r l < 

znd 

r = r 2 respectively, and 





R 

= vid-xf+h- 

-iW- 




t In the familiar analogue for analytic functions f{z) it is enough to suppose that /j =■ f 2 
along a curve, or indeed merely at an infinity of points with a limit point interior to D . These 
extensions are false for harmonic functions. 
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Further ; 

<4) Ui is harmonic in r < r 2 , u t harmonic in r > r x ; 

(5) in (2) and (8) we may replace G x by any circle C{ between G l and 
(x, y) } . and C% by any circle C f 2 between and ( x , y) ; 

(6) ui is of the form 

CO 

&o+ 2 (a n cos n6+b n sinnd) r n (r<r^) } 

where 2 (( a n ) + 1 b n |) r n converges for r < ?* 2 , so that the series fot^iii 
converges uniformly for r ^ r 2 —S ; 

(7) u t is of the form 

00 

Jc log' r-f 2 (ah cos nd-\-bh sin nd) r~ n ( r > r x ), 

1 

where 2 (| b' n \)r~ n converges for r > r l9 so that the series for u e 

converges uniformly for r ^ 7 \~^S ; 

(8) the results (1), (4), (6), (7) are valid also if u is harmonic only in 
< r < r 2 . 

Finally 

(9) Any two expansions for u of the type 

CO «> 

(10) 2 (a n cos nO -f b n sin nd) r n + Jc log r + 2 (ah cos nd + b' n sin nd) r~* 

1 1 

are identical , provided that on two distinct circles r = r 0 , r = r© of the 
annulus they represent u and are uniformly convergent. 

The result expressed by (l) a (2), and (3) is an immediate consequence 
of Theorem 53. Next, we may differentiate any number of times under 
the integral sign in (2) if r<r 2 , and in (3) if r>r Since the 
integrands are harmonic in (x, y ) in these domains we obtain the result 
(4). The two results in (5) follow from the special case of Theorem 52 
given at the end of § 7 . 41. 

(6) is a consequence of (4) and Theorem 66-; but (7) is legs imme- 
diate. We may write (3) in the form 

(11) -2**» = ds+ log g ds- log f | da. 

Now for points (£, rj) or (r u \p-) of C x , — \~R 8» j an< * iog T may 
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each be expanded in the form Ec u r n cosuty—O), where 2 | c n |(r 1 -fr<5) _n 

is convergent.! Since u and g— are continuous on C x we may. integrate 

term by term in (11), obtaining the various results in (7). 

Next consider (9), still supposing u harmonic in a domain con- 
taining n < r ^ r 2 . In virtue of the uniform convergence we may 
multiply the expansion for u by cos nO or sin n$ and integrate term by 
term on either r = r 0 , or r = r'. With cos nd and n > 0 this evidently 
gives two equations which determine a n and a n , and the case n — 0 gives 
two equations to determine A; and a 0 . Similarly with sin n9 we determine 
bn and b' n (there being, of course, no exceptional case n = 0). 

Finally it is evident, in virtue of (5) and (9), that we need suppose u 
harmonic only in r x <.r<r 2 to secure the truth of (1), (4), (6), and (7). 

Cob. If u is ( one-valued and ) harmonic in 0<r<r 2 then 

U = 

where u ( is harmonic in r < r. 2 , u e is harmonic in r < 0, and 

v. 

(18) Uj — a 0 + X (a„ cos nd - f b tl sin nd) r n (r <; r 2 ), 


(H) u <* = h log r+ X (a' n cos vd+ b'n sin nd ) r~ n (r > 0), 

where 2 (| o» | + 1 b n |) r n converges for r < r 2 and X (| a’, | + j U„ |) r~" con- 
verges for all positive r. 


7. 74. Theorem 69. ( Analogue of Osgood's theorem.) Suppose that 
u is (< one-valued and) harmonic in a neighbourhood of a point. P, except 
at P itself, and that u is bounded in the neighbourhood of P. Then u is 
harmonic also at P. 


We may suppose P to be the origin and the neighbourhood to con- 
tain r ^ r 2 . By Theorem 68, Cor., and with its notation we have, sup- 
posing if to be a bound of | u\ in r ^ r 2 , and integrating term by term, 


k log r+a 0 


kL“ 


(r, 6) dd 


< A'. 


t If % = 2 = re 6i y then 


b log -ft 
bn 


lo g^“ 2 o) = »2 


log 


dz 0 

_ ** z — 


aa log? 


? (tr- f(w) “ 

^ (t:) 


cos? i(\p — 0) ; 
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This being true for arbitrarily small r we have k — 0. Similarly, for 
n > 0, 

| a' n r~ n +a*7-'" \ = I — f u(r, 6) cos ndd9 ^ [ KdB — 2 K. 

I ir J—v it J _ w 

Since this is true for arbitrarily small r we have a r n =- 0, and similarly 
b' n = 0. Hence 

00 

u = a 0 + 2 ( a n cos 7i6-\rb n sin n6) r* 

1 

for 0 < r < r 2 , and so for 0 <; r < r 2 if we define w(0) = <z 0 . 

Since 2 (| | + 1 |) r’ 1 converges for r < r 2 u is harmonic in r < r 2f 

by Theorem 66 (converse part). 

7 . 75. Theokem 70. Suppose that the real function u is (one-valued 

and) harmonic in the neighbourhood of a point P, except at P , and that 
u-> + oo as (x,y) tends to P. Then u = k log r+^i, where k is negative 
and u x is harmonic at P. A similar result holds if k being 

positive. 

We may suppose P to be the origin, and in the notation of Theorem 
68, Cor., we have to prove that a f n = b r n = 0. Now if, e.g m->+oo we 
have, for any large positive 7i, 

u > h (0 < r < r 0 ). 

Hence, for n > 0 and 0 < r < r 0 , 

j” «a) dd > j" A (l ± ne) dO = 2 irh, 

since the factor in brackets is non-negative. Hence we have 

2x(a 0 +ifc logr) + i t(a r n r^ n +u n 7 tn ) = 1 ^(1 ± cos n0) <20-> + ao 

J —V 

as 0, tr Inch ever sign is taken. This clearly requires <4 = 0 (and 
k < 0). Similarly b' u — 0. 

Theorem 70 is the analogue of the theorem that if |/(z) | ->oo at an 
isolated uniform singularity, then that singularity must be a pole. 

7 . 76. We conclude by giving the existence theorem for a circular 
annulus with assigned continuous boundary values. 

Theorem 71. Suppose that 0 < n < r 3 , and let us denote the open 
and closed annuli n <r<r 2 , n<r<r 2 by D and D’. Suppose , 
further, that U i(6), Us(6) are continuous and periodic functions of 6. 
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Then there exists one and only one function u harmonic in D, con- 
tinuous in D' , and such that 


Further, if 
then we have in D, 


u(r v 6) = faid), ufa, 9) - fa(d). 

Ui ~ 2(a a> £ cos n6+b„ t { sin nd) (i = 1, 2), 


(1) u 


— k log r+fa 0 +2 (a n cos nd-\-/3 n sin nd) r n 


— k log r +Ja 0 +M 1 -)- 2 £ 2] 


+2 (y„ cos nd+S n sin n9) r~* 


where the coefficients k, a, (3, y , 8 are so chosen that the series (1) be- 
comes formally identical with the Fourier series of U- when r = r 
6 = 1, 2). Finally ’ i 

(2) 2 fl“»l + |&.|)**, 2 (| jtf n j) r - » 

respectively convergent for r<r 2) r > n , and (1) is uniformly con- 
vergent for r x +S ^ r ^ r 3 — 8 and all 6. * 

T he conditions of formal identity just determine the coefficients in 
(1), and m virtue of 

a n ,i = 0(l), b nii =0( 1) 

(as n->cc) the explicit formulae give at once the results about the com 

veigenee of the series (2) It follows that the series for u, with r = r 2 

is the Fourier senes, 2 (< 2 cos nd+ b* 2 sin nd) , say, of 

U* (9) = U 2 (6)—(k log icy)— Ul fa, 0). 

Since this function is continuous 

«i(X»a, 0) = 2 (a* 2 cos nd- f b* 2 sin nd) \' 1 

StSfSS' '?•“ (Tlle ° rem «> C »- h* part). Quite 

similarly, with an obvious notation, 

u 2 (h r u d) = 2 (a* i cos nd-j- b* j sin nd) \ n 

T’Sfriff 0 f “ x i 1 r 0 ' 14 ^ 

or u 2 {r 2 , 6), u Y {r l} $) are crudely convergent] that 
(3) Ufa 9; X) = k log r+ia 0 -f- « x (Ar, 9) + u 2 (\~ l r , d) 
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tends uniformly to Hi when r = r x and A 1, and to U 3 when r = r* 
and X— >1. It follows from Theorem 63 that as A->1 u(r, 0; A) tends 
uniformly in D ' to a function u*, harmonic in D and continuous in D r , 
and with Hi, H 2 as boundary values. If finally fi < r < r 2 , (3) gives 

= lim u(r 9 6; A) = A; log r+ia 0 +%(?*, 0)+w 2 (/% 
and this completes the proof. 


8. The behaviour of certain special functions of a complex variable . 

8.1. In much of our subsequent work it is of great value to possess 
examples of all the important varieties of asymptotic behaviour. The 
behaviour of each of the functions discussed in this section is in some 
respect extreme. Our functions 

/(*) = So*** 

are all regular in the unit circle y. The mean Mx{f(pe H )} we denote by 
M x (p, /), or by M k (p). Thus 

MAp,f) = f(pe ei yfae) llx <\> o). 

We write F(p) for the majorant 2 |a w |p" of f(z). 

8.2. The first function we consider is 


f{z) = 2 ?r 2 /'*. 

This is evidently continuous in | 2 | ^ 1, and it has the property that 
2 diverges for all positive A and e. We describe /U), for obvious 

reasons, as a “gap-function”. 

8.3. Consider next the unbounded gap-function 
f(z) = 2 n\ e u »z n \ 

Let u n = }i\e^z n \ p n = exp(— 1/ni), and consider / first when P = />*. 
The function = wp 14 is a maximum (in u > 0) when = 1/log 1/p, 

and 0(w o ) = <r ^ It follows that | u m | is greatest when m = n. We 
have, in fact, 


Un—s 

U n 


^ — n ! 

Pn. 


n(n— !)...(«— «+l) m(m— !)...(»— s+1) 


(s= 1, 2 


Wn 


e(«4-l)(»4-2)...(n+s)e- (tt+,) - (a+s) < e(ra+s) e-< n+s > < Ae-i< n+s > 

(« = 1 , 2 ,...). 
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Hence 


M\- 


1+S M« + n(n-l) + -+^) +Ae i ”( 1 + «" 4 +e- 1 + ...: 


1+ f’ 


|/W|~|«»| = «- 1 (logy) (p=p„) 

uniformly in 0 and the «„’s. Thus F(p), M(p) = Max |/|, and M k ( P ) 

are all asymptotically equivalent to e~'{l - p )-i as througn the 

P,, On the special circles p = Pn , in fact, there is complete dominance 
of the series 2 a n z by a single term. 

It is easily seen that for other values ot p f is dominated by at most 
two terms Suppose, in fact, that Pn<p <f>n+u and of the two termg 

Un+1 let Un ’ sa 7’ have the grater modulus f : | u n+1 1 = o-j' u n \, 0 < <r < 1 
lhen we can show, much as above, that ;; 


whence 


2 + 2 ) | u m | < — | u | 

i<» TO>n+l/ n 1 


(1) I/I = K I 1 1 +*&+•* | +-o(| u,, |), 

where v = (n+l)!_ w! . Prom (1) we have 

(2) M( P ) = {l-+ 0 -+- 0 (l)|| w , l | > F(p)= \ 1+(r+0{l)}lUnl! 

M ^(p) = | Un | | l+Wv+XH | A ddj 1A +-o(| U„ |).. 

By change of variable from 0 to 0/v the coefficient of | «„ | ; 8 

2 x)_J 1+<reiY+w l x ^) = ar*(*), 

where <j> = 1 •+<«*. Now if cr < l, 

log MoW = jjogd fc+1' = 

“ d ” [T1,e " em ^ (1 «] *«<*> > *.<*> = 1 tt> 0). Since M> (.) is 
t Since in any case ]*, > e -i n! it foUowB that the greater 
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continuous in o- for cr ^ 1 when A > 0 we have also M k (<f>) 1 for 

or ^ If. Hence, finally 

(3) M k (fi) > (1+0(1) }\ Un I (A > 0). 

It follows from (2) that 


<4) M x (p)> M(p) ^F(p). 

A precisely similar argument shows that the results (4) hold also if 
| w n+ 1 1 > ! u n I ■ They hold therefore as />-» 1 through all values. 

8 . 4. Our next function is 

/(*) = (!— 


where a ^ 0, and ft > 0 if a = 0, so that / is unbounded in y. 
We write B for A (a, /?). We shall show first that, as n-> oo , 


(1) On ~ Bn* 1 (log ?i y ( a > 0), 

(2) Oh ~ -Bn" 1 (log n) f~ l (a = 0, fi > 0). 


It is enough to prove (1), since if a = 0, 

2(«+/ 3) a n z n = zf(z)+fif{z) ~ fi(X-z)- 1 |-j log 

and 7ian, ~ ^+/3) a u — B(log n)^ 1 by (1). 

Similarly, by repeated differentiation, it is enough to prove (1) when 
a is greater than any convenient constant, in particular when a > | /? | +1- 
Let now 


We have 


r = e~ l,n , /* — (1— *)-“ j-i-log . 

1 f f{z) dz 
a "- Me z* +l ’ 


where C is the circle | z ) = r. Our argument is, roughly, that / and /* 
differ trivially on a certain part of G of length large compared with 
1— r (but not too large), while the contribution of the rest of C to a n is 
negligible. This reduces the problem to the simpler case /? = 0. As 
it is on these grounds that the results are intuitive to the expert, a 
proof based on them is perhaps the right one; the details, however, 
seem a little awkward (and the experienced reader will omit them). 


j This also follows at once from Theorem 208 below, in virtue of which (p, <p) is an 
increasing function of p, and so M* (p) ^ M* (0). 
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Let Gi be the part of C for which 1 0 1 < (1 — r) log { ( 1 — r) _ 1 } = C 2 the 

remainder. On C x 


( 3 ) 


i -* = i-r+ie+o\ ea-r) i +o(e 2 ), 


i 1 —z 

log- = 

1 — r 


r O(l) if |0| <2(l-r) 

O^log log if 2(1— r)< | 6 | < (1— r)log| (l-r)' 1 } 

io gT ^= {1+0(1) [log 

and so, since z/r = 1+0(1), 

(4) /(*) = {l+o(l) \f*{z). 


On the other hand, on Ca 


±lo,+- 

z & 1 — z 


< — + 
r 


•7 r . 1 


( 5 ) 


T log | I < T + V l 0 g l^r <Alo Sj — 

\f\+\f*\<JB(log I ± r y"\l-z\-*. 


We now have, since r~ n = e < A , 

n L [ /*( *)&* 

27 ri Jo z 


,«+l 


l if (/-/)*<?* 
tor \ Jo 2 ,,+1 


<A 


( 6 ) < 

Now on Ci we have, by (3), 


I /— /* I dB+A jj| / 1 + I/* |) dd. 


’ dd 

c, 1 1—2 I 


1 


1 

1-z 


1-r+id 


■121 02 I -i 


f | 1-2 | -ifl ~ f” = 2 P 

JC 1 ! J *— •»? JO 


= 2 ( 1 - 




l_ a f^O/a-r)} 


(1+a*)-* das 


( 7 ) 

since a > 1. 


•2(l~r) , -“j = 3(1 -r) 1 -. 
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On G% 

u-«i> 


( 8 ) 


|r | sind 1 > ^4 | 0 j, I^KH >Jjdj ( , e|<7r)j 

^ 1, | 6 1 > \nr > 

< B l «~ M< B -'~ = °[ (1 - rt ^K^T’ 1 ]- 


since a — 1 > |£| . 

Prom (5), (6), (7), and (8) we conclude that 

a *-h\J-W \ = °[ {l - r)1_a ( log t^)1 = o[ni ~ 1(log,i)?] - 

Since ^ J = (+" log 1^) ? x l coe ffi cient <>/'*“ d — *) -,t ] 

~(b 8 »)» rl ^ -+ ^ ~B.-aog^ 

we obtain finally the desired result (1). 

The means M\{p) may be approximated for by rather s i mi l ar argu- 
ments. We can, however, deduce their behaviour from that of a n . In 
fact 

1 \ 3 I 


where 


J= l;LI (1_ ' ) “ (T log i=;) 

= i 2c ^”i a ^=2i cjv m 

/ 1 1 \ A/3 

„^ = (1 — 4T)-i«( T l 0 g— ) - 


\de 


2c. 


If a < 1, 2 \ c n | 2 is convergent and J < B for all p. If a = 1 and 
£=£— 1, 

(<B(/3 < -1) 

J = B2 { l+o (1) } n~ l (log nY p iK 


If a > 1, 


/ i \/s+i 

B ( log l^) 


> -l)t. 


(9) 


J = £2{l+o(l)U a_2 (logn)V” 


-B | u*~ 2 (logu) p e~ 2wt du = v*~' 2 ^log» + log~j 


e~ iv dv, 


t This is proved by a comparison with the integral 

J u~ l (\ogu)fi p 2u du. 


See (9) below. 
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where t — log— 1 —p. But 

P 


r = r " ( |i+ ° l,. r-’ofa i) 


e-^di 


+ 


The first term on the right-hand side is 


2/1 


0{v IS )e- iv dv. 


{l+o(l)} (log|)^ J o v'-*e-*“dv ~ B (logy)*, 


and the remaining terms are small compared with this, so that finally 

J ~~ B(1 />) 1- “ (log 

The integrand in M x (p) has indices A a, A/). We may therefore sum 
up as follows : 

(10) M k (p) < A (a, ft, A) for Aa < 1 or Aa = 1, \/3<— 1, 

(11) M x (p) ~ A (a, 0, A) (logy~) ' (ha = 1, A ,8 > —1), 

(12) M[(p) ~ A (a, /3, A)(l — />)~ a+1 A (log~-^j $ (Xa > 1). 

The exceptional cases omitted in this section require further analysis 
(and lead to repeated logarithms). They have little practical importance, 
and it is not worth while to pursue the subject further. 

8.5. We consider next “Weierstrass’s non-differ'entiable function” 

f (z) = ’Za°’ l z a ’‘, 

where a is an integer greater than 1, and c a real constant. Here also 
we shall not elaborate results beyond the requirements of our applica- 
tions. 


If c<0, / (z) is continuous in y. 

For c > 0, we prove the following results : 

(!) |/| < A(a, c)(l— p)~\ 

(2) Given c > 0, then if log a > Max (2, 3e _1 ) there exists a sequence 
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p lf ... tending to 1, and such that |/| > A (a, c)(l— p)~ e for p = p n ( and 
all 0). 

For (1) we have, writing B for A(a,c), b = logo, 

s„ = Oo+Oj+.-.+Ou = 2<z m < Blaxa" < B(n+1)° 

a u . i ^ n 

\f(z)\ <2a»p" = (1 — p) 2s„p* < (1— p) JS2(o-f l)°p n <B(l—p)~ c . 

Consider now (2) ; we take p n — exp (— ca~ n ) and show that for p = p, t 
the series for / is dominated by a single term. 

If u m = a rJ “z a "‘, we have 

< e~ cbs p~ a " = e c ~ ebs (s = 1, 2 , ..., n), 

U n 

= exp|c6.s— c(e ls — 1)} < exp(— ^c&V) < exp(— %cbs) 

<*n | 

Hence (s>0). 


J- 

>1-2 Hs=f 

00 

- 2 

Wu + S 


s= 1 

S=1 



> 1 


e'-a 

1 — e~ ch 


e -bcb 

1 — e-** 


e ~iob e -i a, _ 1 — 2 < 5 - acb — 2e~ ch ^ 1— 2e^—2e~ 3 

l—e~ ob 1-e-* 4 > l-e~ cb 


A 

1 — e~ cb 


>A. 


Also 




8.6. To prove our next results we require two lemmas. 


Lemma, y. For s — cr-Mi, <r x ^ <r <r 3 , £ > I we have 

I r(— «) | < ^ (<x lt cr 2 ). 

This follows easily from the well kno.wn asymptotic formula for 

iogm 

Lemma 8 (“Mellin’s integral”). For %y > 0. k> 0 we have 


r-K+i 

27ri J-x-i 


r(— s) y s ds . 
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We have, with the contours marked in the figure, 


J-~. ( f(— s)y*ds 

*■*1 J ( i )+(2)+(8)+(4) 


| (— y) m 

m=o rn\ ’ 


(2) n+^+iT 



Fig. 1. 


the right-hand being minus the sum of the residues at s = 0, 1, ..., n. 
We now fix n and make T-> oo . It follows at once from Lemma y that 


f -ie+ioo 

and 


-*“-{oo J( 2 ) J( 3 ) 


tend to 0. Thus 


1 f-*+ioo n / «.\»i pi+J-f ioo 

Zwi ) _ K _ i4C f m! “ 27ri ) %+4 _ ic0 y ds — B n . 




H ( — wi — ^ — ti) 

m=0 


— ~y I r — ti) r(j+^) |* 


n ! \cosh x 1 1 


l A 

<±. e -*\t\ m 


Hence, writing y = n e*\ where l <£ | < Jtt, we see that the integrand ir 
B n has a modulus less than 




It follows that R n ~> 0, and this proves the lemma. 




Special functions. 


99 


8 . 7 . Weierstrass’s function satisfies the following identity. 

If b = log a > 0 ( but a is not necessarily integral ), c is real 

and not zero or a negative integer , then 


( 1 ) 



2 twz\ 

“T/ 


y 


<— ( 2irin [ b ) m 


i—yT 


lo n! (® c+n — 1)' 


Let y = tie**, \<p\<\*- Consider now 


JCM - , A 7 ) : 


2 - 71 -i J 


f 


r(-g)y 8 

1— a 0+ * 


cfs 


taken round the contour of the figure, s r being the point — e+2m/i>. In 
this we first make M — »• oo . On the horizontal boundaries 


1 1 ( = h = (2AH-1) vjb, | y I s < ' < Ke !**• , 


| T(-s) | < Eh K e -*■* < Ke~ KM , 

where K' s are independent of M and <r [ K = A ( b , c, k, 17, <j>, N)~] ; 

a e+s — exp { b(c+<r) ± b(%N+l) -irijb } is real and negative. 




S M4, 




S M 

N+l 



0 N 

S -M 

N+t 



S-M-l 



Fig. 2. 

Hence the integrand has a modulus less than Ke~ KM and the integrals 
along the horizontal boundaries tend to 0 . Hence, also, the series of 
residues at the poles on <r = — c converges at each end. 

On the vertical boundaries 1 1 /( 1 — a c+s ) | < K and the integrals 
converge absolutely (when taken to 00 ) with the integral of Lemma 8. 

h 2 
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We have, therefore, taking account of the residues in the rectangle, 



In this we now make N-* cd . Since 1/(1— a c+ ‘) <1 for a — JV+f > A (c), 
the integral along a- = tends to 0 in virtue of (1) of § 8 . 6, and we 

have 


c—(2irinfb) 


<„, r_ 1 [-"■ I'( -Si}'* 

<2) 1=**- 

— 2 {z ZlL 4. JL 2 r fc 1 ^ 7r ^ n \ y-c-^mnfb) 

»n'.(l-a' +n ) + b t 1 v + b > y 

1 r-K + too 00 

Now J= — \ 2 a cn (ya K fV(-s)ds, 

£7Tl J — n — too w=0 

and in this we may invert the order of the operations j and 2, since 


2 1 a m (ya n )‘F(—s) 1 1 ds I 


2 r,- K e~^ | T(-s) | dt 


exists. But this leads at once, by Lemma S, to 

(3) J — 2 

and, from (2) and (3) we obtain the desired result (1). 

8 . 8. We can now discuss our last special function. We prove : 
Given ft > 0 and a real c f= 0 satisfying | c | < J+, then 
f(z) — la n z n = %n°~ i e il>nloen z n 

satisfies 

(1) f^) = e iH -~ c fF(y)+^, 

for z = pe ei , | 0 1 < x, w/tere 

loga = b= iirft-\ y = <r+ti, t - ft ex pf-l-d/?- 1 ), 
a = ft~ l t \og(l/p), 


t The assumption | <:| < J enables us to avoid some minor complications. The important 
values of c are small positive and small negative ones. 
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ifs is a continuous function of p, 0, in p ^ 1, 1 9 1 ^ x, and 

F{y) = Sa c ^~ ya ". 

Evidently t lies between two constants of the form A (/?),, and 
cr-^0 uniformly in 0 as p-»l. We suppose first J < /> < 1, so that 
o- < 4(/3). Now we have as n -> oo , the constants of O’s being 
independent of 0(or t), <r, n, 

_ ( , 27rm\ ^ f , f / , 27mA , / . 27rm\ 

r l c+ —) = (2?r) \ c+ —) exp U c+ — j lo § ( c + — ) 

-h*r)+°(i)} 

X exp { (c+ [log X +log«+»**+ 2^+0 (i) -l] +0 (■£) } 

(2) = 

X exp iw log n — jw+ x (log x — *■) iw+c log “!+Jxct+o(-^ j 

— exp |— (c+ ^p)[log£+i7ri+log (l+ x)]} 

= exp j — (c+ x~) [log -y- -f-0(<r a )[jj- 

(8) = exp-jx^— ^-inlogt — clogt — jT r ci+0(<r)+0(<r !! n)|. 

From (2) and (3) we obtain, after a little rearrangement, 


y - c - Vrnn / i ) 

= e~ irl &Tr) c b i ~ c t~ c n e ~ i e pinlog ”(/)e 8 T exp jo (—) +0(<r)+0(o- !! n)|. 


(4) = e- i ^(2x) c 6 1_c r c a n « n +n c_i t) !l p n , 

where 

|».|< E 


exp |o (i) +OW+°W} — 1 = ^ 1 ex P w»— 1 1 
We show now that 


( 5 ) 


n e ~i | v n I p* < ( uniformly in p < 1). 
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We have <r <K log(l /p), Hence for n ^ v = (log l/p) -s we have 

aPn < E (log !//>)*, | | < jBT, |»„|<^|w n |, 

and so 1 1 >, | < Hn' 1 < ITu" 5 ; 

and (5) follows since c ^ £. If, on the other hand, n > v and 1 — p > K, 
then v>K, and p = exp(— v~S) gives 

«'-»! «. Ip* < exp(-nv-S) exp(Z+Zo- 2 w) < exp (— nir»+Z+jKV-V n ) 

< exp (~Snv~*+Z) 

< exp (—Knv~*) < Knr® 

Thus (5) is proved for 1— if < p < 1. The rest is easy. The series 
2ra c-i ® m p” is majorized by K1,n~^p n and represents a continuous func- 
tion; and since <r <C K, and so \ y \ -<L K , the series 


S = 2 



is also continuous. Hence, since t‘ is continuous and lies between two 
constants A(fi), it follows from the formula of §8.7 that (1) holds 
subject to the condition p > 1—K. But when p < 1— K, and so <r > K, 
the functions f(z), F(y) are clearly continuous in (p, 6). The result 
(1) holds, therefore, without restriction. 

If now we select a as in §8.7 we deduce the following results con- 
cerning the behaviour of f{z) — '£n c ~^ e i ^ n] ° sn z n : 

Given a real c fzO subject to i c | < J there exists a /3 = A(c) with 
the following properties : 


(a) If c > 0 then 

i/wi<i*(«)(i— />)-• (p<d 

on the one hand, and on the other there exists a sequence ( Pn ) tendinq 
to unity and such that 


\f(z)\> A(c)(l- P )-° 

f° r , a ” d al1 In this ca se all M x (p, f) are unbounded, 

and, indeed, of the same order ; and this can occur with a function f 
for which | 0,1 ss »-*+«. 

(b) If c< 0 then f(z) is continuous in p^ 1. This can occur for a 
function with I a* I = «-i-8 



Maximum modulus principle. 


103 


Chapter I. 

The contents of this Chapter are almost all classical. It ends with 
the theory of the conformal representation of “schlicht” domains in 
general; but much of the earlier part has great intrinsic importance 

9. The maximum modulus principle. 

9.1. Theorem 101. t — Let f(z) he regular in a hounded domain D. 
For each point £ of the boundary suppose that , for some S = <S(e, £), 

\f\<M+e 

for all z of D in \z — £\ < S. [We call these “conditions (A)”.] Then 
|/| ^ M in D , and equality does not occur unless f is a constant. 

[jN\B. — / is defined only in D, i.e . at interior points.] The proof is 
very much like that of Theorem 49. Let G, possibly oo , be the upper 
bound of | / 1 in D . Consider the class of points P such that every 
neighbourhood S of P gives G as upper bound of |/[ in SD. The bisec- 
tion argument shows that there exists at least one P in D' (not neces- 
sarily in D). Suppose now no internal point is a P ; then some boundary 
point £ is, and since |/|< M+ e in some neighbourhood of £, we must 
have G^M. Since evidently |/|< G at all interior points [equality 
makes ^ a P], we have also | / 1 < M. 

I prove now that if an internal point is a P, then / = C, a constant 
in Z), and | G [ = (?. This will complete the proof, since every £ will be a 
P, and so G < M as before. 

Suppose an interior point z Q is a P. By continuity \J(z^\=G, 
say f(z 0 ) == Ge ia . Then 

/(* o) = ^\_J^ +reie)dd > 

where \z— z 0 \ ^ r is any circle round lying entirely in D . Thus 

s = l 

t The theorems of Chapter I begin at number 101, those of Chapter II at 201, and 
so on. The sections are numbered consecutively. 
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Since | e~ ia f | ^ G and | / 1 is continuous we must have ) / | = G on the 
whole circle. If now f(z 0 +re ie ) = Ge l<f> , 

1 C 2ir Cr f 2 - 

G = — \ Ge i( ^~ a) d6 = 5 - cos(<£— a)d6, 

r Jo ^ 7r Jo 

and the same argument shows that cos {<f> — a) = 1 on the whole circle, 
and so /= Ge ia . Since r is arbitrary, we have / = G = Ge ia = /(z 0 ) 
in any circle round z 0 lying in D. 

Suppose now / is not equal to C everywhere in D, say /=#= C for 
2 Join z 0 , 21 by a polygon, and let £ be determined, by a Dedekind 

section, so that f = C on the polygon from z Q to anything short of 
but not from z<> to anything beyond By continuity /(£) = C. Hence 
by the above argument f = C in a circle round £, and this is false. 

An important particular case of conditions (A) occurs when / is 
continuous in D' and |/| ^ M at all boundary points. 

Corollary 1 . — The result of the theorem is true also if f is regular 
at each point of D and \ f\ is one-valued in D. 

Corollary 2. — If /=£ 0 in D there is a minimum modulus principle. 

We have only to consider g = 1//. 

Corollary 3. — If f is regular and never zero in D, f is continuous 
in D', and the boundary values of |/| are everywhere constant , then f 
is constant in D. 

By Corollary 2 | / 1 is not less than its boundary value anywhere in 
D ; hence | / 1 attains its upper bound at an interior point and / is a 
constant. 

Corollary 3 becomes false if the condition /=£ 0 is omitted. 

9.2. The rdle of Cauchy's theorem in the above proof . 

1 . The theorem is used only in the case of a circular contour within 
the circle of convergence. 

2. Its use is avoidable. It is enough to show that |/| cannot be a 
maximum at an interior point of D, unless / is a constant. If / is not 
constant, and the point is the origin, we have 

f — -f" z ~f* c n ' = f = - 0 , 

Let 8 be small and positive and let z be a root of the equation 
( 1 ) = oaJc n . 

Then [/|=(l+<?)|a 0 | + O(< 5 a ) > | = |/( 0) |. 
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It is instructive to compare the problem of proving the fundamental 
theorem of algebra without using Cauchy’s theorem (or an equivalent). 
This problem, too, reduces, on the above lines, to the existence of a z 
satisfying (1), and is substantially equivalent to the existence of a solution 
of the equation z n = k°. This last existence theorem can be proved, if with 
some difficulty, by purely elementary reasoning. 


9.3. The following argument has a certain interest in spite of 
requiring assumptions more stringent than (A). Suppose D bounded 
by a contour for which Cauchy’s theorem is valid, f continuous in D r 
(and regular in JD), and ( / | sg; M on the boundary. 

(i) Let z 0 be interior to D. Then 


l/(*o>l" = 


_1_ f f*® d* 

27 ri Jc % Zq 




where L = length of C, 8 — distance of z 0 from C. 

Make n oo : | f(z a ) | < If. 

(ii) Suppose | f(z 0 ) | = M : to prove / constant. We have 




dz 


*o) a 




M 


Hence | f (z 0 ) I <1 2^2 • — , and n-*-cc gives f'(z 0 ) = 0. 


Let F-f n . Then F" = n(w-l)/»- 2 (/') 2 +» and so 

F”(z 0 )=n{f(z l )\"- 1 f"(z 0 ) 


\nM n - 1 f"(z 0 )\ = \F"(z 0 )\ 


_2 
2 iri 


!_ f f*dz 
■i)c (« — z<) s 


.2\L. rn 

^ 27T(S 8 M 


f"(z a ) = 0 . 

Similarly f'"(z 0 ) = 0, etc., and / is a constant. 


9.4. Theorem 102. — Let f(z) be regular in a bounded D; 
\ f \ <C M-\-e for some neighbourhood of each boundary point, except 
for a finite set £ 1 , ..., £ n ; \f\<cM 1 in D. [Conditions (B).] Then 
l / 1 ^ M in D , and \ f | < M unless f is a constant . 
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Let d be the diameter of D ; <r > 0. Let 

<P = « a f, • = n(^)- 

ft) 0, is regular at every 'point of D [in D if D is simply connected], and 
] of | is one-valued in D. The same things are therefore true of <f > . Also 
so |^| <|/|, and \<p\<M+e in some neighbourhood of any 
£ other than a Also 

if | | < S and S = S(e, or) is suitably chosen. Hence | <f> | < M+e in 

some neighbourhood of each f y , and satisfies the conditions of 
Theorem 101, Corollary 1. Hence 

| <p | < M in D, 

Fixing 2 and making cr-> 0 we have |/| < M. By Theorem 101 / is 
constant if | / 1 = M at an interior point. 

9 . 5. Strip-theorems . 

9.51. The principle of the argument of Theorem 102 generalizes as 
follows : 

Theorem 102a . — Suppose that f is regular in D, and satisfies 
|/|< M+e for some neighbourhood of each £ of the boundary, except 
for £s of a set E ; and that a function oo(z) exists , regular at every point 
of D, and not identically zero, for which |w(^)| is one-valued in D and 
satisfies | | < 1 in D. Suppose finally that for any given positive e and 
or the inequality | f | < M+e is satisfied in some neighbourhood of each 
£ of E. Then | / 1 < M in D. 

g = a ) °/ satisfies the conditions of Theorem 101, Cor. 1. If z 0 is an 
interior point, not a zero of co , 

I | < M, I f(z 0 ) I < M I <w{ar 0 ) |-°- 

an< ^ I /(*o) I ^ M by making o-— >0. If z 0 is a zero of to it has points z lt 
not zeros of to, arbitrarily near it; \f(z 1 ) | < M, and so | f(z 0 ) | < M by 
continuity. 
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9 . 52. Theorem 102a has applications to the theory of functions 
regular in infinite vertical strips. We nowhere happen to use these 
applications, but they have great intrinsic interest, and we shall digress 
to discuss them. 

Theorem 103. — Suppose 

(1) / is regular in a half -strip a <x< (3, y>*i, or D ; 

(ii) |/|>^ M-pe in some neighbourhood of every ( finite ) point of the 
boundary ; 

(iii) j =■ 0(exp je J,r|2 l/<0- a >}) uniformly in D, where 9 •< 1. 

Then |/| ^.M in D. 

Remarks. (1) The strip is the transform of a bounded D with one 
exceptional £i, £i going to oo. 

(2) As against Theorem 102 we assume a highly specialized boundary, 
with a cusp at oo, but, on the other hand, much less than |/| = 0(1). 
There are other compromise theorems. 

(3) The theorem is more or less best possible. The example 

« = — i x , /3 = Jtt, >7 = 0, /= exp (e~ iz ), shows that 9 = 1 is not per- 
missible; here j/| = 1 on x — + |/| = exp (6*9 on 2 = 0. 

Proof . — As often happens, the critical case gives a clue. Let a, /Q, >7 
be as above, 0- > 0, g = / ex p (—ae~ il:z ) = fof, where 9 < k < 1. 
Clearly 1 00 1 < 1 in D. As y -* =0 

g = 0(exp [e* 1 * 1 — are ky cos Pw]) (uniformly in x). 

Now 1*1— vf* cos \kir < e* ( » +w — o-e** cos pvr -* — 00 (uniformly in x), 

since k> 9. Hence g-»0 uniformly, and so \g\ < M+e (y > y'). The 
theorem now follows from Theorem 102a, transformed to the case 

ii - ®- 

To carry out the details, not using Theorem 102a, we proceed as 
follows. Let zo be a point of D. We can choose H so that | g(z) | < M+e 
on y — H, and may suppose H>y 0 = 3z 0 . Since |<o ff [ < 1 we have 
now |g|<M-f e in some neighbourhood of every boundary point of 
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the rectangle, therefore | g | ^ M at z = Zo by Theorem 101. That is, 

In this we make cr -> 0 . 

Corollary. — Suppose (i) and (iii) hold , and f is continuous on the 
boundary ; f=z.O(y a ), 0(y b ) on x = a, /3. Then f=zO(y c ) on x = y, 
uniformly in y, where c = py+q and px+q is the linear function that 
is a at x = a and b at x = /?. 

We may suppose 17 > 0. Let =/(*)(— =f\}r, regular 
in D, continuous in D r . 

\yfr\ =\(y-ixr^ + ^\ 


| y ~ ix |-Cp® + a) exp 


(py 3 log 

®r- 

~ y-(pX+& e -P* Mi)} 


= y 


-(ja+S) 


1+0 


y — ix \ 

y ) 

{»[-f-+o(pr)J 

(O’s uniform). 


Thus <p = 0(1) on x = a, x = /3, and, of course, on the bottom 
boundary. Since \fr=z 0{y K ) = 0(\z\ K ) condition (iii) holds for <f> if 9 is 
rechosen. Hence <f> = 0(1) uniformly in the strip, whence the result 
for /. 

A similar theorem holds for 0 { (log y ) a > 6 }■ , etc. 


9 . 53. Theorem 104. — Suppose (i) and (iii) hold , and f is continuous 
on the boundary . A iso that lim | / 1 ^ M on x == a and x == /3. Then 

y — ► » 

lim I/I ^ ilf uniformly in the strip. 

f is bounded on the boundary, therefore, by Theorem 103, in D'. 
Suppose ?7>0; and let H = if(e) be the ordinate beyond which 
| / |<C M+€ on the edges. Let be a positive constant, g fz j(z^hi). 
In any case | z/(z+hz)\<. 1 in the strip; we suppose further hz=h(H) 
chosen so (large) that 

\g | < M+e on y = H 

(this is possible since |?|< |/| < K). Then g satisfies the conditions of 
Theorem 103 in the strip above y~H. Thus | g | ^ M+e in this strip, 
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and lim | <7 | <; M+e, uniformly. This gives lim |/| ^ M+et since 

2 — >00 

z/(z+ hi) 1 uniformly (in x) . Hence Hm|/|< Jf. 


Gor. 1. — //, subject to (i), (iii), and the continuity of f on the 
boundary , 


lim | /| < 


a x = a, 
b x = /3, 


where a,b={=0, then lim | / 1 ^ e pa+q ( uniformly ), p and q being 
chosen so as to make the right-hand side a at a and b at f3. 


Consider g =/e“ (J, * +3) . 

Cor. 2. — If f = 0(1) on x = a, / = o(l) on a; = j8, then f == o(l) 
on x = y if a < y ^ /?. 

We may take b = e in Cor. 1 , observing that e ^ +q (for fixed -y) 
tends to 0 with e. 

This ends our digression. 


9.61. The conjugate function F(z). Suppose F(z) is legular in D . 

We define F(£), for a £ of D, to be the conjugate of the number F(£). 
Then F(Q is a regular analytic function of l in D. For it is evidently 
one- valued ; also if £ = £, £+<?£ = and so 

F(f+df)~F(f) _ F(z+S4-m 

Sz 

(by reason of the existence of the corresponding limit for conjugates), 
and F is differentiable at £. 

9.62. It is convenient to take here a proposition quite unconnected 
with our immediate topic. 

Theorem 105. — ( Schwarz's continuation theorem , or “ symmetry 
principle' 1 .) Suppose the domain D has a segment of a straight line 
AB as a free part of the boundary ( i.e . if P is between A and B the whole 
interior of some semicircle about P lies in D), and that D lies wholly 


t Not M. It is M+ <? that plays the part played in Theorem 103 by M : the domain and a 
depend on e. 
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on one side of the complete straight line AB. Suppose that f is regular 
in D, is continuous (in DO at points of (AB), and takes real values on 
(AB). Let us define 



f(z), for z in D+C4B), 

the conjugate of /(I), for z in D. 


Then F is a regular analytic function m D 1 = D-j-D+Ci-B). 

D and z here denote reflections in AB. We may, however, suppose 
AB the real axis, so that D, z have their usual meanings. D and D have 
no common point. 

F is regular in D, as above, also continuous (in Di) on (AB). 
It is enough to show that F is regular in some circle about every P of 
(AB); for it is then regular at every point of D lt and one-valued, by 
definition, in Di. Let us then draw a circle C round P in D x . Let 



F(z) dz 

z-t ’ 


a function regular in the interior of G . Let C v C 2 be the perimeters 
of the upper and lower semicircles (including the diameter). If now 
1 does not lie on the real axis 




Fdz 


If £ belongs to the upper semicircle, 1 = 27 riF(£), since F is regular 

J c-i 


inside G x and continuous on the boundary, and f is in C x . Also 



since F/(z—£) is regular inside C 2 and continuous on the boundary. 
Thus <p({) = jF(£). Similarly this is true when £ is in the lower semi- 
circle. Hence f> and F agree in the interiors of C x and C 2 , and so, by 
the continuity of F and <p , also on (AB). Thus F is identical with <p, 
.a function regular in C. 


9.7. Theorem 106 . — (Another maximum modulus principle.) Let 
f(z) be regular in D , F(z) in D. Let \f,(z) = f(z)F(z) (\fr is defined in D, 
but is not analytic). Suppose \fs satisfies conditions (B) in D (i.e. 

| Cikf+e in some neighbourhood of every £ but a finite number, and 
\^\<M'). Then 

\f(z)F(J)\= 

in D . 

Let g(z) = f(z) F(z ) , evidently regular in D and satisfying a con- 
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dition of type (B). We have j F(z) | = | F(z) [ , ) yfr | — | g | < M, by 

Theorem 102. 

Cor. In the theorem z and z, D and D, may be reflections in any 
line . 

9.8. We propose next to explain an important method ; this will be 
grasped most easily if we take a concrete example of its application; the 
example has no very special interest in itself. Consider the rectangle 
R of Fig- 8, in which we suppose b ; 



Suppose f regular in R } continuous in R r ; |/|^ M on the whole 
boundary ( therefore also inside ), on AB . Then in the 

( isosceles right-angled) triangle ABB 

|/| <; 

Let Zq be any point of the triangle, 

/(*) = 00 —%) = 

o 

so that >/r(£) is a regular function of 2 in the dotted square. On each side 
of the square one of the <£’s has modulus ^ m, the others moduli ^ M . 
Hence |\^| ^ M 3 m, in the square. In particular, 

| y/r( 0) | < M 3 m, 

i-e. I f(z n )\ A 

Cor . — We may suppose conditions of type B ( M+e and m- f-e) 
instead of continuity in R ! . 
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For another example see Fig. 4. At any point z 0 such that a rotation 
n round it creates a region bounded only by m-arcs, we have 

I /CO I < V(Mm). 



In such problems we can also often employ Theorem 106. Thus, in 
Fig. 5, suppose AGB an m-arc, AEB an ill-arc. If the reflection of 
A in AB lies ™ the original domain, then |/| < ^(Mm) on AB, and 
so in D v 



Take F — / and D = D 1 +D 1 -\-(AB) in Theorem 106. / (z) and 

F(z) are defined in D. For a « of AGB, |/(*)|< w , |/(i)|<M 
I /W(i) | < mM. Similarly for AFB. Hence \f(z) f(z) | < will for all 
z of D, in particular for z of AB, where z = z, ' 

10. Some classical theorems. 

10.1. Theorem 107 (“Schwarz’s Lemma’’).— Let f he regular and 
in /(0) =0. Then 

(\z\ <R), 
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In particular this holds if f is regular in | z | < and continuous in 


We may suppose M — 1, R = 1. <p(z) — f/z is regular in the unit 

circle y (by Osgood’s theorem). Given r < 1, take p such that r < p < 1. 
On |z| = p | <j>(z) [ ^ 1/p. Hence |<£(z)|^l/p also for |z| = r. 
Since the left side does not depend on p, we may make />-»• 1 ; thus 

I/I<W- 

Cor. — Let f(z ) he regular, \ z | = p, and | / 1 ^ 'fr(p) in y, where \fr is 
increasing and 'fr(Q) > 0. Suppose also /( 0) = 0. Then 

|/|<Zp^(p) (p<l), 

where K is a constant, which may he taken to he 2^-(J) /^(O) = K 0 . 

For p > i, |/| < p^(p)/p < 2 pir(p) < E 0 p\fr{p). 

For p < i, 

\f/z\ < Max|//z|< 2 Max |/| < 2^® < 2\fr(i) V'Cpl/'/KO). 

I*l=i l*i=i 

10.2. Theorem 108 ( Hadamard’s “three circles theorem”). — Suppose 
r x < r 2 < r 3 ; / regular and j / j < AT 3 in | z j < r 3 ; | / 1 < M x in | z | < r x 
(or on | z | = rf ) . Then 

|/|<3ffMj-* (|z | <r*), 

wkere 3 = log^/log^-, 1-3 = log -J//log ^ , 

Consider f(z)z~ K in the annulus (r x , r 3 ) and apply Theorem 101, 
Cor. 1, choosing X so that M 1 ri K = ilf 3 r<r x = /x. We get, for | z | = r 2? 
|/eT x | ^ jm, M 2 ^ fir 2 , and this is the desired result. 


10.3. Theorem 109 . — Suppose f{z) is regular in |^|<r. 
H/< O’ ([ s| < r), /(0) = a 0 = )8+iy. Then for \z\ = p <r we have 


I /(#) — a 0 


^ 2(CT— /3) P 
^ » 


I »/(*)-£ | < 


2(F-j8)/> 

r—p 


We have Moreover, since the desired results are true by 

continuity in the limiting case U = ft if they are always true for U > /2. 
we may suppose U—/3^>0. We may further suppose a 0 = yS+^y = 0. 
We suppose then /(0) = 0, U, U>0. We may suppose also r = 1. 

The values of / are confined to- the half-plane ^ U ; also /(0) = 0. 

i 
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What function w = g(z) conformally represents the 2-circle on the 
:w half-plane, and z = 0 by w = 0? It is 


Take the inverse function 


g{*) = 


-20* 
1—2 * 


Z( ' S) ~ g — 2U’ 

and consider 

(1) «0) =■ Z { f{z ) } = • 

Conformal representation theory shows that w is regular in | z | < 1 and 
| <*>| ^ 1. But without appealing to this, let us define <o by (1). Then, 
since 3&(/—2D) < — U < 0, oo is regular in y, and if /= we 

have 


and so [ to | ^ 1, since 2.4 —u ^ | u | . [Consider u > 0, u ^ 0 separately.] 
But «>(0) = 0. Hence, by Theorem 107, 

\a>(z) I <M» 

f(z) [= jr {•(*)}]= ~T~ , 

X — oo 


I/I < 


217. » | 2 Up 

1- CO 1-p' 


10.4. There is an alternative proof, giving more. 

Theorem 110 (Bor el). — Suppose f(z) = 1,a n z n is regular in y and 
3a/< U. Then | a, | < 2U X = 2 (U-0) (n > 0). 

Tor z = re iS , r < 1, 

oo 

/ = /3+^7+S(/3 n +2:y n )r n (cos?i0+i sin?i0) = P(r, 0)-HQO, 0), 

00 

P = cos nd-— y n sin nd) r 71 , uniformly convergent in 6 . 

Hence 

(1) 2x/3 = j^PcZe, 

r2ir r2rr 

P eosn0<20, 7rr n y n = — I P sin nOclO, 

( 2 ) 7rr n a n = ^Pe~ nil> d6. 
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(i) Suppose U ^ 0. Then 0 ^ \P \ +P ^ 227. From (1) and (2), 

r u | a J < P' |P | <20 = ["(I P |+P) dQ-Zirp 
Jo Jo 


TT7 


< 


[\2U)d6—2irl3 = 2(2Z7 — jS) - 


Make r-> 1 : | a J < 2(2U-/3), 

the result with 227 for 27, and under an additional hypothesis. 

(ii) This can be amended. With the original hypothesis let 
f = f — U. Then 9K-/ 7 ^ U' = 0, ft f = /?— 27. The extra condition 
in (i) is satisfied, and (i) gives 

I < 2. {2.0-03-27)1 = 2(17-0), 

the full result. 

(iii) An alternative device. Let f\ = /— Oo. Then H /i ^ ~ 
27i = 27-/3 ^ 0, and we have to show 1 a u | ^ 2 27 a . Here f x = P+^Q, 
where 

(3) 


0 = 

r2ir 

P^O, 

irr n a n — 

Jo 

r r pe~ nil, d6 ). 

now a = arg a n ; then 

r** 

Jo 


7T? 


-<n6 + a )i d Q . 


r 


P COS (»0 + a) 


since the left side is real, 


f27T 

= j P{l+cos(tt0+a)}dW, by (8), 
^ | 27 1 {l+cos(n0+a)} d6 = ZttU v 


as before. 

To see that Theorem 110 includes Theorem 109 we observe that 
| /(*) | < F( P ) = 2 1 a n | p” < | a 0 ) + 2(27-0) £ P \ 

i 

(iv) A function-theory proof of Theorem 110. 

Let f 1 = T,a n z n , 3a/, < U v We have to show |a„| < 2UV As in 

the proof of Theorem 109, we have for \z | = p >■ 0, 

2)7, p 
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Hence 


m 

z 


< 


1 — p 


As z -> 0 the left side tends to a v Hence 

U 1 I<2C/ 1 , 

the result for the special case n = 1, 


Now let co = e 2,ri/A ; then 

4- S /jfco^) = £ = 9i{Z). 

K r = 0 %— 1 

The series for gri is convergent for \z\d, and so for all Z for which 
| Z | < 1 ; gfi is regular in \Z\<1- Since < U x we have 

I coefficient of Z | ^ 2U l9 

We record finally the following deduction from Theorem 110 
Cor. — Suppose that f(z) is regular and 

*{/W-/( 0 )}<cr 1L 

in | z | < r. Then 

!/'(*)! < (y 2 -^ (1*1 = /><*■)* 


We may suppose r = 1, and the result follows from 
(/(#) | < 2 n | a w [ p 7t “ x < 2i7 1 2/ip w '' :i 


10.5. There is another result of a slightly different kind. In the 
first place we have 

Theorem 111. — Suppose f(z) regular in 

1 2 — z o 1 < / = P(r, <p) +iQ (r, (f>) (z = z 0 +re^). 


Then 

We have 

(1) 


/(%> = — rp(r, 4>)e- l *dct>. 

7 rf Jo 


/'W = 53 L 


£(g) 

te— z 0 ) a 


1 

2"7rr J 


(P+iQ) e~ ut> d<f>. 


A1 “ ° = 53? j/ W * = 2xr r <P+i « > 

In this we change the sign of i and add to (I), obtaining our result. 
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From Theorem 111 we deduce at once 

Theorem 112 (Schwarz). — Let f be regular and Ijl/McC in 
— *o|^r. Then 

|/'(* 0 )l<2C/r. 

10 . 6 . Theorem 113 ( Vitali). — Suppose that we are given a domain D 
and a sequence (f n ) satisfying : 

( fl ) j% is regular in D for each n ; 

(b) f n is uniformly bounded in every DL ; 

(c) /» a U™it ( necessarily finite) for each z of z u z 3 , ..., an infinite 
sequence (of different z's) in D with at least one limit point z () in D. 
Then there exists an f(z), regular in D, such that 

/•-/. A p) -*f p \ 

uniformly in any DL. 

It is a consequence of (a) and ( b ) that f n is a continuous function 
of 2 m any DL, uniformly in n. In fact, let a be the distance of DL from 
F(D), and let z u z 3 be two near points of DL. We have \f n \<K for 
all # of D distant more than \a from F(D) and all n. Hence, if 

l^i z i\ < d < Jrt 

and C is the circle with centre z x and radius \a, 

a) i i = 1 1 j/„® - pt_) i{| 

< LvzfaJ f 1 I 

"" 2tt J c I — ^i) (£ — ^ 2 ) I 

l^i— <,1 f' K.Udd _ 4K-JJ K 
V 2tt J- ff Ja.^a a 

< 

if S< iae/K. Since n is arbitrary this gives the desired result. 

I say now, abandoning uniformity for the moment in our conclusions, 
that for every z oi D f n tends to a limit / as n-> 00 (through all values). 
If not, there exists a 2 * of D at which/,, does not tend to a limit, and we 
can find two subsequences (n' r ), (n' r ) through which /„(*•) tends re- 
spectively to two values differing by c =/ 0. Let <p, (z) be the difference 
Jn,:( z )—f n ' r '(z) ; as r-* 00 <f>,.(z) tends to zero at z — z m and to c at z — z*. 
By Theorem 5, Cor. we can find a subsequence of (r) through which 
fi,-(z) tends to a limit function $ in D, and uniformly in any DL. By 
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a theorem of Weierstrass <f>(z) is regular (in any DLand so) in D . Since 
<p(z) = 0 at an infinity of points z m in the neighbourhood of z = z 0 it 
must, by a classical theorem on the identity of two analytic functions, 
be identically zero, and this contradicts <p(z*) = c. 

Thus f n ~>f in D. Also / is continuous, as the limit of a uniformly 
continuous f n [“ | A/| = lim | Af n | <; e ([ Az | <C S) ”]. If now the con- 
vergence is not uniform in every DL there must exist a k > 0, an infinity 
of values of n, and corresponding points with a limit point £ in D, 
for which dn(Cn) > k, where d n {z) = \fn(z)—f{z) |, But since / is con- 
tinuous and f n uniformly continuous at £, dJQ and d n (f n ) differ by 
arbitrarily little whenever £ n is within a distance 8 (independent of n) of 
Therefore Jfc for large n of the sequence ; and this contradicts 

fn (£)-►/(£). Thus fn — >f uniformly in any DL . Hence finally, by 
Weierstrass’s theorem, / is regular (in any DL and so) in D. Our results 
are therefore proved so far as they concern f n . The results for the p-th 
derivative f$f may be proved in the same way [the argument at (1) 
being available, with obvious modifications]. They may also be deduced 
by Weierstrass’s theorem (since every DL is strictly interior to some 
other one) from those for f n . 

It would be convenient to have some short symbolism for tl f n con- 
verges to a regular / in D, and uniformly in any DL”. 
uniformly in D” is open to the objection that it has already a meaning 
other than the one we intend (and incidentally a false one). [The 
objection is not absolutely fatal, since we practically never need to 
assert uniform convergence (in the ordinary sense) in an open set, and 
might alter its meaning without much fear of confusion.] A purely 
symbolical assertion like <l fn~*f (I 7 ) in D** becomes uncomfortable 
when the fact has become very familiar that “ f n ~*f (V) in D” is a 
necessary consequence (by the theorem) of “ /»->/ in D'L We prefer 
to use merely li f n ~~*f in D” , and, having once strongly directed the 
reader’s attention to the point, expect him hereafter to read into the 
assertion all the consequences of it implied by the theorem. 

10.61. An alternative proof of a special case. 

Suppose (i) f n regular and uniformly bounded in D , a circle. 
(ii) fn * f uniformly in d ! , a concentric smaller circle. Then f is 
regular in D, and f n ~*f in D , uniformly in any DL . 

By hypothesis we have for n, m ;> v(e), 

I * I =!/»—/» | < e = M 1 (in d’). 
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Also \<f>\<Z 2 K = AT S (in Z>). 

We may take DL to be | z | ^ r 2 < r 3 , to be ) z | <: r lt D to be ] z | < r 3 . 
Theorem 108 gives 

M 2 < e*(2K) l -\ 

$ depending only on r l9 r 2 , r 8 . Since this tends to 0 with e it follows that 

I /*— /* | < e in DL for n, m > /(e). 

Hence there exists an / such that / n ->/ uniformly in D'_, and then / is 
regular in DL, by Weierstrass’s theorem. 

The general theorem also can be proved without the selection prin- 
ciple, but (if we are to take the simplest proof) not on these lines. 

10.7. Theorem 114 ( Montel ). — Given a sequence {f n (z)\ of functions 
regular in D and uniformly bounded in any DL, there exists a subsequence 
fruits) and an f{z), regular in D, such that fn v ~>f in D as 

Take any z 0 in D, and a sequence z v z 2 , ... tending to z 0 . The 
double sequence f n (z m ) is bounded; hence, by Theorem 5, we can select 
a subsequence f n> such that, for each z m , f„. v (z m ) converges to a limit as 
v -^ao . The desired result follows by Theorem 113. 

11. Preliminary results on conformal representation. 

11.1. Theorem 115. — Suppose that f(z), not a constant, is regular 
at z = a, and that f(a) = b. Then f takes, near a, any value near 
enough to b . More precisely, if z = a is a zero of f(z)—-'b of order n 
(exactly), then for every sufficiently small s there exists an r, tending to 
0 with s, and such that for every c satisfying | c— b | ^ s there are exactly 
n solutions of f(z) = c in | z—a | <C r. 

Suppose that a = 0, and that for small z 

f^b = a n z n +a n +}Z ri+1 +... } n > 0, a n - f=0. 

For all small r 

| a n+ iz n+l -+ | < 4| a n | r n (\z\ = r). 

If now $ = i( a n \r n and | c—b | < s, then /— c = F+ <f>, where 
F=a n z n , <f> = (b—c)+(a n+1 z n+1 + ...), 
and, on | z ( = r, \<f>\ <. i\a n \r n , | <p/F | < 4 < 1. 
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Round | z | = r we have 

A arg (/ — c) = Aarg F+ A arg(l + $/-F) = 2 ?itt+0. 

Hence /— c has n zeros in | z | C r. 

Definition . — A function is called “schlicht” in D if /'(z) =£ 0 in D, 
and /(z x ) =£ /(z 2 ) for distinct points z 1? z 2 of D. Or : if f(z) — a = 0 has 
never more than one solution (counting multiplicities) for z of D. 

Theorem 115, Cor. — If f is regular at z 0 , and f(z Q )=fi:0, then 
there exists a neighbourhood of z 0 in which f is “schlicht ” . 

Here n = 1. If zi is near zo, the value f(z%) is near /(z 0 ), and cannot 
be taken twice near z 0 . 


11 .2. Theorem 116. — Suppose that f is regular and “ schlicht ” in a 
domain D. Then the values w = /(z) “fill” a domain A. Ako t/iere is 
a function <f>(w), the inverse of /, regular and “ schlicht ” in A, whose 
values z fill D. If D is simply connected , so is A. ( Thus there is com- 
plete reciprocity.) 

If E is the aggregate of values to, and ?o 0 a point of E, it follows 
from Theorem 115 that all w near enough to w 0 belong to E. Hence E 
is an open set. E is connected, since if w 0 =f(z 0 ), w x = f(z i) belong to 
E, so do the w = /(z) corresponding to z of a polygon in D from z 0 to z u 
which w lie on a curve. Thus E is a domain A, possibly multiply 
connected. 

If now w is a given point of A, there is a unique solution z in D of 
w f(z). We define 

z = <p{iv) {w in A), 

and have to prove (since <p is certainly one-valued) that <f> is differentiable 
in A; then evidently <f> is regular and “schlicht”, and its values fill D. 
Now Theorem 115 shows that <p is continuous at a w of A (for a value 
near w is taken by / near z, and can only be taken once at all). Hence 
if z-|-8z, w+8w correspond by /, 8z tends to zero with Sw. Then 


Sz / 1 

Sw / Sz f T (z) 


§w~*0 


Thus <f> is differentiable in A. 

That A is simply connected follows from the one-one continuous 
correspondence with D. 

When /, <j > ; D, A are (reciprocally) related as in Theorem 116, we 
say that w = /(z) gives the “conformal representation of D on A ”, and 
z = <p(w) that of A on D. 
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Cor. — / need not be “schlicht” . In this case , however , A must be 
taken on the appropriate Riemann surface ; <f> is multiform on the simple 
w-plane. Reciprocally f need not be uniform , if D is on a Riemann 
surface, and then <f> is not “schlicht ” . 

[Omit the word “schlicht” in Theorem 116, and interpret “regular” 
in the usual conventions for Eiemann surfaces. The details involve the 
usual treatment of branch points. Developments of this kind, however, 
we systematically omit.] 

11 . 3. Theorem 117. — Suppose that G is a closed contour, D its 
interior ; and that f(z) is regular in D and continuous in D'. Suppose that, 
as z describes C in the positive direction, w = f(z) describes a closed 
contour T once. Then (1) T is described positively , and (2) w = f(z) gives 
a conformal representation of D on A, the interior of P. 

D and A are simply connected. After Theorem 116 it is enough to 
prove (1), together with 

(3) Given z 0 in D, w Q =z f(z Q ) lies in A ; 

(4) Given w 0 in A, there exists a 2 ! 0 in D, and only one, for which 

Wo = f(Zo). 

[For after (3) and (4) / is “schlicht”, and its values fill A.] 
Suppose Zq is a point of D, and let u = /Oo). We have 

(5) A c arg {/(*) —f(z 0 ) } = A r arg { w — [ . 

The left is times the number of roots of / = f(z 0 ) in D, or at least 2tt. 
Hence u cannot be an exterior point of A, or the right-hand side would 
be zero. If u were a frontier point of A, i.e. a point of V, f(z) would take 
near z 0 all values near u, and so would take values that are exterior points 
of A, which we have seen to be impossible. Hence u is an interior point 
of A, (5) holds, and the right side is ±2tt according as T is described 
positively or negatively, while the left side is not less than +2tt. Hence 
T is described positively. Thus (1) and (3) are proved. 

Finally, if w 0 belongs to A (and so f=fcw 0 for z of G), 

(6) A 0 arg \ f(z)—w Q \ = A r arg (w — wj = +2x, 

so that there exists one and only one z in D giving f(z) = w 0 . This 
proves (4). 

Cor. — In Theorem 116, to a closed contour G i lying in D, its interior, 
and its exterior (in D), correspond by the transformation respectively a 
closed contour Ti in A, its interior, and its exterior; and Ci, Ti are 
described in the same sense . 

The transform of C i, having no double point, is a closed contour. 
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11.4. Lemma 1. — Let f(z) be regular and “ schlicht ” in D. To a 
sequence (z n ) tending to z in D corresponds a sequence (■ w n ) tending to w 
in A. To a sequence (, z n ) m D tott/i one or more points of the frontier as 
limit points corresponds a sequence ( w n ) in A with one or more points 
of the frontier as limit points ( but the frontier points need not corre- 
spond point by point). To a closed DL corresponds a AL, frontiers 
corresponding point by point. Finally the distance d{ A'_, _F(A) f tends 
to zero with d{DL , F(D)\. All these results hold also reciprocally . 

The first part is obvious since f(z n ) — > f{z ), a point of A. The 
reciprocal of this, and the reciprocals of all other proved results, are, 
of course, immediate. 

If the second part is false, then every subsequence of the w n tends 
to a to interior to A, and by the reciprocal of the first part the ^-sub- 
sequence corresponding (therefore an arbitrary one) tends to a z interior 
to D, which is false. 

In the third part, to (the interior of) Z)_ corresponds a domain A x , and 
to the frontier of _D_ must correspond, point by point, that of A x ; since, if 
Zq belongs to F(D_), f(z) takes, near z 0 , values belonging to A lf and others 
not belonging to A x ; and reciprocally. Finally, every point of F (A x ) 
being interior to A, Aj = Ax+FX-Dx) i s interior to A. 

If the fourth part is false, there exists a sequence Z)', with 
d n = d \ JQn y F(D)\ tending to zero, and a corresponding sequence A n 
such that each F(A n ) contains a w n distant more than d > 0 from F( A). 
The w n have some limit-point w, necessarily interior to A. But then, 
by the reciprocal of the first part, the corresponding z n have a limit- 
point z of JD, and this contradicts d n -» 0. 

Note. — It is not proved, nor is it true, that if £ tends to a z on 
F(D) then w tends to a (unique) w on F( A). 

11.51. Theorem 117 is important in applications in which we are 
given D and A and have to find an / ; it is enough to find a regular / 
that behaves correctly on the boundary C. 

The domains we have been considering are bounded ; we often 
require, however, the function representing a given D on a half -plane. 
Following the usual rules of thumb we might expect the following 
modification of Theorem 117 to hold (and it is often naively appealed to 
by mathematical physicists) : 

(A) Suppose that C is a closed contour starting from and ending at 
z = a , and that f(z) is regular inside C, and continuous on C except at 
z = a, while /— * ao ( uniformly ) as z—*a in D. Suppose further that 
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as z describes C , w = f describes the real axis from — oo to +°°* Then 
tv = / conformally represents D on II, the upper half-plane of w . 

This proposition, however, is simply false. Let f(z) = i(±-\-z)/{l— z) ; 
tv = f(z) represents \z\<l on II, and as z describes \z | = 1, starting 
with z = 1 , / increases steadily from — oo to oo . Consider now <f> = f 3 . 
<f> increases steadily from — oo to oo as ^ describes the circle, <f> is con- 
tinuous on the circle except at z = 1, and <p — > oo as z -»■ 1. But if 
Sfw 0 Z> 0 two of the cube roots of w 0 lie in II and are values of /, so that 
the value w 0 is taken twice by <f> (in y) ; and if c 0, one cube root 
lies in II and <j> takes the value w 0 once. 

It is desirable, of course, to have a true form of (A) with the minimum 
of extra hypotheses. We give three such forms. 

11.52. Sufficient extra conditions under which (A) is true . 

(1) There exists a w 0 , not real , such that ~w 0 in D. (We shall 
see that !$iv 0 is necessarily negative.) It is easily verified' that (if w 0 is not 
real) f = l/(w — w 0 ) describes a certain circle V (interior A) as w goes 
from — oo to a, that the transformation represents A on that half- 
w - plane in which w Q does not lie, and that T is described positively or 
negatively according as w Q does not or does lie in II. Consider now 

£ = <p(z) — 1/ {/(«) — . 

It is regular in D, and continuous in D ; (including z — a). As £ 
describes C , / describes — ao to oo , and f describes F, once. It follows 
by the main theorem that f — <p(z) represents D on A. Also that T is 
described positively ; so w 0 is not in II. Then, combining the trans- 
formations, we see that w =* f(z ) represents D on II. 

In the remaining cases we suppose, but purely for simplicity, that in 
the neighbourhood of z = a, C consists of two analytic curves C ' , C rr 
meeting at a. 

Suppose pq is an arc of a small circle with a as centre, joining C and 
C ,! , and lying, except for p, q, in D. Then (A) is true if : 

(2) As z describes a pq near a , f describes a curve lying in II, or 
more generally , describes a curve not cutting a fixed curve A, where A 
“ extends to oo”, and never cuts the real axis of iv . [Actually A must 
lie in II, though we need not assume this explicitly.] 

Denote by G t the contour C modified by the cutting out of a by pq, 
and let £ be a point, of A. As z describes C lz f(z) describes a closed 
(but not necessarily simple) curve F lf not cutting A. Now 

arg (/ — £) = A rt arg (w — £) — 0 for sufficiently distant f. Also the 
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left side is a continuous function of £ except for £ of I\, and is also of 
the form 2 mr except for £ of T v It is therefore zero for all £, since 
£ never lies on IV Hence, for any fixed £, /=££ in ^ Since H 1 
differs arbitrarily little from jD, /=££ in F. We may therefore apply 
case ( 1 ). 

[Note. — We cannot, in the special case, argue directly that w = / 
represents “Fi” on a “Hi” and take the limit, since I\ may not be simple.] 

Finally : (A) is true if : 

(3) / is defined in a complete neighbourhood of a and satisfies 
c(z— a)” x (J < X < f) as z~> a; 
in particular it is true if f has a simple pole at z = a. 

Suppose a = 0, and let arg (z— a) = arg z = 0. Then 
arg { (z—aff) = X arg £+arg/ 

is, near a, A0-f (2ra+l)tr on Ci and A0+2n?r on C 2 . Since these must 
tend to limits argc+ 2 p?r we see, ( 1 ) that C\ and C 2 must have tangents 
at a (which, of course, we are already assuming), and ( 2 ) the angle a 
formed at a has a magnitude (2fc-fl) i r/X. Since a < 2t and X < f we 
must have k = 0, a = 7 r/X, Since further X > a is positive and less 

than 27t. We draw a piece of a straight line L bisecting the com- 

plementary angle at a. Now for any x of L and any z of D 

liml arg /(z) — arg/ (x) | > X(tt— £ a) = (X— £)tt > 0 

as x , z-~>a. Hence /(#) f(z) if x and z are confined to a circle of 
some radius r round z = a, to which we suppose L confined. Then, in 
the notation of case 2 , the transform of pq does not meet the transform 

A of L. Also for distant to of A we have arg to = +^ 7 r nearly; hence 

A, beyond some point, does not meet the real axis of to. We can 
now apply case 2 . 

11 . 53. Another problem presents itself : suppose z = a is replaced by 
z = oo . This , however, is trivial. We have 

Theorem 117, Cor. 2. — Suppose C is a curve , extending to oo at both 
ends and simple, and let D be one of the domains into which C divides 
the plane. Suppose f is regular in D and continuous in D' (except for 
£ = ao) and f -> l as z->oo in D ; further that, as z describes C, 
to = f(z) describes a ( bounded ) closed contour F once. Then w = f(z) 
represents D on A, the interior of F. 

There exist points z = a exterior to F. Then e 1 = l/(z— a) trans- 
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forms C (plus the point z = oo ) and D into a bounded closed contour Cj 
and its interior t D x and f(z) into fi(zi) say. By the main theorem 
to = fi(zi) represents D 1 on A. 


12. The theory of the linear function 


= L(z) = 


az+b 
cz-\-d ’ 


ad— be =^= 0 . 


12.1. This theory is important in the sequel, and we break off to 
give a systematic account of it. £ is regular except at z = — d/c (and 
not excepting z = oo). Also £ is “schlicht” in any domain. The inverse 
function 


z 


dtz± 


is regular except at £ = a/c. If we make z = oo and £ = a/c ; 2 = — d/c 
and £ = 00 correspond we have a one-one correspondence between the 
z- and f -planes. (If c = 0 the points 00 correspond.) 

Let z r , ; z n , correspond. The equation is then 


(A) 



= m 




m a constant. 


In what follows we shorten the discussion by appeal to geometry (see 
Pig. 6). Let Zi , z 2 , z 3 , z 4 be four distinct points of a circle. Then 


^3—^1 _ ^ r« 

#3 ^2 ^*32 ^4 ^2 ^42 



t Interior or exterior, and the latter is impossible since co corresponds to z = z 0 . 
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Since a = ft or tt+/? 

*3 — ^1 / fiZfl X 

^3 #2 / #4 ^2 

is real, and X 1 if 2 . 2 , #4 are distinct. 

Conversely, if the cross-ratio is real the four points are concyclic. 
Now the cross-ratio is the same as that of the corresponding Hence 
2 -circles correspond to ^-circles, and conversely (straight lines are re- 
garded as circles). 

Let ns now represent -points on the 2 -plane. (We then speak of 
“invariant” points, curves, families of curves.) 

12 . 2. The fixed points of the substitution. These are given by 
{ = z or 

cz 2 + (d— a)z—b = 0. 

with roots z 1} z 2 say. If a = d, b = c = 0, we have the identical substitu- 
tion; every point is fixed. Rejecting this there are two roots or a double 
root, reckoning z = oo as a solution if c = 0. 

Suppose first z x , z 2 finite and distinct. We denote by K a circle 
through z lf z 2 ; by KJ a circle with z l9 z 2 as inverse points. The K’ s 
go into circles through z 1} z 2 . The sheaf of K’s therefore trans- 
forms into itself. By the angle-properties of a conformal transformation 
the K n s, being orthogonal to all K’s, transform into circles orthogonal 
to all K’s , i.e. into circles. K f . The sheaf of K’’ s is invariant. 

We have now to distinguish three cases. 

1. Every K transforms into itself (not, of course, point by point). 
The intersection of a K' and a K transforms into the intersection of the 
new K f with the same K. We may think of the transformation taking 
place by each point moving along the K through it into its new position. 
The K’s are the “tracks” of the transformation!. This type of trans- 
formation is called hyperbolic. 

2. Elliptic . Every K f goes into itself. The K n s are the tracks. 

3. Loxodromic. The general case : neither (1) nor (2). 

Normal forms of the transformation. Let z and z$ be two points on 
a K, z s =£ z l9 z Q . Then 

(1) z~z Y I z B z 1 £ j £ z i j £1 

Z Z 2 J Z B Z 2 ^ f 2 / £3 £ Z 2 / 

f The transformation depends on a continuous parameter « (besides z u z 3 ). As this is 
varied the tracks come into being. 
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In case 1, z u z iy z if £ 3 lie on a K. Hence 


Hence the normal form is 



y — — (a real, 1). 


z—z 1 _ „ tz£ 1 

— a p 

Z Z% i—Z 2 


(a real, =^= 1). 


Conversely if a is real and 1, this equation makes z, z h z 2 lie 
on a K. 


Case 2. — Here z and £ lie on a K'. Therefore 


z — z 1 1 

£— *1 

z z 2 j “ 



L-h - L_Ji real). 


The converse also holds. 


Case 3. — 




|ju, > 0 ; 0 =£ 0 (mod 2 ?r) and ^ =^= 1] . 

Suppose next z 2 = oo , ^ finite . The forms become 


(1) £ — = a(f— ^x) (a real, ^ 1). (“ Expansion ” about 2 X .) 

(2) z— z x = e i<f> (£ — ;sq) (<£ real). (Eotation about %.) 

(3) 2 —^ = (<j> ^ 0 and ^ 1). 


In (3) the invariant curves are logarithmic spirals (loxodromes) . Eor 
suppose % = 0, /me 1 * = e p+iq . The curves z = 6 <x+(:P+ ^ )i (— oo < £ < + oo ) 
are invariant (if a is a real parameter). For if £ = $“+<*+*«) r the trans- 
formation becomes t = T+l- 

Finally suppose Zi = £ S . This substitution is called parabolic . 


(a) finite. The K’s become circles with a common tangent at 
Zi , and the i£ /J s circles with a common tangent at Zi normal to the first. 
The normal form is 


1 


z — z 1 


fi— +b ib=/=0). 
£—*1 


(b) If ^= 00 , the K and K r are orthogonal sets of parallel lines. 
The transformation is 

z = £+b' (&'=£ 0), 

a translation. 
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12 . 3. The general equation of linear transformation contains three 
arbitrary complex constants, and we can transform any three points 
(and their circle) into any three points (and their circle). 

Inversion . — The points £ and z are inverses in the unit circle if 
<f=l fz. The transformation £ = 1 fz (from 2 to P is a "conformal 
transformation with reversal of angle”. 

Lemma 2 . — If z , z 1 are inverses with respect to K , then for a linear 
transformation g and p are inverses with respect to K f % the transform 
of K. 

For K and the system of orthogonal circles to it through z and z f 
transform into K' and the orthogonal circles to it through £ and 

Inversion in a straight line is a reflection. 

Example. — To find all linear transformations of 3fz^0 into Jf 1 . 
The inverse of z in the real axis is z, that of f in the unit-circle is 


m if 


£ 


~~ cz+d 


— 

C Z — y 


is the transformation, then z = y8, y correspond to £ = 0, 00 , inverses 
in the circle. Therefore /?, y are inverses in the line ; y = ft. Also z = 0 
must go into a point of the unit ^circle. Hence a/c = e ir (r real). Thus 
the transformation must be 


( 1 ) 


t-j t £ h £ 
z-p- 


Finally 2 = /3 goes into £ = 0, and ft must belong to the upper half- 
2 -plane. 

Conversely, if 3ft >0 (1) does what is required. For |£| = 1 for z 
of the real axis, and arg£ increases by +2 -k as 2 goes from — oo to 00 : 
the result follows by Theorem 116, Cor. 

There are three real constants implied in r, ft, which we can use to 
make three points of the line and three of the circle correspond. If the 
triplets have the same sense arg { must increase by 2 jt as 2 describes the 
real axis positively, we must have 3/3 > 0, and 3fz > 0 corresponds to 
I U < 1- If they have opposite senses then 3/3 < 0, and the lower half 
2 -plane corresponds to the 5-circle. We can also make 5 = 0 correspond 
to a given ft (3/3 >0) and a direction OT at the centre of the circle to 
a direction at ft. 

To find all linear transformations of a circle ( and the interior) into 
itself. 
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Let the circle be \z\ ^ 1. Write the general transformation 

f z — a 

^ = y^=i- 

a must be in the circle. Since £ = 0, £ = oo must have an inverse pair 
as correspondents, we have ft ~ a. For z = 1 we must have |£j = 1, 
hence 


Hence the most general transformation is 

(2) S =,*rlZZ<L (r real, |a|<l). 

12.4. Lemma 3. — The transformation (2) transforms the interior of 
the unit-circle into itself, and the exterior of the unit-circle into itself . 

We use inversion, and the last result. 

It follows without difficulty that we can, in a linear transformation 
of the unit circle (and interior) into itself, make three points of the 
boundary correspond to three others, provided the triplets have the same 
sense ; or we can make one internal point and a direction at it corre- 
spond arbitrarily, and either condition determines the transformation 
uniquely. 

12 . 5. We end this section by proving 

Theorem 118. (Generalization of the symmetry principle). — Suppose 
two arcs of circles AB , a/3 are free portions of the boundanj of domains 
D, A. Let f(z) be regular in D and continuous (in D ! ) on AB, and let 
£ = f(z) represent D on A, AB, a/3 being corresponding arcs. Let D*, z* 
be the inverses of D, z in (the circle of) AB, ancl A*, tf those of A, f in 
a/3. If now £ = f(z) (for z of D) gives = <f>(z*), say , then <f>(z*) is 
a regular function of z* for z* in D*, and is the continuation of f across 
(AB) ; / is further regular at points of (AB). 

If v = f(z) represents a domain Z on V, and iv = <p(v) represents V 
on IF, then w — <j>{f(z)\ represents Z on W. 

By linear transformations we can turn .413 into the real axis of z u 
and a/3 into the real axis of £ lm Then z* ( qua 2 -point) becomes i lt 
becomes and f = f(z), = <j>(z*) become ^ 1 = f 1 (z l ), ^ = { / }j (* x ), The 

functions f t , <pi are related as in the original Theorem 105, and we 
obtain the general form by transforming back. 

It is the “symmetrical” value of the function when continued that 
gives this theorem its great importance. The rather different question 
of the conditions under which some continuation is possible is, however, 

K 
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also important, and can be answered completely. We therefore dis- 
cuss it here (though it is alien to our present ideas). 

Corollary. Suppose that a free arc AB of the boundary of D is 
an analytic arc without singular point , that f(z) is regular in D, con- 
tinuous (in j D f ) at points of AB, and that w = f(%) lios upon an analytic 
arc without singular point in the w-plane as z describes AB . Then 
f(z ) can be continued across AB. 

An analytic arc AB without singular point is a curve for which, in 
some parametric representation z =■ z(t) (t real, z(t) is 

a regular function of t, and z'(t) =£ 0, at all points of the interval 
(t u t 2 ). Consider any point s 0 of AB ; we may suppose that this corre- 
sponds to the value t = 0. By Theorem 115, Cor., the transformation 
z = z(t) transforms the neighbourhood of z 0 into a neighbourhood of 
t = 0 in the t-plane, and must therefore transform the piece A'B' of 
AB included in the neighbourhood into an interval of the real axis of t. 
Similarly the transformation w =w(r) (associated with the parametric 
representation of the w- arc a/3) transforms the corresponding piece of 
a/3 into an interval of the real axis of r. Further [since z'(t)=f= 0, and 
io'( T ) 0 near z c , w<f], both transformations have (regular) inverse trans- 
formations, t = t(z), r = t(w) respectively in the neighbourhoods of 
2 0 , Wq. To a neighbourhood of z 0 bounded (partly) by A f B f corresponds 
a neighbourhood of t = 0 bounded by a piece of the real axis, and 
similarly for a’/3' and the r real axis. The equation r = r[/{z(t)}2 = <f>(t) 
makes <p(t) real for small real t; hence, by the original symmetry prin- 
ciple (Theorem 105), <p(t) can be continued across the real axis near 
t ='0. It follows that 

f(z) = w[<j>{t(z)\] 

can be continued across AB near z = z 0 . 

13.1. We resume now, after the interruption of section 12, our dis- 
cussion of conformal representation in general. 

Theorem 119. — If the conformal representation of a simply - 
connected D on a circle d is possible at all , it can be effected with a given 
point and direction in D corresponding to a given point and direction in 
d ; or, if the representation is one of D 1 on d f , the boundaries , supposed to 
be closed contours, corresponding point by point , it can be effected with 
three points of the boundaries (the same way round) corresponding 
arbitrarily . Further , either of these conditions uniquely determines 
the representation. 
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Corollary. — A conformal transformation of a circle into itself is 
necessarily linear . 

The first part is now obvious : the new representation can be made 
via a linear transformation of the circle into itself. 

If two distinct transformations exist with the same set of conditions, 
we obtain (by combining one with the inverse of the other) a non-identical 
transformation of the circle into itself with an invariant centre and direc- 
tion there, or three invariant boundary points. This is impossible. Sup- 
pose first that l = f(z) transforms the unit circle into itself, with 
/(0)=0, / / (0)>0. Since |/fe)|<l for \z\<l, and /( 0) = 0, we 

have I f/* I = I //* I < 1 (Theorem 107). 

In particular (3 = 0) | /'(0) | ^ 1. But z = g(t), the inverse transforma- 
tion, is of the same type; hence 1 1 //'(()) | = | g f (0) \ ^ 1. Hence 
| /'( 0) | = 1, /'( 0) = 1. But now | f(z)fz | takes at z = 0 its upper bound 
in | z | C 1. Hence, by Theorem 101, 

f(z)jz = constant = a\ = 1. 

If, on the other hand, a non-identical transformation T of the unit- 
circle into itself leaves three points of the circumference invariant it 
must, by the above, change the position of z = 0 or the direction of a 
line through it. The linear transformation L that restores them changes 
the boundary triplet (having only two fixed points), so TL is not identity. 
But TL is of the type just considered, and we have a contradiction. 

To deduce the corollary we need only observe that there exists one 
transformation, and a linear one, that transforms the centre and a direc- 
tion there in the same way as the given one. 

Theorem 120. — The representation of a bounded (“schlicht” \) 
domain D (not necessarily simply connected) on a domain A is, if possible 
at all, uniquely determined by the correspondence of a point and direction 
in D with a point and direction in A. 

The proof of the special case does not extend, and we must start 
afresh. It is enough to prove : 

If io = f(z) represents a bounded “schlicht’ D, containing the 
origin, on itself, with /( 0) = 0, f'(0) = a > 0, then f (z) zzz. 

Let G be a circle, radius r and centre 3=0, containing only points 
of D. Write /_i for the inverse of /, f n = /(/*■- 1 ), /_» = 

/ 0 = z : all these have the same domain D of existence, and 

|/ n |<M = Max[*[. 

<£) 

t A“ schlichfc ” domain is one that does not overlap itself. 

K 2 
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Hence, by Cauchy’s theorem. 

(1) 1/^(0) | <jp! Mr-*. 

Now it is easily seen that /*( 0) = a u (for n of either sign) : (1) (with 
p = 1) therefore requires a = 1. But then, unless / = «, we have in C 

/= «4-Op^+-- (% =£ 0), 

and so /» = s+napaM-. 

which again is incompatible with (1). 

Cor. 1. — If w = /(«) represents a bounded “ schlicht ” domain D, con- 
taining the origin, on a domain A, and if /( 0) = 0, /'(0) = 1, t/ien 
either f is z and A = D, or else D and A overlap in the strict sense , i.e. 
they have common points, and each contains points not belonging to the 
other . 

Suppose that A CD. Then, on the one hand 
/i(*)=/> / 2 O) = / 1 /(*)}> 

evidently exist in D and are bounded by ilf, as in the main theorem ; 
and on the other /* = for positive w and small # (also as 

before), if f=jfez. Hence AcD implies f= 2 , and similarly DcA 
implies = ov f=z. 

Cor. 2. — If w = /(#) represents D , contaming z — 0, on a A con- 
tained in D, and if /( 0) = 0, then \ /'( 0) | ^ 1. 

Tor | /' (0) | n = | /I (0) | < itfr-h 

13 . 2. We recall that any one-one continuous correspondence between 
two domains preserves the connectivity. A closed contour and its 
interior become a closed contour and its interior (or, with some con- 
ventions about infinity, possibly the exterior). 

Lemma 4. — A simply -connected D (in a single-sheeted surface)' with 
more than one point in its frontier , can be conformally represented on 
some bounded domain. 

If Zi and Zq belong to F(D) we may suppose z 2 = 00 : otherwise take 
Z =zt/(z—Zcf) (a “ schlicht ” transformation). Then infinity is not 
interior to D. Let f = </(z — zf). A closed contour in D cannot 
surround Zi, hence £ is regular in D. t>(z) is also “schlicht” (since 
2 = «!+?)• Suppose then that £ = £( 2 ) transforms D to A. If 
(necessarily =f=. 0) is an interior point of A, — is not one, otherwise z 0 
in D has two correspondents ±f 0 in A. Since £ is interior, and — { is 
not, also when l is near it follows further that — £ 0 is not a point of 
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F{ A) (if it were it would have neighbouring — £ that were interior). Hence 
-So is an exterior point of A. If now Z = 1/ (£+&>) we obtain a Z-domain 
that is bounded. 

This result can be pushed further. (We do not actually use the 
extension for conformal representation theory .) 

Lemma 5. — Suppose that D is a bounded simply connected domain, 
and that P is one of its frontier points. Then D can be conformally repre- 
sented on a A interior to a finite circle K, and in such a manner that P 
corresponds to a point Pi of the circumference of K , that is, all points of 
D near P become points of A near Pi. If D is bounded by a closed contour , 
so will A be. 

We may suppose DP to be z = 0. Let Max | z | = R. Now let 

(D) 

t = log 3 , a function regular in D. This transforms D into A, lying in the 
half -plane II, or ^ log R . Also points near P in D go into points near 
ao in A. If now we transform II into the interior of a ^-circle K we arrive 
at our conclusion. 

Note on the condition for D in Lemmas 4 and 5. — For a single (or 
finite) sheeted surface an F(D) that contains two points must contain 
at least a connected continuum extending to infinity if D is to be simply 
connected.. But this is not true if there may be an infinity of sheets . 

The excepted case. — Suppose D is bounded by one point. Then 
D cannot be conformally represented on a domain bounded by more 
than one. 

For, by Lemma 4, if it were we could represent it on a bounded 
domain. Since we may also suppose the missing point to be z = oo, 
we should have a representation £= <j>{z), with <f> regular for all finite z , 
not constant, and bounded. This- is impossible. 

Finally we can show : 

The only transformations that transform one D bounded by one point 
into another are linear {and then the missing points also correspond). 

If not, we could, by combining with a suitable linear transformation, 
transform the finite plane, non-linearly , into itself. The transformation 
and its inverse are 

£ = /(■*), z = g(D, 

where / and g are regular at all finite points, and “ schlicht Hence 
/ is not a polynomial of degree >1, and so has an essential singularity 
at infinity. Then { takes arbitrarily small values for some large values 
of z , and this is inconsistent with z = 
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14. Two lemmas about domains. 

14.1. In what follows we confine ourselves to simply-connected 
domains, on a single-sheeted plane, and not overlapping themselves 
(“schlicht”), for which F(D) contains more than one point. 

Lemma 6 . — Suppose that we are given an expanding sequence of 
simply -connected domains D n , bounded in their ensemble. Let D — 2ZX 
Then (i) D is a bounded simply -connected domain, (ii) D tl C D, 
(iii) DlcD n (n>n 0 ). 

(ii) is trivial, (iii) practically is the generalized Borel theorem. 
(Every point of D is interior to some _D n , therefore a finite number of 
D n cover DL, so therefore does the greatest of these.) It follows further 
that D is connected (if z x , z^ belong to D they belong to a D n ). Also 
D is open and bounded ; hence it is a bounded domain. Finally if C is a 
closed contour of D, G, being a closed set of points, lies in a D n , therefore 
contains only interior points of D n , therefore only interior points of D. 
D is simply connected. This ends the proof. 

[In the language of “limit-sets”, D n -> D.] 

14.2. Lemma 7. — Given a simply -connected bounded D , there exists 
a strictly expanding sequence D u of simply-connected domains bounded by 
polygons with sides parallel to the axes, and a sequence l n , such that 
(a) D is the sum (or limit) of either the or the D' n , so that also D'-tzD n 
for large n; (b) any two points of D T n can be joined, in JD f n , by a polygon 
of % length l n . 

Cover the plane with a network of sides 2” 1 , ..., 2~ n , The meshes 

of order n interior to D coalesce into distinct pieces, which are simply- 
connected (otherwise the outer boundary of the piece would surround 
frontier points of D). Call D’ n the piece containing a fixed internal point z Q 
of D. In the first place any point z oi D belongs to D n for n > tlq(z). For 
join z 0 to 3 in D, and let 3 be the distance of the path from F(D) ; it 
is easily seen that 3 belongs to D' n if 2~ n < Jd. Hence D == SD U (since 
evidently D n C D). Since D’ n C D , we have D’ n c D m for some m 
(Lemma 6), and so also D = SIX. For the same reason we can, by 
taking an appropriate subsequence, secure that D r nm <z D Vm + ] for all m, 
so that D nm is strictly expanding. Finally if M is the diameter of D, any 
two points of D r nm can be joined by a polygon of length ^ 2M+ perimeter 
of D nn - 

15.1. Lemma 8. — Suppose f n regular and f n ~*f in D. Then 
f n — c and /— c have the same number of zeros in _D_ for n > ?i 0 ( c , DJ) 
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(counting multiplicity), provided no zero of f—c lies in F(jD_). {If a 
zero does so lie the result may be false). The provision requires in par- 
ticular that f — c must not be identically zero . 

/— c has a finite number of zeros in D'_. Surround these by (small) 
circles lying in D_. In the rest of D'_ (a closed set if the circles are taken 
open), / — c is continuous and never zero, therefore bounded below in 
absolute value, by 23, say. By Theorem 113 we can choose no so that 


|/*—/|<5 (n^n 0 , z in D_). 

Then evidently / n — c 0 in D'_ outside the circles, and, since on a circle 


f n — c , or (/— o)+(/ w — /), has as many roots inside as / — c. This proves 
the result. 


Cor. — If each f n is “ schlicht ” in its domain of existence, then either 
f is “schlicht” in D, or else j is a constant. 

If / is not constant and takes the value c more than once, there 
exists a D'_ in which it has the same property, while f^c in F(D'_). 
By the lemma f n —c has two zeros in DL for large n, and this is false. 


16. Riemann's existence theorem . 

16.1. We come now to the fundamental theorem on conformal 
representation (of a “schlicht” domain). 

Theorem 121. — A simply -connected “schlicht” domain containing 
z = 0, whose frontier contains more than one point, can be conformally 
represented on | £ | <1 by £ = f{z), with /( 0) = 0, /'( 0) real and positive . 

We may suppose the domain bounded, by Lemma 4; also translated 
and reduced in scale (z r = az-\-b). It is therefore enough to solve the 
problem of representing D on d with /( 0) = 0, /'( 0) > 0, where d is the 
unit ^-circle, D contains z = 0, and D' <zd. 

We represent z - and ^-points in the same plane. 

Our main idea is to seek a transformation = fi(z), regular in D, 
which increases the distance of each point of D from 0 (makes 
|£i|>M), but leaves it in d. D then goes into a larger D x . Similarly 
D i into D 2 , and so on. We may hope to secure that D n -> d, f n -> f, and 
that / will do what we want. 

Consider 

Z—^/r __ / / z—r \ 

Ay/rZ — l ~~ V W-l/ 


( 1 ) 


(r < 1, a/ = +r at z = 0). 



186 


Riemann’s theorem. 


Z is “schlicht" , regular in any simply-connected domain A contained 
in d and containing z = 0 but not (as an interior point) z = r, and con- 
tinuous in A'. 

As a function of Z z is regular in | Z | < 1 and continuous in | Z | ^ 1 ; 
also z = 0 corresponds to Z = 0. Now if | f 0 | < 1» I 1)| < 1 

if and only if | < 1, and the signs of equality correspond. It follows 
from (1) that \z(Z) \ 1 if \Z \ 1, and that \Z[z) \ 1 if 1 which- 
ever sign is given to the square root ; also that signs of equality corre- 
spond. By Theorems 107, 101, since z/Z is evidently not a constant, 

4- <i (|£|<d, 


from which we have, respectively for Z — 0 and Z=fz 0, 


C2) 


dz 

dZ 


< 1 , 

2=0 


(3) 


\*\<\ z \ (0<|^|<1). 


The inverse function Z(z) is regular in A and continuous in A', and 
is defined at z = 0 ; and for z of A' we have [by (3) and (2)] , 

(4) l>\Z\>\z\ (|*|<1), 

( 5 ) |£'( 0 )|> 1 . 


16 . 2. We observe concerning the transformation (1) : 

1- When Z describes \Z \ = 1, z describes \z \ = 1 twice. 

2. It is not possible for a function Z , regular (and not constant) in 
I z | ^ 1, to have | Z | = 1 on \z\ = l and | z | < | Z | for 0 < | z | < 1 , 
and we cannot avoid many-valued functions altogether. Tor such a Z 
must vanish somewhere (Theorem 101, Cor. 3), and this can happen 
only at z = 0. Then we should have 

(M<D, 

contrary to hypothesis. 

8. We have so far given an account that does not mention Jtiemann 
surfaces. But the wider point of view is the right one, and suggests 
quite naturally the transformation (1), to whose origin there has so far 
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been no cine. (This is not the only occasion when Biemann surfaces 
suggest a proof of a theorem with which they have prima facie nothing 
to do. Compare § 25 . 31.) 

* Suppose that we represent a Biemann surface of tw T o sheets, bounded 
in each sheet by \z\ = 1 and branched at 2 = r, on |Z|^1 [so that 
z{Z) is regular], making 2 = 0, in some sheet, and Z = 0 correspond. 
Then z(Z)JZ has modulus 1 on the circumference. Since it vanishes 
somewhere other than Z = 0, it is not a constant. Hence the modulus 
is less than 1 in \Z\<1, and the inequalities (2) and (3) [and so (4) 
and (5)] must hold. 

The subsequent argument requires only the existence of a function 
with these properties. We can find its actual form [viz. (1)] by the 
following stages. We first represent the single sheeted unit circle of 2 on 
that of 2 ] 2 = r corresponding to z f = 0 ; then the double z' circle, with 
winding point at the origin, on the simple z n circle ; finally the (simple) 
z" circle on the (simple) Z circle, making z ,r = 0 correspond to Z = r 
(the last fulfils the requirement of making 2 = 0, Z = Q correspond). 
The three transformations are : 


z — r 
rz — 1 


yV = 


_ Z—*Jr 
\/rZ — 1 * 


( 1 ) 


16.3. The more general transformation 

Z — \Zre i<f> _ , f z — re i<f> \ 

V rZ—e * V Krz—e**) 


also has the properties (4) and (5). 

Let now r 0 e i<l,a be the point of F(D ) nearest 0. Then 


fi— _ I /s-r n e*M 

Vn L — e 1 * 0 V V r 0 z— e**o) ’ 


or 


£i — /iW, 


gives a regular and “schlicht” in D, and transforms D to D lf say, 
interior to d. Since f^z) is continuous in D r it transforms points of 
F(D) into points of FiDJ = F x . Hence, if is the distance of 0 from F lt 
we have r x > r 0 (provided r 0 Cl). We now repeat the process on D lf 
and so on, obtaining sequences (Z) n ), ( r n ). It is in point of fact the case 
that for any D r n tends necessarily to 1 (so that D n tends to the unit 
circle), that f tl ->/ in D, and that (what the reader will then easily 
believe) w = f(z) represents D on the w unit circle. 

The actual argument is rather long and delicate, and we become a 
little awkwardly entangled in the structure of r n and / n . (We may ob- 
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serve, however, that the selection principle is not required.) There is 
however, an alternative line of attack which, depending ultimately as 
before on the transformation (1), employs, so to say, a larger army of 
functions (m fact, the largest possible). Here there is much greater 
flexibility, and no irrelevant detail!. 

Let D be any bounded domain. We may suppose z = 0 an interior 
point. Consider the class of all functions <f>(z) with the properties : 

(i) 0 is bounded in D, 

(ii) 0 is “schlicht” in D, 

(iii) <f>( 0) = 0, 

(iv) 0'(O) = 1. 

We want to prove that some 0 — 0 O represents D on a circle. Now if 
a 0 O exists (as it in fact does) the function 0 O and the circular domain 
will have certain interesting minimal properties with respect to D. For 
example, M (0) = M (0 , D) , the upper bound of J 0 1 for z of D, and 
<3K<£) := &(<}>, D), the area of the transform of D by w = <p{z), both have 
their minimum values when 0 is 0 O . This is indeed true if we allow 0 
to range over the class of functions subject to (iii) and (iv) only Thus 
let R be the radius of A 0 (the circle), let Z(w) be the function inverse to 
W = and let *<«> = MZ(w)} (so that *(«,) is w when 0 is 0 O ). 

hen 9>, qua function of w in \w\cR, satisfies the conditions #(0) = 0 
(0) = 1; we have 

M{<p, Z>) = Hf($, A 0 ), £ (0, D) = $(#, Afl) . 

and it is enough to prove 

M{$, A 0 )>JJ, Jl($, A 0 ) > ttP 2 . 

The first result is immediate, since (by Theorem 107) 

R — R | #'(0) | < RM 

Next we have 


(2) 


&($) = ff|#'(u» \ a rdrd<p. 


multinlv a~ re< *’ t . he . dou1 ! 1 ? i i ntegral 18 taken 0V6r and regions covered 
multiply aie counted multiply in the area. For | *'( w )|* ia the Jacobian 

the process with D. in place of D , and so on transflmtely W *“ y ^ 
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of the transformation from w to 3>t. Now for to of A 0 we have 
§'{w) = l + 26 2 ^+B 6 3 ^ 2 +..., 
and the right-hand side of (2) is (by ParsevaTs theorem) 

2 x r(l + 2 2 |6 a | 2 ?* 2 +3 2 |6 3 | 2 r 4 +...)rcZr = ttR*+tt 5 n\b n \*R* n > irR 2 , 

J0 71=2 

Suppose now that Nfy) is any number {such as M(\p) or &(&)' 
associated with a function yfr, and that a class of \fr, all defined in a fixed 
D , has a member yfr 0 for which IV is a minimum. If v is the lower bound 
of N (for varying \fr) there exists a sequence (y[r n ) for which Nty n )-*,v; 
we can, perhaps, select a subsequence of (i/r n ) converging in D to a limit- 
function, and this function may well turn out to be yjr 0 . This suggestion 
we now follow up for the class of functions <p satisfying (i) to (iv). The 
argument can be carried through when N is either $(<£) or the 

latter gives the simpler version. 

16 . 4. After these preliminaries we make a fresh start. We take as 
known the properties (4) and (5) of the function (1) of §16.1. They 
are established either by the argument of that sub-section or by the last 
fifteen lines of § 16 . 2 ; one of these counts as part of the official proof. 
What now remains is important but quite short 

The class of functions <p satisfying (i) to (iv) exists, the function 

= * 

being a member of it. Let jm be the lower bound of M(<p) for all <f>. Then 
there exists a sequence (<p H ) of functions <p for which <f> n is 

uniformly bounded in D for large n [since | <p n \ ^ M(<f> n ) < /*+<?]. 
Hence, by Theorem 114, we can select a subsequence of the <p n , with 
which we may now identify the original sequence, converging to a \{s( z ) in 
D. By Weierstrass’s theorem (or by Theorem 113) \fr f (0) = lim <pl (0) = 1; 
and incidentally yfr is not a constant. By Lemma 8, Cor., is “schlicht” 
in D. Further, M(\[s) ^ For if M(\p) > // > ju. we have \^(0 | > /T 
for some f of D, <p n (0 | > m' for large n, and so M(<p n ) > | (pn{Q I > n r for 
large n, which is false. ^ now satisfies conditions (i) to (iv), and is a <p . 
Hence finally fifty) ^ ju and so fifty) = ju. 

I say now that the transform A of D by w = ^fr{z) is a circle, which 
establishes the theorem. If A were not a circle we could decrease its 
largest radius, which is /jl, at the expense of the smallest. In fact, given 

f Since we are concerned with the transform of the ivhole of A 0 a full discussion requires 
some limit-argument. This is given in most accounts of quadrature, and the point is in any 
case rather trivial. As we do not actually use the result we omit the details. 
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a 2 -domain A containing 2 = 0, interior to a circle d of radius ju and not 
identical with it, there exists a xO), with |x'(0)|>l, which transforms 
A into a new domain interior to d; we have only to take \(z) = pZiz/p.), 
where Z(z) is the function (1) of §16.3, and re 3 4 is any point of F(A) 
interior to d. If now our A were not identical with | w | < ^ we should 
have |x{^(«)}|^/i. Then 


= 


X'(0) 


is “schlicht” in D, Vq(0) = 0, = xf,'{ 0) = 1, and 


This is impossible. 


Mii , a ) < 




x'(0) 


< M- 


17. The conformal representation of limit-domains in general. 

17 . 1 . The nucleus of a sequence of domains. — Let (£>„) be a sequence 
of domains each containing 2 = 0. The nucleus N of the sequence is 
defined to be, either the greatest domain D, containing 2 = 0 and with 
the property DL c D n for any _D_ and all large n ; or, if no such domain 
exists, the single point 25 = 0. (In a nucleus there is a privileged point, 
taken to be the origin.) 

We say further that D„ “converges into its nucleus” if every sub- 
sequence gives the same N. 

Notes.— 1. If one domain D has the “DlcD„ (n>n 0 )” property, 
so has 2D, the summation being taken over all such D. A. sum of 
domains all containing z 0 is a domain (zj and z 2 are connectible via 20 ). 
2 is therefore a domain, and the greatest one of its kind. N therefore 
exists (and is unique). 

2. Let L be the set of points P such that P is contained in D n for all 

large n ; the set of interior points of L is a sum of domains, let M be the 
domain containing 2 = 0. N (supposed not the single point) is not 
necessarily the same as M. Suppose, e.g.,D n is the unit-circle less the 
circle (taken closed) On the segment to as diameter. M 

is the interior of the unit-circle, N is M less the point 2 = J. (Thus 
N and M need not even have the same connectivity.) 

3. Examples. (i) D n expanding and uniformly bounded. Here 
N = 2 D n , and D„ converges into N. This is the most important case. 

(ii) Contracting D„. There exists a limit set L. If L. taken open, 
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is a single domain, then N = L. (L need not, however, be a single 
domain; see, for example, Fig. 7.) 



Fig. 7. 


17.2. Lemma 9 . — Given two bounded sequences of domains^ ( con- 
taining the origin ), (D. n ) and, (A u ), let D and A be their nuclei, neither 
being a point. Let £ = f n (z) represent on A n , and let <f n be the 
inverse function of f n . Suppose now that 

MO) = 0, /»->/ in D, in A. 

Then f = /(#) represents D on A, and <j> is the function inverse to f. 

Observe that [since <f> n ( 0) = 0] there is complete reciprocity : any- 
thing proved for D, /, ... applies also to A, <f>, .... 

The proof falls into four stages. 

(a) / and are not constant. This is far from trivial. If / is 
constant its value is /( 0) = 0. If £ 0 0 belongs to A, let 
Z = 0(£o)> z » == #»(&). Then z* -> z. If now z C JD, there exists a D_ such 
that (i) z n , ZCD_ (n>n 0 ), and so also (ii) Z n> z cD tt (n > 

From (ii) /*(z») = £ 0 . From (i) \f(z n )~~ /«(zJ|->0 as n~>co (uniform 
convergence of /„ in D'_). But the left side is |0— f 0 f» an( i we ^ ave a 
contradiction. Therefore <f>(£ 0 ) takes only values lying in 0(1)) for £ 0 =£0 
of A. Since <p(0) = lim <p n (0) = lim 0 = 0 and <f> (the uniform limit 
of <p n ) is continuous at £ = 0, this is impossible. 

(b) f is “ schlicht ” in D, <f> “schlicht” in A. This follows from (a) 
and Lemma 8. 

(c) The values of f ( for z of D) lie in A, the values of <p in D. By 
(b) f = / represents D on some domain 8. Given z of D , there exists a 
D- containing 0 and z , and a D 0 such that DL C D 0 and DoCD (see 
Lemma 7). By f = / there correspond <L and S 0 similarly related to 
o and f = 0. Now by the uniform convergence of /» in D 0 , f = / n (n 
large) represents D 0 on some area differing arbitrarily little from <S 0 » 


f By a bounded sequence of domains we mean a sequence of uniformly bounded domains. 
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and therefore containing SL. Since also D n D D 0 (for large n) we see that 
A„ O SL for almost all n. By the definition of A, <L c A, and the value 
f(z) belongs to A. 

(d) C 6. Let £ 0 be any point of A ; we have to prove it the / of 
some z. Now z n — -> <p(£ 0 ) = Z, a point of D, by (c). There- 

fore there is a D- such that z n and. z belong to jD_ for large n. Hence 

/(Z) — to — L/(Z) — f(z n )\ + {f(Zn)—fn(Zn) } 

-^04-0 - 0, 

by the continuity of / and the uniform convergence of / in D_ respec- 
tively.- Hence /( z) = £ 0 : £ 0 is a point of S. 

It follows now that £ = / represents D on A. Finally, we have just 

seen that f{<f>(to)}=^o 

for any 5o of A; hence / and <p are inverses. 

17 . 3. We prove next : 

Given a bounded sequence of D n each containing z = 0, and thatD n 
converges into a nucleus D, not a point; also a bounded sequence A tt , 
with nucleus f A. Suppose now that 1= f n (z) represents D n on A n , 
/„( 0) = 0, fn~+f in D. Then (1 )£=/(*) represents D on A, 

(2) A w converges into A. 

Case (i). A not a point. — Consider the inverses We can select a 
subsequence giving = <£„ }U -> $, F = f. Let A* be the 

JV“ of the A* w = A*, D* that of the L* = Z) Wwi . Then D* = L, Ac A*, 
and A* is not a point. By Lemma 9, £ = / represents D on A*, and /, 
$ are inverses. It follows now that If not, we can select 

different subsequences giving different limit-functions <3? and $ 0 , and 
nuclei (possibly the same) A*, A*. But since then £ = /(#) represents 
L on A* and on A*, these last are identical. Then further z = $0, 
2 = » defined in the same A*, are both inverses of /, therefore 

identical. But if <p n $ the subsequence originally chosen may be the 
whole sequence, and A* = A. This proves both (1) and (2). 

Case (ii). A the point f = 0. — We have to show f n -> 0 in D. If 
not, / is not constant, is therefore “schlicht” (Lemma 8), and therefore 
represents D on some domain S containing 5 = 0. Take cL containing 
5 = 0, and 8 0 such that SL c d 0 , do C d, and let ZL, D 0 be the corresponding 


f We slightly extend here the use of the symbol A ; a may be a point. 
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2 -domains (they contain 2 = 0). f =/«. represents D 0 on something 
differing arbitrarily little from <5 0 , therefore containing It follows 
that <$_ C A, and this is impossible. 

17 . 4. It is easy to prove a converse of the last theorem, viz. : LetD ni 
D, A tt be as before , and let l =f n (z) represent D n on A„, / n (0) = 0, 
/U 0) >0. Then , giaen further that A n converges into A, it follows that 

(for some f) f n -*/ in D. 

If not, there exist two subsequences (/ n J with different limit- 
functions Fi and With obvious notation we have Af = A* = A (by 
hypothesis). Therefore, by the direct result, £ = Fj and f = F 2 both 
represent D on A, with jF]( 0) = lim/^O) > 0 and similarly F^(0)^0 
This is impossible, by Theorem 120 

Summing up we have : 

Theorem 122. — Let (. D n ), (A n ) be bounded sequences of domains , 
with nuclei D and A, where D is not a point , and let D n converge into D. 
Let £ = f tl (z) represent D n on A n , f n ( 0) = 0, f % (0) !> 0. Then the neces- 
sary and sufficient condition for f n to converge to some limit-function 
fin D is that A n should converge into A. If this happens £= - f(z) 
represents D on A. 

It is an instructive exercise to write out the proof for the special 
case when D n , A n are expanding (and bounded uniformly), making the 
appropriate simplifications. The result, for this case, which we call 
(for reference) (A) , is as follows : 

If D v , A n are expanding and uniformly bounded , and tend to D and A, 
and if f n ~*f in then f — f(z) represents D on A. 

17 . 5. MonteVs proof of Theorem 121. — D is a limit of expanding D n 
which are polygons. The theorem, (B), that any (simply-connected) 
polygon can be represented on a circle, goes back to Schwarz (see, e.g., 
Goursat’s Gours d 1 Analyse, Yol. III). From (A) and (B) Theorem 121 
follows, and this is Montel’s proof. It is instructive to analyse further 
the proof of (A), especially so far as it depends on (C), Montel’s theorem 
(Theorem 114). We want (C) only for a domain D n known to be repre- 
sentable on a circle ; it is therefore enough to prove (C) for a circle, a 
specially simple case. 

The boundary problem . 

18.1. We prove next a result of interest in itself, which we shall 
also have occasion to apply in the sequel. 
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Theorem 123 . — Suppose that we are given a closed contour P ( interior 
A), divided at ft and a into and P 2 . Suppose (1) yfr(&) is regular and 
bounded in A , (2) ^ is continuous in A' except possibly at a, (3) 
as £-~>a along T v Then either \(s~+a as £ a along P 2 , in which case 
yp'^a ( uniformly ) as £-> a in A, or else \fr does not tend to a limit as 
£-> a aZo?ip P 2 . 

Suppose the result false, so that ^-+b^ci along P 2 . Let 

Then x^O along Tj and T 2 . We prove first that 

X">0 uniformly as £~>a in A. 

By Lemma 5 we may suppose that a is the origin, that Th, P 2 lie, except 

for a, to the right of the imaginary axis, and that |xl ^ 1 in A. [Our 

applications require only this special case, and are therefore independent 
of Lemma 5.] Let h be large and positive, and 

xi (0^x(Oia+ho. 

Given e, choose r(e) so that | xi I < e f° r P°ints of T h F 2 in | £ j <: r. Let 
8(r) be a domain, with a on the boundary, cut off from D by | £ | = r. Now 

(1) 1 1/(1+^) I < 1 (fin. A'). 

By choice of h = A(e) we can make 1 1/(1 + A£) | < € for points of T 
oiitside | f | = r. Hence | xi | ^ e for points of T other than «, whether in 
|f|^r or not, therefore (Theorem 102) also for A', and in particular in 
<S(r). That is, given e, we have ( x| e| 1 + A(e)£| for all f of S(r). Hence 
| xl < 2e for | £ ( < Min (r, 1/A), giving the result. 

Return to yfs. Our hypothesis involves that in any 8(r) we can find 
a line X such that for £ of X yjr(£) runs from a value near a to a value 

near b. The perpendicular bisector of (a b) meets the track of and 

the corresponding values of yfs— a, b have moduli not less than 
J | b —a | . That is, there is a £ in 8{r) for which | xl ^ £ | fr — a | 2 . This 
contradicts x~^0 and proves the theorem. 

19. The representation of D' on A' when D and A are bounded by 
curves. 

19 . 1. Let C be a simple closed contour in the 2 -plane, D its interior. 
Let A be the ^-circle. By Theorem 121 there is an f{z) such that 
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£ = fiz) represents D on A. We show now that, with appropriate com- 
pletion of its definition, f{z) is contmuous in D f . Given a point A , or 
z = a, of C we have to show that there exists an a such that 
|/(s)— *a|< e in d(A 9 r)t (r<r 0 ). 

We observe first that, by Lemma 1 (§11.4), the low T er bound of 
| / 1 for z of d tends to 1 as r -> 0. We must now consider arg /. 
Let <r(A, r) = <r(r) be its oscillation in d{A, r). We shall prove 
that o*(r)-*0 with r. If not, let <r r be the upper limit of o*(r), and 
0O 0 < <r\ cr Q < *7 r. For some arbitrarily small r we have then <r(r) > <r 0 . 
Considering always such r we can now draw in d(r) a simple line V on 
which osc arg / > <r 0 . There corresponds in A a simple line A' whose 
extremities P and (V have arguments <j> v (j> 2 with <f >[— [The 
intuitive basis of the subsequent argument is as follows. X s lies near 
the circumference. If it were an actual arc of the circumference we 
should have, roughly, <f>(t ) — a small on this arc, bounded on the rest of 
the circumference; therefore (compare, e.g., §9.8) small at points well 
in the interior of the circle, which is false.] Let <£ 2 = <pi+^ 0 ) we then 
obtain a line PQ as in Fig. 8, with extremities of arguments 0i, 

Let M be the mid-point of RS, so that OM = cos Jcr 0 . 


S 



If r is small enough every point of PQ [corresponds to a point of d(f) 
and] is distant more than OM from 0. MR and MS therefore cross PQ, for 


t We use the notation 0 ! the introduction, § 6. 
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the first time (from M) at, say, T and U. Let be the inverse function 
of /. By a transformation £ = £ x e ir +c we may suppose SR the real axis 
of h. Let The curve UT and the chord UT bound 

a domain A 1? and the reflection of A x in SR is evidently interior to the 
circle. Let A£ = A 1 +A 1 + chord (UT)+ boundaries. If £ lies in Ao 
0i(£i)* are regular functions of their arguments, and their moduli 

do not exceed Max| | ^ K, where K is the diameter of D. On 

the boundary either |<£i(£i)| or | <f>x(^i) | ^ mix), since for £ of QUTP 
(p(l) lies in d(r ), and so is at a distance not exceeding m(r) from 3 = a. 
Hence 

on the boundary of Aj, therefore also (Theorem 106) inA 2 . In particular 
the inequality holds on the chord UT , where ^ giving 

I 0i <&) | < V{ Km(r)\. 

[This is, in fact, a case of the result proved on p. 112 (fig. 5), but we have 
repeated the argument for completeness.] In particular 

(1) 

The right-hand side tends to 0 as r-+ 0. But £# lies on |f | = cos ^cr 0 , 
and to this corresponds a ^-contour distant fe(cr 0 )>-0 from the boundary 
C, contrary to (1). Hence cr(r) -> 0. 

19.2. It follows xhat there exists an a satisfying |a|=-l, such that 

f(z)-> a as in D. This being true for every A f is evidently con- 

tinuous in D / . It follows that £ = f(z) makes correspond to every a of 
C a point a of the circumference |£| = 1, and that a is a continuous 
function of a. 

We show next that as a describes C, a moves continually in the same 
sense, and returns to its starting point when a does. If this were not so 
there would be two points a x . a 3 of C to which the same a corresponded. 
To two non-intersecting simple lines L x , L 2 from an interior point b of D 
to Ci, a s (see § 6) correspond in A two non-intersecting simple lines Fi, T 
from (3 to the same point a of | { | = 1. Then <f> a x or a 2 as £ -» a along 
Fi or Tj. Theorem 123 shows that this is impossible. 

19.3. We prove finally that is continuous in A'. Let q(r) be 
B r C r . To B rs C r correspond, in the sense of our work above, /3 r and y r of 
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|£| = 1, and to q(r) corresponds a cross-cut f3 r y ri or K r , of A. 

S (a, r) be the domain cut off by K r which has a on its boundary, z near 
a give £ near a (since f is continuous). Also to points of D separated, 
or not separated, by q(r) correspond points of A separated, or not 
separated, by K ry and conversely. Hence to f of S(r) correspond 2 of 
d(r) 3 for which \z—a\^m(r). Hence 

| 00 — a\ < m(r) 

for £ of 8(r ). Since m(r)-> 0 with r, it follows that <f> is continuous at 
boundary points, provided we define <j>(a) t.o be a. 

Slimming up we have 

Theorem 124. — If D is bounded by a simple closed contour the func- 
tion f representing D on the unit circle A is continuous in D f , while its 
inverse function <f> is continuous in A'. The correspondence l=f(z) between 
B' and A' is one-one and bi-continuous . 

20.1. The more ‘‘regular” is the curve C bounding the domain B, 
the more “ regularly ” does the function f(z) representing B on the unit 
^-circle behave at the boundary. Many propositions could be given corre- 
sponding to different degrees of regularity in hypothesis and conclusion. 
We shall content ourselves here with two. 

We prove first the analogue of (part of) Theorem 123 for harmonic 
functions. We apply this in a moment, but it has a certain interest for 
its own sake. 

Theorem 125. — Suppose that G is a closed simple Jordan curve and 
that D is its interior . Let the function u be harmonic and bounded in 
B , and continuous m D ' except at a point a of G } and suppose that 
u -> a as z -> a along C 1 and C 2 ( the two portions of C abutting at a). 
Then u is continuous also {in B') at z = a. 

A harmonic function of x } y remains harmonic if x+iy undergoes a 
conformal transformation (see § 7 . 45). Hence we may suppose, in 
virtue of Theorem 124, that G is the unit circle, a is the point 2 = 1, and 
a = 0. We have then, for r < 1, 

U(T, 0)=~ «CB, iyfr. 


n2 


where r < B < 1, 
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By hypothesis we have 

lim u(B , \fs) = tnyv vy =7= u ^' 

J 2— >1 

Let us define t7(0) = 0. Then in virtue of our hypotheses U(\f) is 
continuous in (— tt, 7 r)f. Since u{£, \[s)^U(\fs) p.p. and boundedly, 
we may take the limit jB-> 1 under the integral sign. Hence u is the 
Poisson integral of the continuous U, and the theorem follows from 
Theorem 59. 


20.2. — Theorem 126 . — Let C be a closed simple Jordan curve , D its 
interior , and let £ = f(z) represent D conformally on the unit £- circle A. 
Snppose now that 0 possesses a proper % tangent at z~ a, and that l is a 
straight line through a. Then to any curve in D touching l at a corre- 
sponds a curve in A touching a straight line A, depending only on l, 
through a = /(a). Further , the angle between two lines Ai, A 2 is the 
same as that between the corresponding li , U, 


Let 


u = arg 


z—a 


~ arg 


s-* m 

z — a ' 


u is harmonic in D, and continuous in B ! except at z = a, arg(^— a) is 
bounded, and the hypothesis of a tangent at z = a implies that arg (z—a) 
is bpunded also§. Finally, when z describes C, starting at a+ and 
ending at a—, ar g(z—a) increases by tt, and so does arg(£— a)t. Hence 
u tends to the same limit whether z -> a along C x or along C 2 , 
Theorem 125 now shows that u is continuous at z = a, and the results 
of Theorem 126 follow without difficulty. 


20 . 3. Theorem 127 . — Suppose that the hypotheses of Theorem 126 
are satisfied, and, in addition, that C has a continuous tangent in the 


t But it does not, of course, follow at once that u is the Poisson integral of JJ\ this, 
indeed, is practically what we have to prove, 

t z approaches a along the two branches of C in opposite directions (a cusp is 
excluded). 

§ This is true for a neighbourhood of a, by the hypothesis. Moreover in the part of D 
for which | z—a | >5 arg (a— a) is continuous, and so bounded. 
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neighbourhood of z = a, or, more generally, that the chord from z to z ; 
tends uniformly to the tangent at a as z and z r tend independently to 
z = a on C. Then arg f f (z) is continuous at 2 = a. Hence also ; to every 
curve of continuous tangent issuing from a corresponds a similar curve 
issuing from a. 

This theorem is rather difficult (and the reader may ignore it if he 
wishes). Let z = be the function inverse to £ = f(z), and let 

x _ _ z x —z 

w=i ■"& -r 

For fixed r ^ is regular and never zero in A (note that £ = 0 requires 
special consideration), and continuous in A'. Hence 

u(£, t) = arg^ = arg (z 2 — z) — arg (£ 2 — £) 

is harmonic in A (in particular at the point £ = 0), and continuous, for 
fixed r, in A'. 

We now make the provisional assumption that there exists a G, inde- 
pendent of t and such that 

cd \u\ < G 

upon |£| = 1, and therefore in A'. 

As t-h^O we have u(a , t)->co, where co is the angle between the 
tangent to G at a and the tangent to |£| = 1 at a. Now the hypothesis 
about the chord zz l is equivalent (in virtue of the continuity of / and <f>) 
to the following assertion : For a given € there exist rj, S such that, on an 
arc of | £ | = 1 of length rj on each side of a = 


( 2 ) 


| ^(f, t) — CO j < € ( | T | < S). 


We proceed to prove that a similar inequality holds for £ near a and 
interior to A. Let U*(\fs) = r) be the boundary function of the 

continuous function w-wat e**, so that u— co is the Poisson integral of 
[/*. Now U* is bounded above (for varying r as well as varying \fr) by 
G+ j & \ and is not greater than e for points of the arc (^r 0 -~ tj, 


t The two contours are described in the same sense (Theorems 124, 117). 
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Hence, if f — re ie , \ r [ < S, we have 

Wo+’j / [* f^+n 

2x{u(£, t)-*J = U *W P( r > W + ( “ U*Pd^ 

= 1 +f ■ 

J a) k 2 ) 

J(i) J(2) 

2 xe* 4 " ((?+| ^ |) A ( 17 , r, 0), 

where is independent of t, and tends uniformly to zero as £ = re" -> e** 
(Theorem 59). We have proved, therefore, that there exist rj l9 S t such 
that 

(3) \u—w\<e (| ^ — a [ < ni> |t|<^). 

If now we call Ai the part of A for which | £—<*!< *h, then, for any 
(interior) £ of A x , we have, on making r~> 0 and so ic-> arg $'0, 

(arg0'0— w | < €. 

It follows that arg is continuous at the point a . Our result 

follows, since f{z) = l/<p ! (t). 

20.4. It remains to remove the assumption (1). Consider the 
domain d(a, r) and the corresponding 8(a, r) of A. 8 is bounded by an arc 
fty of the circumference of | £ | = 1 and a simple line from ft to y in A'. 
The main ideas of our argument are : (i) The hypothesis of the theorem 
implies the result (1) for the domain d provided r is small enough, (ii) it 
is plausible that only the neighbourhood of z = a is really relevant to 
the problem. 

Let ii — f i(D represent 8(a,r) on |£i|<l, or A,; then, by 
Theorem 124, the coirespondence extends to the boundaries, and 

=*<*) 

(say) is continuous in dl . Now we have, by hypothesis, if r is small 
enough, 

(1) (arg (*'-*) |< -K 

for z, z' of the part of the boundary of d belonging to C. An inequality 
of the type of (1) holds also if one of z P z' belongs to C and the other to 
the circular arc fty, while yet another holds if both belong to fty. Also, 
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of course, 

I ar g (£'—£) |< 2 tt+. 

It follows that the condition (1) of § 20 . 3 is satisfied for the function 
F(z) that represents d on Ai, and we conclude that argF f (z) is con- 
tinuous at 2 = a. But fi(Q makes part of a circular arc (containing the 
point l = a) correspond to part of a circular arc. It follows, by 
Theorem 118, that j 1 is regular at internal points of the arc; and, 
further, that the conformal representation effected by /i extends to a 
domain on the other side of the arc, in virtue of which fact /((£) does 
not vanish at any internal point of the arc. Consequently arg /{0 is con- 
tinuous in JU<1 at l = a. Hence, since f(z) is continuous in D\ 
arg A continuous at z = a; and hence, finally, 

arg f{z) = arg F'(z)— arg /l© 
is continuous at z = a. 


| It is supposed that 0, z’ (or ( } (') start from some fixed pair of positions, and ~^ary in 
any way subject to the restrictions that they do not cross each other and that neither crosses 
z = a. 
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Chapter IL 

The present chapter deals with the following problem. Suppose that 
a function / (z), regular in the unit circle, is restricted by the condition 
of never taking a certain value, or set of values. What influence has 
this condition on the behaviour of the function ; in particular, how does 
it restrict the maximum modulus M(/>, /) [or the means M\(p } /)] and 
the n-th coefficient c n ? The most striking result m this field is the famous 
theorem of Picard concerning functions that have 0 and 1 as missing 
values. We consider the problem of missing values in a generalized 
form, in which we suppose that the point w = f(z) moves, for varying 
on some given Kiemann surface. Our problem leads naturally to the 
discussion of the class of functions f(z) that are “schlicht” in the unit 
circle of z : this is in any case a subject of great intrinsic interest, and we 
devote a special section to it. 

We begin with a section on‘ 'subharmonic” functions. The subject 
is not prima facie connected with our main problem, but some of our 
arguments find here their most fundamental application. 


21. Sub harmonic functions . 

21.1. A real function w(x, y), or for brevity w(z), where 
zz=zx+iij, is called subharmonic in a domain D if it satisfies a 
certain pair of conditions (Aj and (B). Condition (A) is of the nature 
of a restriction to continuity. It is essential to have some such 
restriction. We assume, in the first place, that for z of D 

(A)(1) w(z)> Hm w(Q; 

£->z, 

and we assume further that 

(A) (2) u'(z) < co in Z). 

The value — oo for w is permitted. 

The second condition (B) may take a number of forms (B x ), (B 4 ), 

all of which, however, we shall in the end find to be equivalent. 



SUBHAKMONIC FUNCTIONS. 


153 


(B x ), ..., (B 4 ) require respectively that for every ( x , y) of D we shall have 
1 [ w 

(Bi) w(x, y) ^ cos 0, y+r sin 0) d0 

• J -it 

for ail small r ; 

(B 2 ) w(x, <20 j wfc-fp cos 0, y-\-pBin&)pdp 

for all small r ; 

1 P* 

(B 3 ) m?(x, y) — \ w(£ + rco80, y-\-rsin 6 )d 

att J—n 

for some (< arbitrarily ) small r ; 

(B 4 ) %o(x, y) < -3 l <20 ( w(x+p cos 0, 2/+p sin 0) pdp 

7TT J— it JO 

/or 50?we {arbitrarily) small r. 

It follows from any form of (B) that for z of D w(z) 

(~>z 

Combining this with (A) we see tnat a function w(z) subharmonic in D 
is upper -semi-continuous in D } that is, it satisfies 

( A *) w(z) = limw(£) 

at every point z of D. 

We continue, however, to distinguish “ condition (A*)” from 
“conditions (A)”, that is to say, conditions (A)(1) and (2), but not 
necessarily (A*). 

21.2. A function w (z) satisfying conditions (A) in a bounded closed 
set E is bounded above in E (by the usual covering argument for the 
continuous case). Hence w(z) is bounded above in any bounded closed 
subset E of D. It attains its upper bound in any such set. For if 
<3, the upper bound, were unattained, the function w* = (£— w)” 1 
would satisfy conditions (A) in E, but would not be bounded above 
in E. Obviously w{z) is measurable, and the various integrals in the 
conditions (B) exist, since w(z) is bounded above on the circles con- 
cerned. These integrals may, however, have the value — oo. 

A function w(z ), satisfying conditions (A), is the limit-function of a 
decreasing sequence {w n (2)} of continuous functions 'in any bounded closed 
subset E of D. 
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We may suppose that w(z) is not identically — co [when we may take 
w n (z) — — n], Let £ he any point of the (x, y)-plane, and let us write, 
for any fixed integer n^l, 

(1) w n (£) = upper bound {w(z)—n&(z, £)}, 

z in E 

where S(z, £) denotes the distance between z and £. w n (Q is finite, and 
there exists a point z 0 = z 0 (£) in E such that 

W n (O = w(z 0 )-nS(z o , t). 


For any other point £ 3 

w n (£i) >w{z a )~ n8(z 0 , l 1 )^w(z 0 )—n{S(z 0 , £)+§(£, Ci)} 


= »*«)-» S(£, £ x ) . 


Hence w n (£ x ) ^w n (£)—e, if S(£, £ x ) < e/%. Since we may interchange 
£ 9 /nd £ x , w n (C) is continuous (in the whole plane). Also w n [t) ^w n+1 {£), 
and if we choose £ as a 2 X in E , (1) gives w n (z x ) ^w(z 1 ). Suppose first 
that w(z x )>-^ oo, and let z ' be another point of i7. By (A)(1), 

w(z') <w(z x ) + e; w(z')— nS(z', z x ) <w(z x )-j-e, 

provided that 8 (z\ Zy) <8(e). On the other hand, w(z) is bounded above 
in E. Hence there is a G such that 

w(z') —n§(z', z x ) ^ G~n8 

if S(z', z x ) >S. The right-hand side does not exceed w(z 1 )+e if % is large 
enough. For such n , therefore, w(z')~-n8(z', Zy) for all z f of 

E,i.e. w n {z-y) ^.w(z 1 )+€. This proves that w n (z 1 )-^w(z 1 ). The proof is 
similar if w(z x ) = — oo. 

21 . 3. The inequality in (B x ) and (B 3 ) asserts that w(x , y) does not exceed 
the average of to over the circumference of the circle of radius r round Or, y ) ; 
the inequality in (B 2 ) and (B 4 ) asserts that w(x , y) does not exceed the 
average of w over the area of the same circlet. For a harmonic func- 


f Our results can be extended to higher averaging processes; for example, to the 
inequality 

w(<r, V) ^ ~ f dr A f dr ... A ( r ) 
r Jo r Jo 

or all (or some) small r, where A(r) is one of the averages considered in the text. 
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tion u, of course, u(z) is equal to each of the averages ; also u and —u 
are both subharmonic. If W 1? W 2? W 3 , W i are the classes of functions 
corresponding to' the four definitions, it is trivial that W 2 contains W 1? 
that W 3 contains W lf and that W 4 contains W 2 and so W x . The rest of 
the proof of the equivalence of the four classes depends on Theorem 201 
below. 

Consider the special class of to with continuous second derivatives 
in D . Let the circle d, \z— be contained in D , and let 

J(r) = j_ wiZo+re^dQ. 

We have, as a case of (3) § 7 . 12, the formula 

a) f 

If A to ^0 in D this gives J (r) ^ J(0) = w(z 0 ) for every s© of D and 
every small r, so that w is subharmonic by every definition. Conversely, 
the condition A w ^ 0 in D is necessary for a w (of the special class) to 
be subharmonic in D by any definition, whence the equivalence of all 
definitions within the class. If the condition is satisfied, then J(r) is, 
by (1), monotome increasing (in the wide sense) in r (sO long as d is 
contained in D). 

If all subharmonic w belonged to the special class, many arguments 
would be as straightforward as this one. The special class is valuable 
in suggesting results, and the “A w ^0” tendency should always be 
borne in mind. [It is, in fact, true, though we must not prove it now, 
that for a w subharmonic in D, Aw exists in a generalized sense, and is 
not less than 0, p.p. in D.] But quite practical applications force us to 
consider the wider class, and we have to find other arguments, no longer, 
but more delicate. 

21.4. A function u will be called a harmonic frontier majorant of 
a function g for the domain D if u is harmonic in D and continuous in D', 
and u(z) >lim g(Q in D) for points z of F{D), the frontier of D. 

Theorem 201. Suppose that w is subharmonic , by any one of 
the definitions , in the bounded domain .D, and that u is a harmonic frontier 
majorant of w for D. Then w ^.u for all points of D. 

Conversely , a function w, satisfying conditions (A) in D, is sub- 
harmonic in D according to the definition (Bi) provided that w ^ u in 
D 1 for every domain D x and function u which are such that is contained 
in D and u is a harmonic frontier majorant of w for D v 
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Corollary 1 . — The four definitions are equivalent . 


Corollary 2. — A function w, subhbarmonic in a bounded D and 


limw(£) ^ 0 

-±z 


at every point z of F(D ), satisfies w < Gin D. 

Corollary 3. Let (J3 { *) denote what the inequality (B { ) becomes when 
the sign ^ is replaced by =. Then a continuous function w, satisfying 
any one of the four conditions (B^) in a bounded D } is necessarily harmonic 
in D. 


Suppose the first part of the theorem false. Define 

d(z) = lim (w(£)}— u(z) 

£->z 

for z of D' and £ in D. This is w(z)—u(z) for (interior) z of D, and 
somewhere takes positive values. Alsof d{z) satisfies conditions (A) in 
D f ; it therefore attains an absolute maximum M > 0 at a point P of 
D', and the set, E say, of such points is closed. Let Q , or (x 0 , y 0 ), be 
a point of F(E), so that d(Q) = if, and [since d <0 < M at points of 
F(D)], Q is an interior point of D. Consider now the circumference C r 
of small radius r round Q. This must contain a point R belonging to 
CE, at which therefore m = d(R)<M. Then, by the upper-semi-con- 
tinuity, d <m -\~ S < M for points of G r in a certain interval of 6 , whence 

d(# 0 + r cos 0, y$+r sin 0) dd < M = d(x 0 , y 0 ); 

and so, since the average of the harmonic function u is equal to u(xq, y 0 ), 

w{x 0 +r cos 0, y 0 +r sin 0) d6 < w{x 0 , y q). 

This is true for all small r, which gives a contradiction if our definition 
is either (Bi) or (B 3 ). Finally, the area of the interior of C T contains a 
point of CE (for example, an R associated with C ir ), and a precisely similar 
argument, for averages over the area instead of over the circumference, 
disposes of the remaining cases (B 2 ) and (B*). The first part of the 
theorem is therefore established. 




t Any upper limit Em F(() clearly satisfies (A) (1), 



Subharmonic functions. 


157 


Consider now the converse. Given a point (x 0 , y Q ) of D, consider a 
circumference C r of radius r surrounding it (containing only points of D). 
On C r) w is the limit-function of a decreasing sequence of continuous func- 
tions w n (§21 .2). Let u n be the function harmonic in the interior of C r and 
agreeing in value with w n on G r . This is a harmonic frontier majorant 
of w nt and so of w, on C r . By hypothesis w(x 0 , y Q ) < u n {x Qi y 0 ), or 

1 

(1) w(x Qy y Q ) < — J w n (x 0 +r cos 9, y 0 +r sin 6) dO. 

Since the interchange lim j w ll0 = J lim w n is permissible for a monotonic 
sequence [Theorem 11, Cor.], we have, by taking limits in (1), 

1 f 7r 

w («o» JfoX^J w (^o+ r cos Vo+ r sin 9) dd, 

and, since this is true for all small r, w satisfies the definition (BJ. This 
proves the converse. 

Next, the complete theorem shows that a function subharmonic 
according to any definition is subharmonic according to definition (B x ) ; 
conversely it is trivial (as was pointed out in §21.3) that a function 
subharmonic according to (B x ) is subharmonic according to any of the 
other definitions. This proves Corollary 1. 

In Corollary 2 (a generalization of the maximum principle for har 
monic functions) G is a harmonic majorant. 

Finally, in Corollary 3, both w and —w are subharmonic; inside any 
circle G (in D) w is consequently both not greater and not less than the 
harmonic function agreeing with w on the circumference ; w is harmonic 
inside G. 

Theorem 202 . — If A is a conformal transformation of D , then a 
function subharmonic in D transforms into a function subharmonic in A. 

The converse part of Theorem 201 provides, in fact, an alternative 
definition of a subharmonic function in which the conditions are in- 
variant under conformal transformation. 

This proof is curiously indirect. An easy direct one would be avail- 
able by means of 

dz ^ 

Af.,10 = A Xi yW^0, 

if we might assume continuity of the second derivatives. 
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Theorem 203. — Let w be subharmonic in a domain containing 
a circle \z~ z 0 \ ^ r, and let u be the Poisson integral of the values of w 
on the circumference . Then to for interior points of the circle . 

N.B. — It must be borne in mind that j w(re ie )dd may be — oo ; in 

this case the Poisson integral u is evidently — oo at all interior points of 
the circle, and the theorem asserts that then the same is true of w. 

Let £ 0 = z<>+p 0 e ieo be an interior point of the circle. A linear trans- 
formation of \z— into itself which, transforms { 0 into the centre 
transforms w into a subharmonic w* (Theorem 202). Also it transforms 
the Poisson integral tt(£ 0 ) into 

U*(z 0 ) = j «>*(«„+ 

[see §7.45 (ii)]. Thus 

«(&) = ^ j w*{z, + re i *) d6 > w*(z a ) = 

Theorem 204. — Suppose that w is subharmonic in \z— z 0 \<R, and 
let u(z, r) be the Poisson integral of the values of w on the circumference 
C r of centre z 0 and radius rCR. Then , for fixed' z, u is an increasing 

function of r ( for r > | z—.z Q |). In particular jw(£ 0 -f-re i<J ) ad increases with r. 

If r f > r we have w(£) u(£, r’) for f of C r (Theorem 203). Hence 

u(z } r) = {Poisson integral of w(f)} 

{Poisson integral of u(£, r f )} = u(z , r'). 

Corollary. If w is not everywhere — oo in D then the integral of w 
over any area D f _ is finite (not — oo). 

In any bounded DL w is bounded above, and so effectively of constant 
(negative) sign. We observe now that the integral of w over either the 
circumference or the area of a circle contained in D is finite. For by the 
present theorem it is enough to prove this for the circumference ; if the 
circumference integral is — oo then w = — oo in the interior (Theorem 
203) ; the integral of w along the circumference of any circle contained 
in D and intersecting the first is — oo ; and by a chain of circles w = — oo 


f If w is continuous on the circumference u is a harmonic majorant of w (Theorem 60), 
and the result of Theorem 203 follows from Theorem 201. This line of argument could be 
extended with a little trouble to cover the discontinuous case also. 



SUBHARMONIC FUNCTIONS. 


159 


at any assigned point of D, contrary to hypothesis. Finally, if the 
integral of w over some area DL is — oo it will be — oo also for some 
area of arbitrarily small diameter, and so for a circular area (containing 
this) contained in D , which we have seen to be impossible. 

21 . 5. Theorem 205. — A finite sum , or a uniformly convergent infinite 
sum t of functions subharmonic in D is subharmonic in D. The function 
Max (w lt w 2 , to, i), where w lt w n are subharmonic in D, is sub- 

harmonic in D. If k ^ 1 and w is a non-negative function subharmonic 
in D, then w k is subharmonic in D. 

For the last result we have, in respect of condition (B), 

w k (z 0 ) < | w(z 0 +re' e ) do) < j w K (,z 0 +re ie ) d9 

(Theorem 1). The other cases of condition (B), and all cases of conditions 
(A), may be verified immediately. 

Theorem 206. — Let X > 0, k ^ 1. If f(z) is regular at every point 
of D and \f \ is one-valued in D , then |/| x 5 log|/|, and 

l' 0 g|/ 1 = Max (0, Iog|/|) 

are subharmonic in D. Further, |«| f ‘|/| x is subharmonic, for every real 
/jl, in the domain consisting of D less the point z = 0. If u ( not neces- 
sarily real) is harmonic in D , then \u\ k is subharmonic in D. 

For | / 1 x we have to show that for a z 0 of D 

|/M X < ^ [ 1/ 0*o+fe") | x d& 

for sufficiently small r . This is evidently true if f(z 0 ) =0 If f(z 0 ) =£ 0 
we have f =f= 0, and so / x regular, in some circle | z — z 0 | ^ r. Then 

\f\zo)\ = \-^\f\zo+re is )d9 

A similar proof applies to |z| M |/| x and -to log|/| [harmonic where 

+ 

f(z 0 ) ^ 01. log | f\ is the maximum of two subharmonic functions, there- 
fore subharmonic. 



t If this is interpreted as 2c,,/,, (coefficients c„ other than unity) the coefficients are to he 
positive. 
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Finally, if u is harmonic. 


| u{z 0 )\ k =z -- u{z Q +re*)d6 < \u(z 0 +re i9 )\ k dd, 


so that |«| fc is subharmonic. 


21.6. Theorem 207.— (i) Suppose that w is subharmonic in r t <\z\<r 2 
and not everywhere — oo. Then 

I(w, />)= Tjj” j w(pc i9 ) dd 

is a continuous convex function \ of log p in r. 1 < p < r 2 * 

(ii) Suppose that w is subharmonic in \z\ < r and not everywhere — oo. 
Then I (w, p) is a continuous increasing function of p in 0 ^ p < r, con- 
tinuity at p = +0 being interpreted as lim 1 (w, p) = w( 0) = — oo in case 

#>-X) 

w{ 0) = — oo. 

(i) Let r 1 <p 1 <p<p 2 < r 2 , and let 

iQgp = * log p%~{~ (1 t) log Pl (0 < t < 1). 

There exists a decreasing sequence of continuous functions w p (z) 
decreasing to w{z) for all z in [§ 21 . 2]. By Theorem 71 f 

there exists a function 


(1) u — u p ~klogp+'Z{a n cos n0~\-b n sin nO)p n 

o 

ao 

+S(c n cos nd-+d n si nn6)p~ n } 

continuous in p x <p < p 2 , harmonic in p x <p< p 2 , and agreeing in value 
with w p on the boundaries of this annulus, u is a harmonic frontier 
majorant of w for the annulus ; hence 

( 2 ) I{w, P ) ^I{u, P ) = ]clog P +a 0 = t(lclog Pi +a 0 )+(l—t)(klog Pl -\-a 0 ) 

— tl(u, p 2 )+(l-t)I(u, Pl ) = tl (w p , p 2 )+(l-t)I(w p , Pl ). 
Since w p decreases to the limit w, I(w p )->I(w), and (2) gives in the limit 

(3) I(w x p)^tl(w, p 2 )+(l—t)I(w, Pl ). 

This proves the convexity. 

Next, if I(w, p) is — oo for any p of (p v p 2 ), it must, by the convexity, 
be —oo for an interval of values of p; this, however, would involve 


f This is the sole, but essential, occasion on which we appeal to this theorem, 
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the integral of w being — co over the area of an annulus, contrary to 
Theorem 204, Corollary. Thus I{w, p) is finite in the open interval 
i r v r 2 ). 

Finally, w is bounded above in Pi < j z | ^ p x [§21.2]; so therefore is 
I {to, p), and being convex it must be continuous. This completes the 
proof of (i). 

In (ii) we know already that I (w, p) is increasing in 0 p < r 
[Theorem 204], and continuous in 0 < p < r. For the remaining result, 
continuity at p = +0, we need only observe that on the one hand 

I (to , Q)=w(Q) < I(w , p) 

for small p , and on the other w(z) and sof I{w, p) is less than w{ 0)+c for 

p< S(e) [by (A) (1)], whence lim J(w, p) =u;(0) = I(w, 0). 

>o 

21.7. Theorem 207 gives, in particular, interesting results about the 
mean values of analytic functions and harmonic functions. We recall 
the definition 

M \{p, W*) i x dd) (A > 0). 

Theorem 208. — Suppose that f(z) is regular in \z\ <r. Then 
M\(p, f) is a continuous increasing function of p, and log M x is a continuous 
convex function of logp, in 0 < p < r. The last result holds further in 
r x < p < r 2 if f is regular in the annulus only {or if f is regular at each point 
of the annulus and \f\is one valued). 

Similar results hold for harmonic functions u provided that A > 1 . 

The first part follows from Theorem 207, since |/| x is subharmonic 
(Theorem 206). 

In the second, it is enough to prove the result in an arbitrary smaller 
closed annulus; we may suppose ri>0, and that w '=z\z\* L \f\ x is con- 
tinuous (and subharmonic) in n ^ p ^ r 2 . Following the plan of the 
proof of Theorem 108 we choose p, so that 

(1) r$M x ( ri ,f) = r$M x (r 2 ,f) = T. 

By Theorem 207, I{w , p) is a continuous convex function of logp. Since 
the extreme values (at p = ri, r 2 ) are equal to 7 we have 

I(w, p)< T = \I{w , r,)}‘ {I {tv, r j)} 1 -* 


t Supposing w(0) is finite: the ease i£>(0) — —<x> needs only obvious modifications. 

M 
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for every t ; and choosing t =• t(p) to satisfy 

( 2 ) p = rirl~ t 

we have 

P*M K k {p) < { (rp }‘Jr£M*(r 2 )} 1 ~ i 
= P ''M“(r 1 )M£( 1 -‘>(r a ), 
log M k (p) < t logM x (>\)+(l—t) log MM 

which expresses the required convexity. 

The results for harmonic functions require only obvious modifications 
in the argument. 

21 . 8. The following result, though we do not need it in the sequel, is 
so powerful and striking, and so easily and attractively proved, that we 
include it to end the present section f. 

A function w } subharmonic in D, is the limit function in D of a 
decreasing sequence of continuous subharmonic functions w n ; more gener- 
ally, is the limit function of a decreasing sequence of subharmonic w n with 
continuous partial derivatives of any assigned order. 

We may suppose w is not always — oo (when we can take w n = —n ) . 

Let us define w n (z) to be the average, A n w say, of w over the area of 
the circle of radius 1 jn about z%. By Theorem 207 (ii) w n -v w decreasingly 
at each z of D. Since w is Lebesgue-integrable [Theorem 204, Corollary], 
w n is continuous (in any DL for large enough n)§. Finally, if we denote 
by &r an average over a circumference of radius R, we have relations 
which we can write briefly and intelligibly as 


= A R {A n w) = A n {& R w) > A n (w) = w n . 

These show that w n satisfies condition (B). 

This proves the result about continuous w n . We can repeat the 
averaging process, obtaining d n (w n ), ^ n {^n( w n)}^ •••• It is hardly 
necessary to give a formal proof that a high enough average leads to a 
function with continuous partial derivatives of any assigned order 


f For a report on the state of the theory of subharmonic functions to the date 1937, 
see T. Rad6, “ Subharmonic functions ” ( Ergebnisse der Math.). 

} Naturally is defined only for n > 1 /d{z, -F(D)}. 

§ The difference of the values of w % at two near z’s is a multiple of the difference of 
the integrals of w over two small areas. 
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22 . Subordination. 

22.1. In what follows we shall denote the unit circle \z\ < 1 always 
by y. We generally use p for |z|, and in any case p will always satisfy 
p < 1 . We denote by q any complex constant satisfying (77 ( = 1. 

We denote by c o(z) any function, regular in y, and satisfying o>(0) = 0 
and |<o(z)|<l in y. By Schwarz’s lemma (Theorem 107 ) 
in y. Equality holds if and only if o> = rjz. In fact, $> = eo/z is regular 
and |<E>| ^ 1 in y. Hence, by the maximum modulus principle (Theorem 
101), |<D(z)| = 1 for some z , z 0 say, if and only if $> = 3>(z 0 ) = q. 

Let f(z) be a given function, regular, or, more generally, meromorphic 
in y. If/(z) is any function of the form 

(1) /(2)=/("(2)), 

we shall say that / is “ subordinate ” to / in y. It is evident that 
/(0) = 7 ( 0 ), and that /also is meromorphic in y. We say similarly that 
/is subordinate to /in \z\< R, if f{RQ is subordinate to /(!?£) for £ in y. 

The definition (1) may seem rather abstract; but there is a simple 
geometrical interpretation. Let us first suppose that w=f is a schlicht 
function in y, i.e. that it takes no value more than once. / conformally 
represents y on a simply-connected domain U> = 11>(/) (on the simple 
w-sphere) which does not overlap itself, or, as we shall say, “is a schlicht 
domain”. In this case, if /is subordinate to /, we have /( 0) =/( 0 ), and 
/ takes only values inside [Note that / itself need not be schlicht.] 

Conversely , if f has these properties , it is subordinate to f. Let Z(w) 
be that function, inverse to w=f(z) and so regular in 1i>, for which 
Z(f( 0)^ = 0. Clearly co(z) = Z(f(z)j is regular, and Jo>| < 1, in y. Also 
<t>(0) = Z(^f{ 0)J — Z(/(0)) = 0. Henc e/=/(co) is subordinate to/. 

More generally, let w =/ be “locally schlicht 55 in y, i.e. let / have no 
poles of order higher than 1, and /^O in y. / conformally represents 
y on a simply connected domain US’ = W(/) on a Riemann surface (con- 
sidered on the w-sphere), the point tc? 0 =/(0), in some particular sheet, 
corresponding to £ = 0. Let / be subordinate to f. To each point z in 
y corresponds a well determined point w =f(o>(z) ) j of 1i>. In particular 

/( 0) = w 0i and to any curve in y beginning at z = 0 corresponds a well 
determined curve in beginning at w 0 : the values of /(z), if continued 
analytically from/(0) = w 0 , remain inside 1 !^. [Note again that / itself 
need not be locally schlicht.] Conversely, if / has these properties, it is 
subordinate to/. The proof is the same as in the “ schlicht ” case. 

m2 
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Finally, if/ is not locally schlicht, the only difference in the state of 
things is that the domain Ufr(/) on the Riemann surface possesses alge- 
braic winding points in This general conception of subordination, 
if less easy to grasp intuitively, is clearly the inevitable extension of the 
simple one, for schlicht f. 

We begin with some simple consequences of our definition. 

Lemma 1 . — If f is subordinate to ] in \z\<.R, and xi z ) = ${/(*)} w 
meromorphic in \z\ < R> then x( z ) = *l*(f) & {meromorphic and) subordinate 
to x in \z\ < -8. 

For * = <£(/) = 

2. — If f is subordinate to f in \z\ < R, and R' < R, then f is 
subordinate to f in \z\ < R\ 

Let l=zR'tlR. If ( is in y, M£)| < R'/R, and so *>(£) = (R'/R)^). 
Hence /(JS£) —/(&»(£)) becomes f(R'g) ==/(.#' 

The following slight generalisation of Lemma 2, based on the 
inequality |co(z)|<|z| and our remark on the case of equality, is 
important enough to be formulated as a theorem. 

Theorem 209. — Let f be meromorphic in y, and let 115*' denote the closed 
sub-domain of !!>(/) corresponding to the values of f in \z\ ^.p, If fi* 
subordinate to f in y, then the values of f in | z | ^ p [by analytical continua- 
tion from f( 0) =/(0) = Wq\ remain in W'. Frontier points of 113“' are 
attained if and only if f=f(rjz). In particular , if f ( and so f) is regular 
in \z\ 

(2) lfax|/W|<Max|/W|. 

i*l-p i*i=p 

with equality if and only if f =f(r)z). 

22.2. We recall (Theorem 1) the results 

/) = Jim M x (p, f) = exp j log | f{pe*) \dd\, 

M„(p,f) = lim M k (p,f) = M(p,f) = Max ( /(#) | . 
x “ >o ° i*i -p 

Theorem 210 . — Let g(z) = g(x } y) be subharmonic in y, co(z) = u+tt? 
regular and \ w |s£ p = \z | in y, g{x , y) = g (a, v). Then 
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Let G(x, y) = G(®, y ; r) be the Poisson integral of the values of g 
on \z\ = r < 1, and let G(x, y) = G(u, v). Then, by Theorem 203, 

9&, V ) < G(x, y) (p < r). 

Hence, since | oo | ^ p, 

g(x 9 y) = g{u 9 v) < G(tt, u) = G(x , ^). 

Also G is harmonic in p < r (or everywhere — oo). H ence, if I denotes 
the average integral, 

1(9, P ) < I(G, p) = G(0, 0) = 5(0, 0) = I(g, r). 

We now make r->p+0 and use Theorem 207 (ii), obtaining 

1(9 , p). 

Corollary. — / be subordinate to f in y. Then if f ( and so f) is 
regular in \z\ ^p, 

(1) M k (p, f) < M x (/o, 7) (0 < X < go ), 

(2) h L lo+g |/ic?o< ^L io+g 

(3) M k (p, »/) < &/) (1 < h < oo). 

+ * 
For |/| x , log |/j, ’og | f\, |3fit/j fc are subharmonic, and the cases A = oo, 

Jc — co follow from Theorem 209. 

We observe in passing that the result (Theorem 208) that M A is an 
increasing function of p is a particular case of the corollary. In fact, if 
p 1 <p, the obviously/^ zjp) is subordinate to f(z), and thus 

M x (p u f) < M K (p , /), 


22 . 3. This is a convenient moment to discuss “Jensen’s theorem”. 


Theorem 211. — Let f(z) be meromorphic in |z|^r, /( 0) 0, co, and let 

a 2 , ..., a n be the zeros , b 1} 6 2 , •••> poles , of f in \z \ < r. Then 


(1) log M 0 (r, /) = ~ j log I f(re ie ) | d6 = log (r n ~ m | /( 0) | 


b 1 b 2 .,.b m \ 

a i a 2 * * . a n / 


We can reduce the theorem to the special case in which, with R ^ 0, 
we have 

1 r + flogR (R>1) 

(2) = log 1 1 + Re id ) | d6 = log i? = J 

277 J [o (-R<i). 
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l°g|/l = log l/il+log 1/(0) |+ 2 log 1 — s log 1 — l|, 


where log f x (z) is regular in \z\ ^r and zero at z = 0, so that 

2^ j Io S ! fi(re ie ) | dd = log J / x ( 0) j = 0. 

.-Next, the first case in (2) is reducible at once to the second bv the 
identity J 

log) l+Re ie \ = log /Rj+log 1-fA e -<fl| 

jft j 

(and a trivial change of 5 to —0 in the integration). Finally, the second 
case m (2) is trivial when JR < 1. 

Thus we have /(£) = log R unless R = 1, and this case J? = 1 is the 
only point that cannot be disposed of trivially. There are naturally 
many ways of settling it, but none can be called trivial With the 
theorems at our disposal we can appeal either to the continuity or the 

non-decreasing property of J' log ) /(*) | dd, with f(z) = i + ,. 

At an opposite extreme the result is equivalent to the definite 
integral 

(V 

j o log cosec QdB — \n log 2, 
which we may suppose known ! 

22 . 4. If f and therefore /, is regular at z = 0, they are regular in some 
circle y ? , or | z | p. We then have expansions 

(1) f(z) = £a n z n , /(z) = 2 a n z», 

0 0 

valid in y'. We have, of course, a 0 = d 0 . 

Ther ^ EOEBM 2l2 -~ Let f be subordinate to fin y, and f regular at z = 0. 

unth equality if and only if /=/(■>?«). j^i so 
(3) Max (| «, |, |« t |). 
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We have / =f(aj). Let a> = a x 2 ;+a 2 2 2 +.... Obviously j a x | < 1, with 
equality if and only if a>=i jz. Hence 

[«i| = !/'(0)| = |/'(0)||a,'(0)| = |a 1 j|a 1 |<|a 1 |, 

with equality if and only if/=/(ijz). 

Next, let | a x | < 1 . The function 


"i = 


W g — °i gg 

(«/*)«!- 1 | a x j 2 — 1 




is also of the type to. Hence ja 2 | 1 — j a/ 2 . and this remains true if 
l a i|= 1 (when to = rjz, a 2 =0). Now /" =/''(<*>) to' 2 +/' (to) o/', and so 

|«2l<|a2||ai| 2 +|ai| (1— M 2 ) ^Maxdojl, |o 2 |}. 

We note explicitly the special cases A = 0, 2, oo of Theorem 210, 
Corollary. They give respectively, for / regular in y/, 


(4) 

(5) 

( 6 ) 


§“ Jjog|/<pe«> | dd < j^log | /(pe") | dd, 

2 |a.r , p*‘< 2 |a.|»p*". 


Max |/| < Max |/|, 

l*l=p M=p 


the last of which we have had already. 

The case X = 1 is also important, since it provides inequalities for the 
coefficients of /. 


Theorem 213. — If f is regular and f is subordinate to f in y, then, 
for n > 1, 

( r MAeJn 
> JUo 


a. I < e 


L 


J,=(n-l)/« 


For 


—(»—i) Mi iEi H 


l«*l = £ \^_/(pe i *)e-” i ‘de\ Jj/(p^)|d0<p 

In this we take p = , and observe that = ( 1 + ~Tj) 


n — 1 


< e. 


Theorem 214. — Let f be regular and f subordinate to f in y, and 
/( 0) =/( 0) = 0. Let z n (a), z n {a) be the n-th non-zero roots of f—a = 0 and 
7— a = 0 arranged in order of increasing moduli ; 

| *»(a) | = p n (a), | i, t (a) j = p»(a). 



168 


Subordination-. 


n 

Pn(«)<p 


ClC Sil feb) (a ^ 0) ’ 


lay Ip- 1 n (-—■) <|a J ;| / o '‘- 1 n (-£—) 

Pa (0) < p V>* (0)/ p„ (0) < p \p„ (0)/ ’ 

toAere a v is the first non-zero coefficient off, and. a M that of f If 
product contains no factors it is interpreted to mean unity J 

Since f~a is subordinate to f- a , we have, on every circle \z\ = p , 

m h ~ \'kg\f~a\d6. 

B, Theorem 811, if p = i Kl . is regnl „ in % 4j> 0> md ^ 

n-th non-zero root of 0 = 0, we have 

(8) 27 f Io 8 I *</*"> 1 d9 = log I b, r S II (-£) 

J * 1 !&Kp \f»/ 

From (7) and (8) we obtain Theorem 214 


Further inequalities for the coefficients a n . 
fact 22 ' 5 ' The in6qUaIity (6) ° f §22 ' 4 can be generalised. We have ir 


Theorem 215.— If f is subordinate to f in y and f is regular 


at z = 0, 


Let /=/(cv), and let 


fKI 2 <2|£*| 2 (n = 1, 2, 


s n ( Z ) ~^ a k z k , S n (z) = I,a k z k . 

Then sjz), s n ( «) are regular in jz| < 1, and we have, for Jzj < l, 
s„M = ia A oi fc =5„(z)-(- £ b k z k , 

1 n+1 

“ y - AppIying (5) of S 22 ■ 4, with i. for J and any p < 1 , we obtain 

f I “* f * p“ « f I «* I V”+ js | b„ |«p» a; 1 1 s k |,p» 

and in this we make p~»l. 
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From (1) we have at once 

(2) Kl< Max flail, |o 2 |, .... \a n \). 

In particular, if d n = 0(1), then a n — 0{^n). 

More than this is not true in the general case ; for example (although 
we cannot prove it here) there exist a regular / and a subordinate /, such 
that a n =0(1) and a n is not o(\/n). But if the behaviour of a n is sufficiently 
regular (and a n is increasing) we can actually attain the ideal <e 1 ct n | < | d n j 

Theorem 216 . — Let f be subordinate to f in y, where f is regular at 
z=0, and let n > 2. 

(i) If the set of numbers d x , a 2 , ..., a n is non-negative , non-increasing , 
and convex ; i.e. 

“n-i— a k —Za k+1 +a k+2 ^0 (1 2); 

then \a n \ < d ± 

(ii) If the set of numbers a l9 a 2 , d n is non-negative , non-decreasing , 
and convex ; i.e. 

0; a 2 — a x > 0; d k — 2d k „ x +a k _ 2 > 0 (3 ^k^n); 

then | a n \ < a n . 

The proof depends on two lemmas, the first of which is of interest in 
itself. 

Lemma 3. — Let g{z) = ib 0 +Iib k z k 3 where , for Jc^O, 

i 

bfc^O; A k — b k —b k+1 ^ 0 ; A| = b k ~2b k+1 -\- b k+2 ^ 0. 

Then 1&g(z) ^ 0 in y. 

Let t Q = t 0 = and 

tn(z) = i+% zk ’> ^n( z ) = ^h( z ) (n>l). 

1 0 

With the notation of §5.31 (3), r n (z ) = %R n (t) ^ 0 in y. Also as n->co 
t n (z)->i(l-+-z)/(l—z), the real part of which is non-negative in y. 
Summing twice by parts, we have 

^bQ-\-Hb k z k = L Afc t k (z)-\-b n+x t n (z) == £ & k r k {z)-\~ A n+X T n (z)f~6 n+1 £ n (z). 
io o 
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Henoe »|# 0 +S&** fc j >b n+1 &t n (z) in y, and the lemma follows when we 


Lemma 4 .—Let A > 1 and w k = S a<*> z n . Then in y 

»=*i ' 

I *»(*)!= S a#) Z ‘|<l, 

4=1 I 

We begin with the following general remark. If f=f( w ) > then 

(3) «»= S <#>«*. 

4=1 

Now let |i|<l. The function h(z) = *(l+C»)/(l-i») has a non- 
negative real part in y. By (3), the »-th coefficient of h is P (£) and 
the lemma follows from Theorem 110. * 6 '’ d 

Proof of Theorem 216.— (i) By Lemma 3, 

ff( z ) ~ lffli+S 2 2 -f ■•.+a ri _ 1 z n - z -\-a n S z* 

n-1 

has a non-negative real part in y. Also, by § 10. 4 (2), 


Hence, using Lemma 4, 


~ j (l t:t <»). 




Let P -> 1, when (i) follows from (3). 
(ii) By Lemma 3, 


Mz) = ia„-fa Jl _ I 2-j-...+a 2 2«- 2 -fa 1 £ 2 fc 

n-l 


has a non-negative real part in y. Also 


Hence 


a k p*-* = ~ ( pe «) ^ ( 1 < 4 ^ n) . 


^< l) a kP ^ <~J_ ir »A(pe«)je- i »*P n (e«)|^^-!- T ^h( P e ie )d9^d 


and the proof is completed as before by making P -> l. 
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Lemma 4 enables us to give a proof of Theorem 213 independent of 
Theorem 210. By Lemma 2, f(pz) is subordinate to f(pz), so that, for 
some co, f(pz :) —f(poo). Also the n-th coefficients of f(pz) and f{pz) are 
a n p n and a n p n , respectively. Now 


a kP 


i\j^) 


e~ ika dd, 


and so, by (3) and Lemma 4, 


K/>"! 


1 


= b L f(ptfe) Pn {eri>) npeU) 1 dd 


23. The principle of subordination. 

23.1. The general theory of subordination is a powerful weapon for 
dealing with the problem of the set of values taken (or omitted) by an 
analytic function. We may look at the question from two different 
points of view. 

I. In the first place let h(z) be a given function, meromorphic in y, and 
consider the class of all functions h (z), meromorphic and subordinate 
to h(z) in y. In order to apply the general theory of subordination to 
the class H we begin with a special study of the superordinate function h. 
If we suppose, to fix ideas, that our knowledge of it is complete, we obtain 
results of several distinct types. 

A. We know the domain i0- p (h) in which the values of each h for 
\z\<p must lie [Theorem 209]. In particular, if h (and so every h) is 
regular in \z\ ^.p, we obtain an upper bound for \h\ in \z \ ^p. More 
generally, under the same assumption, we obtain upper bounds for the 
means M x (p, h) [Theorem 210, Corollary]. All these results are "‘ best 
possible’ * ones. 

— ® 

B. Assuming again h to be regular at z = 0, and writing h (z) = E h n z n , 

o 

__ n oo 

h 0 — h 0 , we obtain upper bounds for \h n \, for 'L\h k \ 2 , and for E|& n | 2 p 2n 

o o 

[§22.4, 5]. 

C. Lower bounds for the products FI p n (a), where p n = \z n \^0 

Pn<P 

h(z n ) = a, are given by Theorem 214. 
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II. The second point of view is to start with a given function f(z) 
[or with a class 3* of such functions], meromorphic in y. Any subordination 
of / to some other function F would imply certain consequences, of the 
types A, B, C above, for instance. If we now know, by some given 
property of/ [or of the class 3*], that one of these consequences is impossible, 
then the subordination to F is impossible, and U> (/) cannot “ lie upon 55 
W-(F). This can be important positive information ; for example, if F is 
sdhlicht , / must take values that F does not. And (as will be amply illustrated 
below) F is largely at our disposal. 

The systematic application of these ideas in both directions (I and II) 
is what we call the “principle of subordination 55 [Lindelof principle]. It 
may be regarded as an extension of the simple “ maximum modulus 
principle” of §9. The most interesting and important applications are 
those connected with the famous Theorem of Picard [§24.4], in which 
the elliptic modular functions are the superordinate functions. We post- 
pone these applications, however, to later sections, confining ourselves 
here to more elementary and more general results. 

23 . 2. We denote throughout by At the (very general) class of functions 
f(z), meromorphic in y and satisfying 

(1) /(0) = 0, /'(0) = 1, 

and by ft the sub -class of At consisting of those functions of At that are 
regular in y. 

Our first theorem is an immediate consequence of Theorem 212. 

Theorem 217. — Let 0<£<1, 0</><l. If f(z) and F(z) are 
functions of At, then f(pz) is not subordinate to tF(pz), except in the case 
£ = lj f( z ) = F(z). 

This theorem, simple as it looks, is of great importance in direction II 
of our principle. Given an / of At, we can, by choosing suitable functions 
F(z), or rather suitable Biemann domains W-(F), obtain information 
about the values taken by /. It may be noted that if UA (F) is the 
domain of F of At, the “rotated” domain rjW-(F) (with \y\ = 1) belongs 
to the function r\F(rf l z) of At. 

23.3. The simplest applications of our principle come by choosing 
the function F{z) to be 2 , and we devote the present sub-section (§23.3) 
to it. The class of functions subordinate to z in y is the class of functions 
a>(z) (of §22). Here the elementary inequalities |a n |^l, and, more 
generally, 
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are the simplest examples of type I, B. For a result of type I, C, we 
have 

Theorem 2X8 (Jensen). — Letf{z)^k 0 be regular and \f(z)\^.M in y. 
Let (p n ) be the sequence of the moduli of the zeros z n ^0 of f(z) in y, 
counted according to multiplicity and arranged in increasing order. Then 

(2) U Pn ^\a v \ M~\ 

where a y is the first non-zero coefficient of the power series of f in y. 

In particular , p n ^\a„\ M~ x for each such p n . 

Corollary. — If f(z) is regular in y } or , more generally , is meromorphic 
in y and subordinate to a function f(z) for which IIp n (0) > 0 ; and if there 
exists a sequence of zeros # 0 of f(z) such that Up n = 0 ; thenf(z) == 0. 

If no p n exists, (2) is simply Cauchy’s inequality for \a y \. If there 
are at least k such p n) and if p > k, we observe that zf(z) is subordinate 
to Mz in y, so that, by the second inequality of Theorem 214, if p is near 
enough to 1, 

n Pn h<pw 

l 

We obtain (2) by making first p-> 1 and then p-^co. 

The corollary is an immediate consequence of Theorem 214 if / is 
regular. In the general case we have/ =/l (a>) . Denote by the sequence 
of zeros of f in y, each counted once only, and arranged by increasing 
moduli. Since f(z n )=f{co(z n )} = 0, the values a>(z n ) are among the aA 
Let zty denote those z 7h , if any, for which (z$) — Suppose that 
a) z/k 0. If z® is a zero of order kf for / and of order for io(z)—<o if and 
w (i) is a zero of /, order l (i) , then clearly 

( 3 ) k$ = l®K® 

Now oj is subordinate in y to z. If one of the to®, say, is zero (that 
is, if /(0) = 0), and if a v is the first non-zero coefficient of a>, then by the 
second inequality of Theorem 214 

n ' 

where each p^ occurs times in the product. Hence, by (3), 

( 4 ) 

where now p^ occurs according to multiplicity k ( JK 
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Similarly, if co® # 0, the first inequality of Theorem 214 yields 

where each p® occurs k® times in the product. Hence 

( 5 ) 

where now p® occurs according to multiphcity A®. Combining (4) and 

(5) we obtain 

(6) n Pn ( o) = n n p® > | a , p® n j a>«f" > | a „r n sjo) > o. 

* i 

This holds also, with J a„p (1) =1, if no <o® vanishes. Since (6) contradicts 
the hypothesis of the Corollary, co(z) = 0; that is, f(z) =/( 0) is a constant 
which must be zero. * 

The corollary leads to an important extension of Vitali’s Theorem 113 
If we examine the proof in § 10. 6 it will appear that the essential fact 
about the sequence {: z n } is that a regular / vanishing at every z n must 
vanish identically (a “uniqueness” theorem). Corresponding to any 
such type of sequence we may hope to find an extension of Vitali’s theorem, 
and for the type in the corollary we have at once the following one. 

Theorem 113*. —Suppose (i) f n regular and uniformly bounded in y; 
(“)/»-►« Bw* (necessarily finite) for each z of z lt z 2 , ..., an infinite sequence 
(of different z’s # 0) in y such that U Pn = 0. Then f n -*/ in y, uniformly 
m every circle | z\ <p < 1. 

To complete the results derived from the case F=z, we observe that 
any (other) / of J/L must take, in |z| s^p, values not taken there by F- 
we thus have (a result of type II) 

every function f of j (I satisfies 

(7) Max |/| (0 < p < 1), 

1*1 = P 

equality being attained only if f~z. 

23.4. Consider next the class B of all functions w = B(z) = T,b n z n , 

regular hr y and taking there no value w for which 3Eiw = 0. Clearlyeither 
> 0 or < 0 (according as *6 0 ^ 0) in y, and B(z) is subordinate to 

W = B(z)=p 0 +iy 0 (b 0 = / 0 +iy 0 ). 


( 1 ) 
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The domain 1 &(B) is the half-plane 3&w ^ 0 according as j8 0 ^G. The 
domain [of Theorem 209] is the open circle extended over the 

stretch 

(2) &r^+*Vo, 

as diameter; the values of each function B{z) for \z \ <p must lie in this 
circle. In particular 

( 3 ) \m\<\b 0 \+ 2 -\^<\b 0 \]±£. 

This is the best possible form of Theorem 109 (with U = 0). 

As a (best possible) result of type I, B we have, by Theorem 216 
( either part !) 

(4) |6 n |<2j8 0 {n > 0) [Theorem 110]. 

.23.5. Let a ^ 0, and let us consider the function 


(1) w = I a (z) = -~j=z—az 2 +a !t z 3 f.... 

F a (z) belongs to M and represents y conformally on the interior (when 
0<a<l) or exterior (when a>l) of the circle K a on the stretch 
— (1— a)™ 1 , (1+a) -1 as diameter. If a = 1, K x degenerates into the half- 
plane 3&w < 

If a # 1, the centre c of K a and its radius r are given by 


( 2 ) 

whence 

( 3 ) 


a 2 -r 


r — 


a 2 -ir 


C a = 


r(r— 1) (a < 1) 
r(r+l) (a > 1). 

Taking all functions r)F a (t ? -1 z) into account, Theorem 217 now readily yields 

Theorem 219. — (i) Let c be an arbitrary complex number. Every 
function f(z) of M takes some value w with 

(4) \w-c\> |+V(i+! c l 2 ) = r i( c ). 
and , if c^ 0, also some w with 

(5) \w— c|<— i+V / (i+l c P) = ? 'a( c )- 

In each case the function F(z) must be excepted that maps y on the circle 
complementary to (4) or (5). 
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(ii) Let d be real. Every function f(z) of M takes some value w satisfying 

(6) Mi (we**) > §. 

The function E ( z ) = zj («e i4 + 1) is excepted. 

Theorem 219 is a special case (»= 1) of 

Theorem 220. — Let f(z) be meromorphic in y, and for small \z\ 

(7) f{z) = ia„ z n . 

1 

Let C r (c) denote the open circle with centre c and radius r. 

(i) Let | c | < r . If the values off {regular in y) lie entirely in C r (c), then 



(ii) Let | o| > r. If f takes no values belonging to C r (c), then 



If \ in this case i f(z) has a pole £ in y, then 


(i«) 

We may assume c ^ 0. Put a = c/r and 



Then c = Ac*, r = [ A ( r I: , and A^O according as c^r. 
between c* and r* gives 


c 2 = r(r+ A); A = 



The relation (3) 


In both cases, (i) and (ii), f(z) is subordinate to 

XF^i—z) ~ — A[2 + 02 2 + a 2 2 3 +...]. 

Now a < 1 if c<r, and the sequence 1 , a, a 2 , ... is non-negative, non- 
increasing, and convex. Hence |« n |<|A|, by Theorem 216 (i). This 
proves (8). 

Similarly a > 1 if c > r ; in this case the above sequence is positive, 
increasing, and convex. Hence (9) follows from Theorem 216 (ii). 
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Finally, in this case, if £ is a pole of /, (9) yields 

There exists a simple direct proof for (10) which is worth noting, since 
the idea of it can clearly he applied in similar cases. We may suppose 
again that c > 0. The function F a (z) has its pole at £* = —l/a= — rfc . 
Since/ is subordinate to A F aJ the value /(£) = oo must belong to AU> { ^(F*). 
Hence 

Theorem 219 may be regarded as a generalization of the classical 

Theorem 221 (Casorati-Weierstrass). — Any non-constant function , 
meromorphic in the whole plane, takes values in every circle G r (c). 

To deduce this from Theorem 219 we may assume, without loss of 
generality, that /(0) = 0, /' (0) = 1 , and that c ^ 0. Then R^ 1 f(Rz) belongs 
to M, for every R > 0. Hence, by (5) (with cjR in place of c), we find that 
/takes some value in the circle with centre c and radius 2Rr 2 (\c\/R), say. 
Since this radius tends to zero as R~> oo, we obtain the desired result. 

23 . 6. In this sub-section we give some more results of interest obtained 
by various choices of the domain W-(F). We omit the elementary and 
straightforward calculations necessary to show that the corresponding F 
belongs to At. The F are all schlieht, and then', by Theorem 217, every 
function f of At ( except F) takes some value outside \&(F). In particular, 
if 1i>(jF) is the whole plane slit along certain curves, this means that any 
/ takes some value on the slits. 

(i) A strip bounded by two parallel lines , containing w = 0, of width 

A ^ \tt and eccentricity (distance of the mid-line from 0) 

A 7T 

E = - arc cos 

(ii) The whole plane slit along the part \w\^\ of some straight line 

meeting the circle \w\— J. 

(iii) The whole plane slit along the parts | w | > If ( J) of n symmetric 

rays from 0. 

(iv) The whole plane slit along the stretch c, c/ ( 1 — 4|c|), tvhere 

0 < | o | <\. 

(v) The whole plane slit along an arc of length 4 arc sinp on the 

circle | w | = p, 0 < p < 1. 

N 
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In example (hi), with n~ 1, the function 

(1) *(») = ■£ ~ = z+2z*+3z*+... 

of it represents y on the whole plane slit along the part w ^ of the 
negative real axis. In fact 

where the right-hand side has its real part positive in y. The function 
K(z) plays a fundamental role in the theory of “schlicht” functions 
(see §26 below). 

If a function f is subordinate to K, i.e. if f takes no values w ^ then 
\a % \ This follows, for instance, from Theorem 216 (ii). 

23 . 7. The following example is so important for the general applica- 
tions of the principle of subordination that we state it as a theorem. 

Theorem 222 (Landau ). — Let M 1. If f(z) of ft satisfies |/| < M 
in y, then f takes all values w Q with | w 0 | ^r(M) where 

(1) t{M) = Me~ x ; = (x>0). 

X 

If | w 0 |" r(M), that function F of K must be excejpted which represents y 
conformally on the part \w\ < M'of the Riemann surface of log (w—w^) f. 

We may suppose w Q real and positive. We begin by determining the 
function F, which we do by easy stages; the calculations, if a little 
tiresome, are forced. The function 



belongs to ft, 1i>(jP x ) being the half-plane &w> — Hence, if a is a 
positive constant to be determined later, 

F 2 = a~~ae~ F ^ a 

belongs to ft, never takes the value a, and has for A$}(F 2 ) part 
\w— a\ < ae 1/(2ct) of the Riemann surface of log (w— a). We can now 


t The circle \w\<cM with w Q excluded is a doubly connected surface; the surface of 
the theorem, with its infinite winding-point at w Qt is simply connected. (An infinite 
winding-point is a boundary point of a surface, and does not belong to it.) 
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modify by the linear transformation 


(2) 


F== 


XF 2 

f 2 +\* 


F belongs to K if 
undetermined a and 


F 2 never takes the value — A, and contains the 

A. We choose A so as to make £ = -p rj-z describe a 

4 +A 


circle |£| = constant when £' describes \£'-~a\= ae 1 '^) ; this happens, 
with |£| = M — sinh{l/(2a)}, if A = a(e 1/a — 1), and then F [given by (2)] 

\cc 

never takes the value (corresponding to the impossibility F 2 = a), 


nor F 2 the value A (corresponding to F 1 ^ — 1). We choose a so that 
Xci 

T== a+A ==a (^ erl/a ) = and then F, now completely deter- 


mined, has the required properties; viz., it belongs to K, and represents 
y conformally on the part | w\ < M of the Riemann surface of log (w—r), 
M being connected with t by the relations (1), with #=1/(2 a). 

Now this Riemann surface = W ( F) is locally schlicht, i.e. has no 
finite winding points, but only an infinite (logarithmic) one, and its 
boundaries are the same in every sheet. It is evident , as a result of these 
two properties, that any function <f> with <f>{ 0) = 0, and taking no value not in 
'U> (i.e. not talcing the value r and not taking any value w with \w \ ^ M), must 
have its values , continued analytically from <f>( 0) = 0, confined to the surface 
U>, and so, by § 22 . 1, be subordinate to F. (It is clear that this inference, 
about surfaces that are both locally schlicht and “ alike in every sheet ”, 
can be widely generalized, though we shall not attempt to state the con- 
ditions with complete precision. We shall meet an even more important 
instance than the present one in the “Picard” section, §24.) Now we 
know that/ (of R, satisfying j/j < M , and other than F) is not subordinate 
to F , and we conclude (since |/| < M) that / must take the value r in y. 

The rest of the theorem is now easy. It is evident that M increases 
from 1 to oo as x increases from 0, while r = r(M) decreases from 1 to 0. 
Since M can be increased arbitrarily in the hypothesis of the theorem, 
we see that / takes all values r(M') for and so all values 

0 < ^ T - 


23.8. The importance of Theorem 222 for our general principle is 
shown by 

Theorem 223. — Let f and F be two functions of M,. Let M ^ 1 and f 
be subordinate to MF. Then f takes all values belonging to M ^ hm)jm(F), 
where r(M) is defined in §23.7 (1). 

N 2 
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We have f=MF{co), from which it follows that Mco(z) belongs to R.* 
Also M\a>(z)\<M in y. Hence a >(z) takes all values \w\ < 
and this proves the theorem. 

Note that r(M)jM decreases from 1 to 0 as M ^ 1 increases. 

If now /has appropriate properties, Theorem 223 gives us lower bounds 
for the M > 1 for which / can be subordinate to MF. In particular, if 
/ belongs to R while F has poles, then 11 must not contain the 
point w = o o. Thus we obtain 

Theorem 224. — Let f belong to R , and let F of JL have a 'pole in y 
{which we suppose that of smallest modulus). Let 

( 1 ) m = 

If now M < M ' *, then f is not subordinate to MF. 

In particular, if F is schlicht, f takes some value not taken by MF. 

This represents the improvement in the conclusion of Theorem 217 
arising from the extra hypotheses that F has £ as a pole, and / is regular 
instead of meromorphic. The value of the improvement is seen from the 
fact that when F has only the single pole £ in y the result of Theorem 224 
is best possible. 

To see that this is so, let G be the extremal function of Theorem 222 
that belongs to R and represents y on the part | w | < M * of the Riemann 
surface of log [w~~ M : • £), never taking the value M* £. Then clearly 

( 2 ) = 

belongs to R (since the argument £ cannot occur on the right) and is 
subordinate in y to M * F. Thus the inequality M < M* of Theorem 224 
cannot become an equality, and the theorem is best possible. 


23.9. As an example, let a>l, and consider again the function 
(cf. §23.5) 

F = — 
a az+l 

This has the pole £= —1/a. Hence, by §23.8 (1), 



a 2 — 1 

~2^r* 
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With the notation of §23.5 (2) we have further 

if * e = i ; i¥*r = -4= — = M*c e~ x = M* c e -V(2^<=). 

2Jl 2aJC a 

The function .F* ( 2 ) derived from F & by the formula of §23.8 (2) repre- 
sents y on the part \w— M*c\> M*r of the Riemann surface of 
log (w— M*c). Replacing M*c by c , we obtain the following improve- 
ment of Theorem 219 (5) when / belongs to ft instead of M, : 

Theorem 225. — Let c be an arbitrary complex number =£ 0. Every 
function f(z) of ft takes some value w with 

(1) | w—c\ <|c|e~ 1/(2|CI) = r 2 :i: (c) 

That function F of ft must be excluded which maps y on the part 

|«0— c| > rf(c) 

of the Riemann surface of log (w—c). 

[A simple direct proof of this theorem is possible by using the function 
F 2 (z) of §23.7 as superordinate function.] 

We add here the corresponding improvements for the class ft of the 
results (iv) and (v) of § 23 . 6, omitting the elementary calculations. 


(i) Let x > 0, and let & be real. Every function f of ft takes some value 
w on the stretch 

(2) 4 tanh# <1 w\ < cotanh# (arcw= #). 

v ' 4# 4# 

That function of ft must be excluded which represents y on the Riemann 
surface of log (| w — 1/(4#) j slit along this stretch (in every sheet). 


(ii) Let 0 < p < 1. Every function f(z) of ft takes some value w on each 
arc A of the circle | w | = p with aperture 


2 c~* x 

4 arc sin e~ x , where — ^ — = P ( x >°)- 


That function of R- must be excluded which represents y on the Riemann 
surface of log (w — a), slit along A (in each sheet), where a is the mid-point 
of A. 
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23 . 10. We now enter on a digression, and must begin with the 
following 

LEMMA,-^-£e£ w =f{z) belong lo K and satisfy |/| in y. Then the 
inverse function z==<f>(w), with <j)( 0) = 0, is regular and schlicht for 
\w\ < l/(6Jf), and represents this circle conformally on a domain d inside 
\z \ <f/(l-f-Jf), while f is schlicht in d and represents it on the w-circlef. 


Corollary. — Let w= F(£) = a 1 £+a 2 £ > 2 +..., where a x ^ 0, be regular 
and satisfy in ]£|<JS. Then the inverse function <t >(w), with 

<t>(0) = 0, is regular and schlicht for 


\w\ <8=^ 


| a^R 2 

M ’ 


which circle is the image by F[t) of a domain in | £| < R. 

The corollary, an easy deduction from the main theorem, is what we 

00 

actually use. To prove the theorem, let / = 'La n z 11 in y. Then a x — 1, 

i 

Jf > 1, |aj < if. If \z\ = p< 1, 

(1) l/( 2 )l • 

Let ^=2 (irrr Then 

(2) /(*)# 0 (0 < |z| ^p*), 

while on \z \ == p* 

(3) 

Since /( 0) = 0, /'( 0) = 1, it follows from (2) and (3) that / takes in 
\z\ <p* each value w satisfying \w\ < l/(6i/) exactly as often as the 
value w = 0, that is exactly once. Hence z — <j>(w) is regular and schlicht 
in \ w\ < l/(6lf), and maps it on a domain d inside M </>*• 

We are now in a position to prove 

Theorem 226 (Bloch). — Let w ~f{z) belong to R. . Then W(/) contains 
an open schlicht circle of radius ^ ; that is to say% there exists a simply- 


t The lemma gives a lower bound for the radius of convergence about u> — 0) of the 
function <j>(w) inverse to j(z). 

X To express the result in a form that does not mention Riemann surfaces. 
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connected domain D in y such that f is schlicht in D and the f -image of 
D contains an open w-circle of radius ^f. 

This exceedingly odd and striking theorem resembles Theorem 222, 
but the condition \f\<M of the latter theorem is completely dropped 
(and nothing replaces it, except that r(M) becomes an absolute constant). 
It can be used to prove some of the “ Picard 35 theorems of the next section 
(indeed it gives proofs in which the function theory involved is of the 
least possible “ depth ”). For these reasons this seems the best place for 
it, although it is not actually connected with subordination. 

Given the existence of the theorem, and (what will become plausible 
in a moment) that the lemma is relevant to its proof, any competent 
analyst should be able to find one : it is true that the oddity of the theorem 
is reflected in the critical step of the proof, but the step is forced, and 
then not difficult to make. 

We may suppose f(z) regular in \z\ ^ 1. If the domain D is a circle, 
as we naturally begin by trying, let it have centre z 0 , with | z 0 1 = p. We 
want 

^ = /(^ 0 + s)— /(^o) = 

where 

to have an inverse <D(w), schlicht in \w\ where s is at least some 
absolute constant (the value of which happens to come to ^ ¥ ). The 
corollary of the lemma provides a permissible 5 given by 



where R is some radius, necessarily less than or equal to 1— p, in which 
F is regular and | F | < M = M (R). Now given z 0 and R, 

if = Max | f(z 0 + 0~/(z 0 ) | - Max [*/' (z 0 +re«) dr 

\$\<R (4>) JO 

A crude upper bound for this is 

M < f fji(p+R)dr=Bfi(p+R) 9 
Jo 

where p (£) = Max | f {z) | ; 

\*\<t 


The constant ^ is not beet possible; the true value is not known. 
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n(t) increases from 1 at t = 0 to a finite value at t — 1 . The corresponding 
value of 8 is now given by 


l/'fr„)l 2 

/*0>+-R) 


and we want to make this as large as possible, and greater than an 
absolute constant. We have at our disposal p, J2(^ 1 — p), and argz 0 . 
The last we naturally choose to make |/'(z 0 )| have Its maximum value 
pip); then 

Rp?(p) 


6s 


/x(i?-f-p) 


The denominator increases with R (for given p), and p + R must certainly 
not be 1 (ja(l) ean be arbitrarily large] ; it is reasonable to try R = J(l— -p), 
which makes the ratio of the distances of p and p-{~R from 1 equal to 2j. 
We thus have a permissible $ given by 


125 = 


(l-p)^(p) 

b-{\ (!+/>)} ‘ 


We still have p at our disposal, and the final question is: is there 
an absolute constant a (ultimately a = 1) such that, given any 


/'(*)= 1 + 6 ^+... 

regular in 1, there isapinO<p<l such that 

/^{i(l+p)}<2a(l-p)p^(p): 

or, simplifying by 1— p = r and multiplication by x, is there an x in 
0<a<l such that 

(4) \xil(1~\x) a?)} 2 ? 

The answer is affirmative, and it is sufficient to know about p(r) that 
it is continuous in 0 < 1, and p(0) = 1. The graph of 

y = h(x) = xp,(l—x) 

in 0 ^ 1 is continuous, starts at 0 at x = 0, and is 1 at x = 1. Let 

£ be the least value such that h(£) = 1 ; £ cannot be 0 (but may be 1). 
Then < 1 == A 2 (£), and £ gives a suitable value of x when a is 1. 

By inverting the point of view we have the following result, which is 
what we shall actually apply to prove “ Picard” theorems. 


t Any absolute ratio greater than 1 would give some final absolute constant. 
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Corollary . — Suppose g{z)~ 6 0 -j- b \ z + b 2 z 2 + * • • regular in y and 

has some missing value w 0 in every circle j w — c | *< Jc of given radius Jc. Then 

(5) \b 1 \<24k. 

If b 1 =£0, we apply Bloch’s theorem to f— {g—bf)\b x . There exists 
an open circle of radius ^ all of whose points are values taken by /. 
Hence there is a circle of radius ^ 1 6 X | all of whose points are values 
taken by g. This radius must be smaller than Jc. 

24, 25, 26. The functions P, Q, R. 

24.1. We denote by P(z) any (“Picard”) function which is regular 
and never takes the values 0 or 1 in y ; by Q(z) any function which is 
regular and never takes any value ±%mri («• = 0, 1, 2, ...) in y ; by 
R{z) any function which is regular and never takes any value — 47 r a n 2 
in y. It is evident that the necessary and sufficient condition for a 
function to be a Q is that it should be of the form logP, and that the 
necessary and sufficient condition for a function to be an R is that it 
should be of the form Q 2 . 


A 



A, 


Fig. 9. 

When P and P occur together, it is to be understood that P is also 
a function P(z ), and that P is subordinate to P; similarly when Q , Q or 
R, R occur together. Finally we denote the coefficient of z n in P by 
in Q by q ai and in R by r n . 

We use the symbol A(x, y, ...) to denote a positive constant depending 
only on the parameters shown explicitly, viz. x, y . ..., but not the same 
at different occurrences. In particular A always denotes a positive 
absolute constant, but not always the same one. When we wish to pre- 
serve the identity of an A we write A x , A 2 , .... 
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24 . 2. In Fig. 9 A, B, G are the points z = i, e~« ni , e~* wi , and AB , BC, 
GA are circular arcs orthogonal to the circle \z \ = 1. {ABC is thus an 
equilateral curvilinear triangle with zero angles.) Let w = p(z) represent 
D , the interior of triangle on II, the upper half w-plane, the points 

A, B, G of the #-plane corresponding to w = 0, 1, oo of the w -plane. 

Invert the triangle ABC in each (primary) arc AB, BC, GA of the 
triangle. Now invert the whole resulting figure in every secondary arc 
then the whole resulting figure in every tertiary ( i.e . outermost) arc, and 
so on. Inversion in a circle converts a figure exterior to the circle into 
one interior to it. preserves angles, and leaves an orthogonal circle in- 
variant. Hence we obtain a figure composed of sides of zero-angled 
triangles, orthogonal to the circle ABC, and with all corners on this 
circle. It is plausible that the complete figure inverts into itself with 
respect to any side (shaded and unshaded regions being, however, inter- 
changed) : this property is actually true, and follows without difficulty 
from the geometrical principle : “t/ y, & are circular arcs inverse with 
respect to a circle a, then the circles y. S', a obtained by inversion in any 
fourth circle have the same property ** . 



Fig. 10. 

We observe next that the greatest of the outermost arcs of the n-th 
stage is small when n is large. If not, there must exist an arc /3 
(orthogonal to ABC) whose interior is free of sides of the figure, for sides 
do not intersect. It is, however, evident that there must exist a con- 
tracting sequence of sides, one for each stage of the generating process, 
spanning /3 ; these have a limiting arc /3 0 spanning or identical with 
ft, the interior of j8 0 being free of sides. But evidently the inverse of 
triangle ABC in a side of the figure nearly identical with /3 0 must enter 
the interior of j3*. 

Next, every point P of the circumference | z ) = 1 that is not one of 
the denumerable set of corners is spanned by an infinity of sides f3 n con- 
tracting on to P as a limit point. Since sides do not intersect, the complete 
triangles of which fi n+ i is a side are inside j8». 
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From this we conclude finally that every point in |z| < 1 is ultimately 
covered by a triangle and that every point (corner or not) of the circum- 
ference |s| = 1 has an infinity of arbitrarily small triangles neatr it. 

We show now that the function p(z) can be continued throughout 
\z\<\> and has | 2 | = 1 for a line of essential singularities . By the 
symmetry (or inversion) principle (Theorem 118) jjl is regular across AB 
and takes in ABC i, at a point inverse with respect to AB to a z of D , 
the value conjugate to [Then w = /x(z) represents the interior 

of AGiBC on the domain bounded by the continuous lines of Fig. 10.] 
Similarly for a path crossing any number of sides, jjl is “schlicht” in 
every shaded, and in every unshaded region, taking in shaded regions 
values w belonging to II, in unshaded ones values belonging to II, the 
lower half w-plane. A point of the circumference \z\ == 1 has an infinity 
of small triangles near it ; hence p, takes any value other than 0 or 1 
infinitely often near the point. We see also, since /* is “schlicht ” in 
each quadrilateral composed of two adjacent triangles that p! 0 in 
\z\ < 1. 

It follows that <j>(w) 9 the many- valued function inverse to p> has 
w = 0, 1 (and oo) as its only singularities. If, for example, w 0 is in II, 
there exists in each shaded triangle a z such chat p(z) = w Q , and there 
exists a branch of <p(w), regular in II and so in the neighbourhood of w 0) 
such that (j> (w 0 ) = z. There will exist an infinity of branches of <p t but 
each is regular at w 0 . 

24.3. The Riemann surface 1i> of w = p(z). 

To a £-path from a point of triangle ABC to one of ABC X corresponds 
a 10 -path represented by the broken line in Fig. 10. We take an infinite 
number of half -planes II and ft. Start with II 0 , a particular II, correspond- 
ing by w = (i(z) to D. Corresponding tc AC X B we must have a n x joined to 
II across (0, 1). If we now (in the 2 -circle) cross BC l into A 2 C X B we must 
join a n 2 to II x across (1, go ). And so on. We obtain a surface of oo 3 
sheets with winding points of infinite order, in each sheet, at w = 0, 1, oo . 
Note that the w-paths corresponding to two z~paths from P to Q lead to 
the same point of [Proof by induction : if a path is deformed to go 
into one new triangle it comes out by the same arc that it went in by.] 

The equation w = p(z) represents y on U>. The inverse function <f>(w) 
is regular and “schlicht” on 1i> (the points w = 0, 1, oo in every sheet 
being taken as boundary points). 

The precise definition of W is as follows. Take an infinite number of 
planes, each cut from — oo to 0 and from 1 to + 00 • Take one such 
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plane, IFi. This has four edges, two companion edges from — oo to 0, 
two companions from 1 to + oo . To each edge we join the companion 
edge belonging to another cut plane (one plane for each edge, four new 
planes in all). The assemblage W 2 of three sheets has twelve free edges 
(and corresponds to a dodecagon in the ^-figure). We now deal with 
these free edges in a similar manner, affixing the companion edge of a 
new cut plane to each. And so on. We obtain a sequence W lf W 2> ... 
of surfaces, and ID is lim W n — XIF„. 

The following remarks may instruct the suitably informed reader. 
They are not used in the sequel and may be ignored if necessary. 

(1) ID is simply connected. This follows from the one-one continuous 
correspondence with y; but it is intuitive from first principles, since a 
closed contour on ID cannot surround a branch point and can shrink con- 
tinuously to evanescence. 

(2) The existence of a function w = F(z, p 0 ) representing y on 'ID with 
F(Q) =^ 0 is a particular ease of a general theorem that y can be repre- 
sented (with a triple arbitrariness) on any simply-connected surface of 
a certain type (to which ID conforms). (It then follows by an argument 
given below that P(z) is subordinate to F. Actually we shall arrive at 
the function F via the /x of the preceding argument.) 

(3) [Sketch only.] F(z) is certainly an automorphic function. For 
let P, P { be any two homologous points (points with the same w) of 'ID. 
To a path PQ from P to a variable Q corresponds a homologous path 
P'Q\ and the Q' corresponding to a given Q does not depend on the path 
PQ . The relation set up between Q and Q ' is evidently conformal in 
the geometrical sense (is one-one and preserves angles), and transforms ID 
into itself. If z f z' are the ^-points corresponding to Q , Q r , we may expect 
the transformation from # to z' to be a conformal transformation of y into 
itself, and this is in fact the case. Such a transformation is necessarily 
linear (by Theorem 119), and since w is the same for Q , Q', it leaves F(z) 
unaltered. F(z) is therefore invariant for some linear transformations, and 
therefore for their group. 

24.4. Picard’s Theorem for integral functions. — An integral 
function F(z) which takes neither of two distinct values a, b is a constant . 

We may suppose a = 0, 6 = 1. Then g{z) = <p{F) is regular for all 
But ( g | < 1. By Liouville’s theorem g = constant, F — p(g) = constant. 

Corollary. — A function F(z), meromorphic in the whole plane and 
having three distinct missing values a, b, c, is a constant . 
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(F—a)- 1 is an integral function with (6— a)- 1 and (c—a)- 1 as missing 
values. 


24.5. Picard’s Theorem for a circle (Schottky). — 

M(p, P)<A{p,p 0 ). 

We have p 0 — P( 0) =£ 0, 1. Hence there exists a unique z = a 0 , 
corresponding by w — p(z) to w = p 0 and lying in D+D a +(BA)+{AC) 
(D a being the inverse of D with respect to BG). Then 


? £ a o 

^ a Q& 1 * 


or 


z 


= -IzLSl 

1 ’ 


transforms y(z) into y (f), z = a 0 into f = 0, and the triangle into 

a ^-triangle A’B'C' with zero angles. The function 


w = F(£, p 0 ) = p(z) = , 

uniquely defined for given p 0 , represents y(£) on a w = p 0 (point Q say) 
corresponding to £ = 0. 'U> is locally sehlicht, and every sheet contains 

all values w except 0, 1, oo. A P(£) must have its representative point , 
continued anaytically from Q (w = p 0 ) corresponding to £ = 0, confined to 
Ui >, 50, 6?/ §22.1, 6e subwdinate to P(£). [Compare §23.7.] 

Consequently 

24 . 6. There is to extension of the last result. 


Theorem 227. — If |P(0)|<cr, then 

M(p, P) < Afp, w). 

Corollary. — If | P(0) | < szr, then | p 1 1 < A x (vj). 

Suppose first that p 0 is confined to the closed D' defined by | w j ^ vr, 
| to ! ^ | w — 1 | ^ Evidently a 0 is a continuous function of p 0 (if we 

allow a 0 to go out of the fundamental region) and so F{£, p 0 ) is a con- 
tinuous function of the pair of variables arg f and p 0 (if | £| = p < 1 is 
kept fixed andp 0 is confined to D f ). Hence M{p, F) is continuous ixip Qi 


(1) 


M(p, F) < A(p, vr), 

|P| < A(p, tar) (I £| = *>)• 
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We show next that we may add the circle | w — 1 1 < J to D' (giving D{) 
without prejudice to the form of this inequality. The two branches of 
V-P are P’s, and their constant terms are p\ and If now |p 0 ~l 1 < h 

one of these must lie in JD\ By (1) we have 

| v/P I < A (p, «r), | P | < A (/>, nr). 

Finally, we may similarly add ( w ) ^ to D[ , since if |p 0 | < h 1 — P is 

& P whose p 0 belongs to D[, | 1 — P | < A (p, tsr) and | P [ < .4 (/>, z?r). But 
P{ has now become | w | ct, and we have proved the main theorem. 

The corollary follows since \ |p a | < or) < .4 far). 

24.71. The following theorem is an application of Theorem 227. 

Suppose that and that fs( z ), with only a finite number of sin- 

gularities in x > /3, has the properties ; (1) for every 8 > 0 

¥(*)= Em \ j/(x+iy)\ 

co 

is bounded in x ^ a + <$; (2) /or 6' > 0 T is bounded in 

x ]> a — 8. Then for every 8 > 0 takes every value , one possible 

exception , an infinity of times in | z-~a | < <?, ?/ > 0. 

Suppose this false. Then there exist a, b, 8 > 0, >7, such that 
\Js =£ a, 6 in | £— a | <5$, y > tj; in particular f n ] £ 0 1 < 48 

when x 0 = a-f <5 and i/ 0 is large. We may suppose a = 0, b = 1 [other- 
wise let >f r = (>/r— a)/(6— a)]. Since | ^fa 0 ) | <C K, Theorem 227 gives 

Max| yf(z o +48 fi e i0 ) | < AfK, *) = *,; 

| ^ I < K i in I ^ ^0 | < 

Since the z circle touches x — a — <S and ?/ 0 may run through all large 
values it follows that yjr is bounded in x > a— 8 as z/-> + oo, and this is 
false. 

24.72. To give point to this application we digress to prove the 
following famous result (Bohr). 

The function ffa) = 2 n~* has the property of -ft, with a = 1. 

It is well known that ffa) is regular except for z = 1. In x ^ 1 + 5, 
|f | ^ 2 ; it remains only to show that f is not bounded in any 
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x > 1— <5, y > 1, and we shall actually prove that £ is not bounded in 
x > 1, y > 1. To this end we must prove first : 

Dirtchlet’s Theorem . — Given 6 V d 2 , dy, t > 0, and a positive 
integer q } there exists a t ^ r, swc/i 

IWI<i/g 

an^ in /ac£ a t can be found satisfying also t ^ rq y . 

00 

Corollary. If Ha n is a convergent series of non-negative terms , iAen 

1 

lim 3& 2 e iv ®" *= 2 a n . 

y-> °o 1 1 

Consider the unit cube in N dimensions : divide each side into q equal 
parts and draw, through the points of division, “ planes ” parallel to the 
coordinate planes, thus dividing the cube into q N compartments. -Con- 
sider the g^+l points 

{tvO 1, ti '0 2 , tv 9 n ) (i /= 1, 2, 4 xV +l) 

reduced (mod i) in each coordinate. All lie in the cube, two therefore, 
say for v x and v 2 , lie in one compartment. Then 

| v 3 ) d r } | < 1 lq (r < N), 

and we have what we want by taking t = t | Pi—vq | ^ t. 

For the corollary, the theorem gives at once 

lim &E a n e* 2 '** = 

i i 

and we can replace N by oo on account of the, uniform convergence. 

We return now to f(#). Given a (large) positive g we choose first x , 
satisfying 1 <C x -< 2 and such that 

2n~*>6g; 

oo 

then N so that 2 n~* < g ; 

N + 1 


t {a} denotes in general the difference between a: and the integer nearest to x , and in the 
ambiguous case x = r + f it denotes + J. 
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and then y greater than an arbitrary n and such 

cos (y log n) > 4 (n < N). 

y oo 

Then %£(x+iy) — 2n~* cos (y log n)-j- 2 

> £2*-*— 2 n- > jin-*- 2 2 »- 

tf+l " V+l 

> 3g — 2g = gr. 

Since this happens for some 2/ greater than an arbitrary 7, and g is arbi- 
trary, it follows that £ is not bounded in x > 1, y > 1. 

Taking as known, (i) the corollary of the lemma, (ii) the general 
principle 

lim ^ lim lim , 

valid for any real function of x, y (defined in the relevant range), we 
can condense the above proof into the single line : 

lim &£(z)> lim lim lim E n~ x ~ 00 . 

(x>l) X->H-0 1 £->14-0 1 

24.73. Theorem 227 gives an ea^y proof that a uniform function with 
3 missing values in the neighbourhood of an essential singularity is neces- 
sarily a constantf. We may suppose the essential singularity at z — 00, and 
the missing values to be 0, 1, 00. It is enough, by the maximum modulus 
principle, to prove that F(z) } regular and never 0 or 1 in i2 0 < |z| < 00, 
is uniformly bounded on some arbitrarily large circles |z| = JS. Now 
by Weierstrass’s Theorem there exist large circles \z \ = R each containing 
a point, z 0 say, with | F(z 0 ) | < 1 (say). We can find a chain of N+l < A 
circles O 0 , C x , C N , with centres z 0 , z N on \z \ = R and satisfying 

Max (\z x — z 0 |, | #2 — 1> • \z Q -Zy\)<iB, while the circles themselves 
have radius JjR. Applying Theorem 227, with p = J, to G 0 , G t) ..., C N 
successively, we find | F(z n ) | < A (0 < n < N) ; by a final application to 
each C n we have \F(z)\<A in each circle \z—z n | < and conse- 
quently on the whole circumference \z \ = R. 


t In the early history of the subject this natural extension of Picard’s original 
theorem was regarded as a new major problem. That this is no longer true is another 
instance of the effectiveness of the “ tst ” form (Theorem 227) as compared with the “ p 0 ” 
one. 
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24 . 8. The inequalities so far proved for P involve functions A (p, p 0 ) 
or A ( p , nr) of unknown form, depending on the form of F(z, pj. We 
shall show now that without any further inquiry into the special nature 
of F , and assuming merely its existence, we can obtain results of fair 
precision. We prove first : 

Lemma.— | q x \ < A(\ j 0 |+l). 

Let n be the least integer such that (| q 0 | + l)/(2nx) < Then 
Q(z)/(2mri) = a 0 + ai z+... is a P, and I a 0 1 = | q 0 |/(2«-tt) < J. By 
Theorem 227, Cor., we have \a l \<A, \q x | < An < A(\ q 0 1+1), the result 
of the lemma. 

Our subsequent arguments can take either of two forms. 


(i) Consider yp~ K z) — Q{^) = b 0 +b 1 z+ where f = {z— z^j{z[z— 1) 
and | z g | = p < 1. \fs is a Q(z), and its q 0 , q t are 


Hence 


<?(*») and 

IWI<il W' 


J- p lc >g {l + |Q(*o>|} < 


Q'M 
i+l W I 


A 

1 -V’ 


log 1 1+1 Q( z o) 1} < A log jZ^+log(l + |q 0 |), 

| Q(z a ) | < 1 + 1 Q(z 0 )\< 4(1+| q 0 |)(1— p)~^. 
Thus the “ order” of Q(z) in the circle does not exceed an A. 


(ii) In proving the last inequality we may suppose without loss of 
generality that z 0 = p. Let x(^) == Q \p+(l—p)z\' X 1S a Q( z )> and its 
q Qf q x are Q(p ). (1 — />) Q’{p). The lemma gives 

(i-p)|£>)|<^U + !Q(p)|}, 

and the argument is completed on the same lines as before. 

We shall meet again with arguments on the lines of (i) and (ii) ; we 
call them respectively the ^-argument and the p-argumenL The former 
gives a better inequality [since 1-— p 2 ^ 2(1 — p) as p->l] and in some 
connexions gives a best possible one. The latter, however, is always 

o 
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simpler in detail, and therefore preferable where neither method is best 
possible. 

What these arguments do is to show that in suitable circumstances 
[those in which w = f(z) is restricted to move on a given Riemann sur- 
face] all points of y are roughly on an equal footing : we can transfer a 
property of the origin to an arbitrary point z 0 . When the property of 
the origin is of type \a n \< F(a 0 , a l9 . .., a»-i) the transferred property is a 
differential inequation for f(z) of the n-th order. 


24 . 9. The lemma can be deduced from Bloch’s Theorem (Theorem 226) 
[and so without assuming even the existence of the function /z( 2 )]. 

Let /= \/{Qj27ri) (any determination), /is regular in y, and zkV n 
(n > 0). Since the function arc cosh w has w=± 1 as its only singu- 
larities f (any determination of) the fimction 

g = arc cosh / 


is regular in y, and g ± arc cosh '\Zn^r2mrri (m an integer) J. 

Now arc cosh \/ (n + 1 ) — arc cosh \/n 0 as n -» oo . Hence there 
is an absolute constant k such that any w-circle of radius k contains a 
missing value of g. By the corollary to Theorem 226 we obtain 

|<7'(0)|<24* = JL 


Now 

and so 


r __l 


Q' 


VC/ 2 -!) 4m /SJL/JIAI’ 

V (2m \2m J J 

V / { l fe l ( l i + l)} < ' 1( l 5 »l + l)’ 


the desired result. 


25.1. So far we have used only the bare existence of the function 
fi(z). To obtain “best possible” results we need full information about 
it; is actually an elliptic modular function. 

Let z .= S (t) be the linear transformation that makes the points 
e -liri (points A, B } O of figure 10) correspond to the points 


t Consider the derivative. 

X Otherwise cosh g — / = - 
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T == co, 0, 1, respectively (points A, B, 0 of figure 11). Then yu(z) becomes 
the function 

(1) A(t) = m (0(t)). 

A(t) transforms the upper half r-plane into our Riemann surface the 
“ circular ” r-triangle A, B, G being transformed into an upper half 
A-plane, the points r — oo, 0, 1 corresponding respectively to the points 


A 



A = 0, 1, oo. Now it is well known that the elliptic modular function 
known as P(r) transforms our r-triangle in exactly this manner. It 
follows that 

(2) A(r) = fc*(r). 

This then is the nature of our function /x(z). 

Consider now the function 

(3) /**«) = 2(A(t)-*) (r = *j=|). 

It transforms the unit circle y (£) into the Riemann surface £), 

which is of exactly the same nature as the surface !£>, except that its 
winding points are at w* = oo, 1, —1, which are missing values of /x*(£) 
iny. The “circular ” ^-triangle with corners — 1, 1, i, and sides orthogonal 
to |£| = 1, is transformed into an upper half w*-plane, the corners 

o 2 
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corresponding to w* = — 1, 1, oo respectively. The symmetry principle 
shows that the function — fi* ( — £) transforms this triangle in exactly the 
same maimer. Hence /**(£) an °dd function. 

In particular /u,*(0) = 0, and so A(^‘) — k 2 (i) = -J. Clearly /x*'( 0) > 0. 
Hence 

/x*'(0) = — 4£A' (<) = 4 1 A' (?) | = a" 1 , 


where the value a is known to he 4 tt 2 /T 4 (^). Finally the odd function 

f*i(z) = ap*(z) 

belongs to R (see §23), has ±a as missing values in y, and transforms y 
into the Riemann surface with winding points at ±a (and oo). 

Theorem 228 . — Every function w =f(z) of K takes at least one value 
of each couple belonging to the circle 

4rrr 2 

(4) l»l<« = ]^j~0-228.... 

In particular , every odd function of K takes all values of this circle . If 
w — rja, 1 77 1 = 1, the (odd) function ryx- L (r]- 1 z) is excepted , and (4) is best 
possible . 

Let 0 < w 0 ^ a, say. If / ^ ±w 0 in y, / is subordinate to tfi x (z)> where 
t = w 0 ja ^ 1. By Theorem 217 this is possible only if t = 1, that is 
w Q — a, and then /== 


25 . 2. Put z = and consider the function 


( 1 ) 


h w = aw = a(!^). 


If 3 ( T ) > 0, then | z | < 1 . By the symmetry principle A (r) has the period 
2, and so has e irrr . Hence H (z) is regular and uniform in 0 < 1 2 1 < 1. Also 
^^0, 1 for these z. On the other hand, J (r) co and so A(t)~> 0 as 
z— >0. Hence H(z) is regular at z = 0 also, and H (0) = 0. H transforms 
y into a Riemann surface with an infinity of sheets and winding points 
at 0, 1, 00, and differing from 113* only by the fact that in one sheet the 
point w — 0 = H(0) is not a winding point. 

By a known formula for A(r) (given in §26.6 below) we have 


H(z) = 16 2 exp 


s i L—R 

w = l m 


Z m j 
1 + 2 ™}’ 


( 2 ) 
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whence iP(O) = 16. The function H^z) — 1 G^Hiz) thus belongs to R, 
and applying Theorem 217 once more, we obtain 

Theorem 229 (Hurwitz). — Every function f{z) of R, vanishing at 
3 = 0 only , fofces all values |w|< x V V w = xVb |i?| = l, however , the 
function r]H x {rf- 1 z) is excepted. 

26.1. As we have seen already in § 25 . 1, the elliptic modular function 
A(t) = & 2 (t) transforms the upper half r-plane into the Riemaim surface 

in such a way that the shaded triangle A, B, G of figure 11 becomes 
an upper half A -plane, the comers corresponding to A = 0, 1, oo respectively. 

By the symmetry principle it follows that, given p 0 =f= 0, 1, there exists 
in the region R composed of the shaded domain, its image in A B t and the 
(open) arcs ( AB ), (BC), a r 0 such that — p 0 . Let t 0 be the conjugate 
of t 0 , and 



so that the t half-plane corresponds to y. Let now \(t) = P{z , pj* 
This defines a unique P (given p 0 ). Then w = P(z) represents y on 
and P is subordinate to P. We have, then, 

Theorem 230. — P(z) is subordinate in y to the function 

P(z) = P(z, p 0 ), 

uniquely determined , for given p Qf by the relations 

P(z) = X(r), 3 = 

T T<> 

X(to) = J> 0 , 

(l) — 1 <: &t 0 <; 1, |t 0 — i | > i, 

where X(t) [or & a (-r)] is the elliptic modular function, and t£ is the conjugate 

of r 0 . 

Theorem 231. — (i) Q(z) is subordinate in y to the function 

Q(z) = Q(z, go), 

Q(z) — log X(r), z — , 


(2) 


log X(T(|) = g 0 , 
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where r 0 is subject to (1), and the determination oj the logarithm is 
fixed by (2). 

(ii) R (z) is subordinate in y to 

R(A = R(z, ro) = {Q(z, \/rJ\\ 

Por if p 0 = e q ° we have, with appropriate logarithms throughout, 
Q = log? and Q( 0) = q 0 . By Lemma 1, § 22, Q — log P is subordinate 
to Q = log P. This proves the first part ; the second is very similar. 

26.2. Turning now to the study of the functions P, Q, R, we have 
first 

Theorem 232.— 

\Q(*. ?o)l< 

I R(z, ro) I < [)5 • 

We postpone a proof of the first result; the second and third follow 
at once, Bince P = exp Q, R — Q 2 . We deduce at once from Theorem 232. 

Theobbm 233. — 

M( P , QX 

M(p, P)<ex P ( y^). 

M(p, R) < 

There is little more of interest to be said about functions P, as such, 
and we shall be chiefly concerned with functions Q ( = log P) and R. 

26 . 3. Consider first the functions Q , and compare them with their 
subclass By discussed in §23.4. Whereas functions B have a set of 
“missing values” filling the whole straight line = 0, the assigned 
missing values of Q are only the discrete set +2 ntri; the B’s are a very 
special sub-class of the Q’s. None the less Theorem 233 shows that an in- 
equality similar to § 23 . 4 . (3) holds also for Q. It is natural to inquire 
whether this parallelism holds also for the results § 23 . 4 . (4) and (5), the only 
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change being a constant multiplier A(q 0 ) on the right-hand side of the 
inequalities; to inquire, that is, whether 

W |?„!<A(g 0 ), 

and 

(2) 2| 3n | V "<4^. 

1— p 

It will be found that we can prove (2). Our methods are essentially 
incapable of proving (1), and it seems likely to be false, but they do give 

\q n \< A (q 0 ) log n (n > 1). 

There is a corresponding parallelism between functions R and 
functions G(z), regular in y, with missing values filling the half line 
v — 0, u .< 0 ; and here we can actually prove our case. 

A function C is of the form B* Hence if 33 (p) and C(p) are the 
majorants of B(z) and C (z), we have 

C(p) < 3 3 a (p), 

the inequality, moreover, extending to the separate powers of p in the 
two expansions. We therefore deduce from the results for 38, 

® |C«|<CW<k|(i±f)’, 

w l c n|<4|c„|n (n>0). 

[For (4) we gave a direct proof above in §23.6.] We have seen 
(Theorem 232) that (3) holds for functions R, save for a constant multi- 
plier on the right, and we shall see presently that the same is true of (4). 

26.4. We require the following results about Q(g) = Q(z, q 6 ). 
Theorem 234. — 

M.Cp, &Q) = ~ j J »Q(pe") | d6 <A( qo ) log 
Theorem 236. — 

M\( P , Q) = 2|g n |V*<r^- 

i— p 

More generally M r r (p, Q) < (r > 1). 

U— p) 

The proofs of these theorems also we postpone. 
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Since \&Q | is subharmonic, it follows from Theorems 210 and 234 that 
M l (p, *Q)<A(q 0 )\ og^“. 

Hence, for n > 0, 

| ^ | = I -1 j’ e- nei *iQd9 |< ZM^p, *Q) < ^(? 0 ) lo g 

and by taking p = 1 — 1/n in this we obtain t 

Theorem 236. — | q n | < A (q a ) iog n (n > 1). 

From Theorems 210, Cor., and 235 we have, again, 

Theorem 237. — 

■1 M \{ P , Q) = 2 1 q % IV 5 * < 

More generally Mr(p t Q) <C ( r ^ 1)* 

This gives at once 

Theorem 238. — <&(«) < (p < 1), 

where <&(p) is the majorant E|qv|p* of Q (») 4 

Thus the inequality for |Q(z)| extends to <&(p), m accordance with 
the behaviour of the functions B, and Theorem 238 is a generalization of 
Theorem 233. 

Finally, since B = Q 2 , we have (with r 0 ~ q%) 

M 1 { P , R) = M\{ P , Q) < Ml(p, Q) < 

1—p 

From this there follows, by Theorem 213, 

Theorem 239. — | r n | < A (r 0 ) n (n > 0). 

t For Afi(pt Q) there is no better upper bound than A{% Q ) log 2 y~, 
t I® **°t if 1 — pi — § (1 — p), we have 

* 1 2» I P n < {2 I 2, 1 V;" JWh) 1 *! 1 < | —i * < . 

U— Pi Pi-Pi 1 — p 
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26 . 5. We take up now the postponed proofs of Theorems 233, 234, 
235. These concern the modular function A(r) ; they involve rather 
heavy calculations, which the reader need not take too seriously if he 
is prepared to take results about classical functions for granted. 

We need first some (very plausible) results about mean values taken 
on circles | z | — p modified by a linear transformation 


(1) 


£- 


2 + a 
1 + a'z* 


where | ct | C 1 , and a ' is the conjugate of a. 


Lemma. Given an f(z) regular in y, let F(z) .= /(£), where £ is 
given by (1). Then 

(2) M x {p> F)^A(a) M x (p* 9 f) (A > 0), 

(3) M ( P , 

(4) M k ( P , %F) ^A(a)M k ( P *, &/) (Jc > 1), 


where p * = 1— /?(1— p) , and ft is a certain A (a). 
Let b — (1— | a | )/(l+ I a I ), and let us choose 
P^lb, p* = 1 — £( 1 — p). 
Let z = pe id , £ = re**. The identity 


l-i 

L 

2 _ i l a l 2 

1-1 

z 

3 - |l+a'*| 2 


showB that 1 — r>%b(l—p), so that r<Lp* for all values of jo, 0. Let 
now Z = p* e 1 *, and 

p* 2 —^ 

F( ' Z ’ ® = />* a — 2p*r cos — ^>)+r a ‘ 

When p and t/r are fixed, P is a function of 6 (through £) satisfying 

1 far *2 j 12 

(5) — f(°)f = ^J a ~ l t 


t For P{i/, £{ e )} f° r fixed Z , harmonic in # for j « J ^ p, and the left-hand side of 

(5) is therefore equal to the value of this at * — Q. 
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The function | F(z) | K = | f(Q | x is a subharmonic function of 
(Theorem 206) ; hence (Theorem 203) 

\F(z) \ x <± £_ I f(Z) | x P(Z, 0d*. 

Integrating with respect to 0 we have 

J'_ I F(z) \'d6 < ^ j* J f(Z) I* (j r _^ P(Z, £) de) dxf, 

< A (a) j'_ ^ I f(Z) | x d^, 

by (5). This proves (2). (4) can be proved in the same way, sine 
|3&/(f)P is subharmonic in £ when k^l. The result (3) is ai 
immediate consequence of the inequality r < p*. 

26.6. Returning now to the function Q(z), we start from the formuli 

m / -t \m pTnnti 

k(t) = log \(-r) = 4 log 2 4* iTT-i -+■ 8 ^2^ — — — 1 

valid for » certain determination of the logarithm. Since Q( 0) = q r _ 
we have from the definition of Q (Theorem 231) 

= jd-itW+^w, t = 


Now <f>(z) = eT* = exp (yri "j— 5 ) 

satisfies |^|^1 in y, and <p(0) = a, where a is a constant depending 
only on qo* Hence *<f>(z) is subordinate to £( 2 ), where 




#-4-q 

l+q'*’ 


and 

is subordinate to 


82 


(— ir 


e m^r< 

l+e? m,rTi 


Thus 

where 


*(.*) = +{Z(z)} = 82 i —±P 
g(^) = £(*)+!», 

L(z) = g 0 +'«('i — t 0 ) = q 0 — 


£*(*) 

i+rw 


1 — « 


and T(a) is subordinate to 'b(z) — ’S'(O). 



( 1 ) 

( 2 ) 

(8) 
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26.7. The inequalities we have to prove are 

M(p, Q) < 
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MA P , Q) < (?> 1 ) < 

ft 

MAp, «V) < A(q a ) log 


1 —p' 


Since M x (g+h) sg M^g)+M k (h) when 1, i* is enough to prove the 
corresponding inequalities for L(z) and T{z). Those for Hz) are easily 
verified. + To prove (1) and (2) for T(z), it is enough, by Theorem 210, 
to prove them for ^Kz), and the same thing is true of (3), since |»T|Js 
subharmonic. The lemma shows finally, since (1— P*) -1 < 4(o)(l— p) \ 
that the inequalities are true for ’Ffz) if they are true for i/Kz).- It 
remains, then, only to prove that 

y]s(z) — 8S m 1+zm 

satisfies (1), (2), and (3) (with ^ in place of §). 

26.8. Let p ~ e-W, and let v be the greatest integer contained in L 
We have 

(— ir 


a) 


: 8 


(i+i) 

\1 r+1/ 


m 1 + Z r 


= SO/'I + 'Wj 


say. For wi of ^ 2, p m ^ ® 1 * iMMic© 

( 2 ) 

For m of ^ we have p*» > e~\ l- P m > (1 - P )me~K Hence 




( 3 ) 


I 'Ail m(l-p m ) 




„ o o a n 9 \ r« — 1 B = 01. while §8.4(11) shows that 

t M is trivial. For U r see § 8 . 4 (12) l a - i, 0 vj f s 

Mj (p, L)< A (q 0 ) log (2/(1 - p)}. 

, . r , , > \i ci nee %LL is substantially the kernel of a Poisson 

M x {KL) itself is bounded [by an 4(2o)L smce ^ 

integral. 
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Also, for r > 1, 


M 

But if 


,<„ « i£=) = -i i i (l j'_. 

z m — -Z — —p n e*\ 


1 +z m 


de 


Ur 


L 


1 +z w 


r fir I y r fir 

< A (r) (1 — p m )~ (r ~ 


- r ae 


by §8.4(12); and for m of this does not exceed A(r){m(l— p)} 
Hence 

(4) Jf r (p, < A(r)(l-p)-^ r £ m-i-tr-n/r < A(r)(1 ^ p) -l + l/r t 

1 

Finally 


w^r,i K i 

J>r&h = LI*ral‘»=L 


2™ 

+i* 




i— i 


i — je 2 


1 — 2R cos 0+-R 2 


ae 


< 


L( i+i i=di 


-E 2 


eos B+E : 


dO — 2 tt, 


and so 
(5) 


M x (p, fti/'i) < A 2 — < A log z~~ 

i m 1 — * 


The desired results for \js follow from (1), (2), (3), (4), and (5). 


26.9. A companion formula to that for k (t) = log k 2 (r) = log A (r) in 
§26.6 is 

, 1 riZm-bl 

valid for a certain determination of the logarithm. Replacing e wH by 2 
in this (as in § 25. 2) we obtain the function [a companion of \}r{z) of § 26.6] 

, k 00 1 rfivt+l 

x (z) - — 16 S 2m+1 1+2 ,2 (2m+1) - 

The function x( z ) never takes any value j^2mri for z 9^ 0 [compare H(z ) 
of §25.2]; it differs from a Q by taking one of the forbidden values 
(viz. 0) just once. The reader can easily verify that the coefficient of 
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z n in x( z ) is not 0(1) ; actually it can be as large as A log logn. Thus a 
result q n = 0(1) is very improbable. 

26.10. We conclude our study of functions Q by showing that the 
similar behaviour of the functions B , Q breaks down in respect of means 
Mx(p) for which 0 < A < 1. In the first place we have (§8.4) 

(1) M k (p } B) < A {l, do) (0 < X < l < 1). 

On the other hand 

(2) M k (p, Q) =£ 0(1) (X > 0), 

as p-> 1. A direct proof of (2) does not exist, and we argue indirectly 
as follows. If the mean is bounded (for any particular A) it follows, 
by a known theorem, that Q tends almost always to a finite limit as 
z tends radially to the circumference of y, further, that this limit cannot 
have the same value in any set of positive measure, and therefore differs 
almost always from all the values of any given denumerable set, in 
particular differs almost always from all numbers Then P = e^ 

tends almost always to a finite limit other than 0 or 1. Now the interior 
of y can be divided into fundamental regions for the function P . These 
are curvilinear triangles with corners on |z| = l, and the sides are of 
three types, corresponding to (real) values of w between —00 and 0, 
0 and 1, 1 and + 00 respectively. A radius vector to a point of \z\ = 1 
other than a corner crosses one, and therefore two , sides of each of an 
infinity of triangles. It crosses, therefore, an infinity of sides of at least 
two types; it follows that the limit of P can in general only be 0,1, 
or 00 , and we arrive at a contradiction. 

It is interesting to observe that we can prove 

Jj *$(#*") | X <20<^O, Jo) (0<A<Z<1), 

so that the real and imaginary parts of Q behave differently. The proof, 
however, requires elaborations into which we cannot go. 


27. Functions S and S. 

27.1. We define a function S to be any function $ 1 £ + S' 2 ;?2 “K--> 
regular and “schlicht” in y, for which s 0 = S(0) = 0. We saw in § 11 . 2 
that a “schlicht” w = f(z) conformally represents y on a simply-con- 
nected domain tf> of the w-plane which does not overlap itself (is 
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“schlicht”). We define a function S to be any function that is sub- 
ordinate to some S. 

We denote by T the set of ‘ ‘missing values” of S in y. 

By Theorem 217 (with £ = p = 1) the function s x z is either identical 
with S{z) or not subordinate to it, so that T contains at least one point w 
for which \w \ <|si|. Also it is the complement of a domain and is 
therefore closed. It is unbounded, and contains no bounded component 
T isolated from in particular no isolated point, since W" is simply 

connected. Thus F is perfect and connected. Since w = 0 belongs to 
f-, r has a positive distance d from 0. Also d < [Sjj. 

To sum up : F is a connected {closed) continuum extending to infinity, 
and contains at least one point w.for which 0 < j w \ = d < | ^|. 

In what follows F will always denote a connected continuum ex- 
tending to oo and not containing w = 0 ; d(T) the distance of w = 0 
from T ; T(S) the set of missing values of 5. 

Thbobbm 240. — The necessary and sufficient condition for a function , 
regular in y and vanishing at z = 0, to be an S , is that its set of missing 
values should contain a Fw When F is given, S is subordinate to an S 
with §!> 0, uniquely determined by T, whose set of missing values con- 
tains r. 

The condition is evidently necessary, since the superordinate S satisfies 
it. If, on the other hand, the condition is satisfied for a given F, the 
complementary set of F is a sum of simply -connected domains, each 
having as complete boundary part of T. One of these domains, W 
say, contains w = 0. Let w = 2(z) give the conformal representation 
of y on with 2(0) = 0, 2/(0) ;> 0, so that 2 is uniquely determined, 
r is clearly a part of the set of missing values of 2. Now any contour 
in y beginning and ending with 2 = 0 transforms by w = S(z) into a 
contour lying in and beginning and ending at w = 0 (otherwise the 
transform has a point in common with the boundary of W. and so 
with T). That is, S is subordinate to 2. This completes the proof. 

We may now abandon our original definition of functions S, and 
take instead : A function f is said to be an S if f(0) = 0, and the set of 
missing values of f in y contains a {given) set F. 

We may for convenience write T(S) for the T of the definition, and 
S(D for the (unique) function S of Theorem 240. 

We see then that we can obtain inequalities of types (A), (B), (C) for 
the general function S of the class just defined, provided we can obtain 
a PP ro P r ^ a ^ e inequalities for the general function S, that is, for the general 
function “schlicht” in y (and vanishing at * = 0). The subject of 



Functions S and S . 


207 


functions S is of very great interest in itself, and we shall now study it 
systematically, not always confining ourselves to results that have a 
hearing upon the theory of functions S. 

For convenience we shall state our results for functions S whose s 1 is 
unity, and we shall write cr for such a function, cr n for its %-th coefficient, 
so that cr 0 = 0, oi = 1. 



is a cr whose T is the set of points u = 0, v ^ J (§ 23 . 6). It shows that 
all the above inequalities are best possible. Theorem 241 turns out to 
be the key theorem, from which the whole group can be deduced fairly 
easily. We shall give two proofs for it ; but it is convenient to postpone 
them, and to begin with the proof of the “ deductions The deduction 
of a Theorem Y from a Theorem X will be denoted by (X->Y). 

27.21. Proof of (241 -> 243). Let be any point of T(a) 3 Then 

T -^ = z +(* i +±y+... 

is regular and “schlicht” in y. Hence 

k,+ l//8|<a, |l//8|<a+|«r t |<4, I£|>i; 

and this is the desired result. 

j* They are f undam ental in the general theory of the conformal representation of 
Rjemann surfaces. 
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27 . 22. Proof of (241 -> 244). This is an example of the “ {/-method ” 
(§24.8). 

Let <p{z) = a-(£)—<r(z 0 ), where £ — (z—z 0 )l(z' o z—l). Then ^ is an S 
witn .si .= <r‘(z 0 )i,ayaz) 0 = — (1 — p 2 ) <r’(z 0 ), p = | z 0 \, and 


2s. = (1 -p 2 ) 2 er"(z 0 ) - 24 ( 1 -p 2 ) 4 (z 0 ). 

The inequality |«s | ^ 2 |?i | becomes (if we drop the suffix 0) 


( 1 ) 


(1-p 2 ) 


2 \ <r"(z) 


r'W 


-2 


<4 (|*|=p). 


This is equivalent to 

(2) 


4((£)__V 

Z <r'{z) l — p a 


< 


4p 

1-P 2 ’ 


in which we have (for z — pe is ) 

za » _ j P@fip) log I I Z(T " _ ( ar S 

a> ( (9/30) arg c r' ’ \ —(3/30) log | <r' | 


and so, from (2), 


(3) 


V~4p 

1-P 2 


<P T ^g\a’ 


~ 2p 2 +4 p 
^ i-V ’ 


(4) 



< argff ' < 


W 


From (4) we can derive results concerning arg cr' ; we confine our- 
selves, however, to (3), which gives on division by />, integration and 
exponentiation [remember that cr'(O) = 1], 


JkzR. 

(l+p) a 


< w < 


1 +£ 

(1 -p)* 


and this is Theorem 244. 


27 . 23. Proof of (244-> 242). The right-hand inequality of 242 follows 
at once by integration from the right-hand inequality of 244. To deduce 
the left-hand inequality let z = z 0 be the point of \z\ = p for which |a| 
assumes its minimum value. This minimum increases with p [the image 
of |z|</> by w = a(z) expands] and is less than d . Hence the radius 
vector from w= 0 to w~o(z Q ) does not meet F, and there is a cor- 
responding z-path from z ~ 0 to z Q . We take for parameter of this path 
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the distance r of the variable z from z — 0. Since |zi— z 2 ]^|ri— r 2 |, we 
have on the path (taking the limit) \dz/dr\ > 1. Hence, if \z a \ = p, 

| cr(zo) | = ( length of w-path) = J ° | <r' (*) | = J P ] o-'( e ) | 

But the integrand is at least (1— r) (1-fr) 1. Hence 

k( " o)l> fo(TT& cZr = (T+^- 

27 . 24. Proof of (242 ->245). — Consider again the function 

where £ = (z— z 0 )l(z Q 'z— 1) [§27.22]. Theorem 242 gives 

( 1 P 2 ) I ( z o) I <|or(C)-a( Zo )| < (l-^)|a'(, 0 )| {T Mjp (p = K|). 

This becomes Theorem 245 when we put £ = 0 and so z = z 0 . 

27.31. We come now to the proof of the crucial Theorem 241. Our 
first proof depends on the following result, which is of interest in itself. 

Theobbm 246 . — Let 

F(Z) = o- 1 {ljZ) = Z-a 2 +a 1 Z~ 1 +a 2 Z“- 2 +..., 

so that F(Z) is a function ec schlicht ” and regular (except at Z = oo) 
|Z|>1. Then 

2n|a n | 2 <l. 

i 

As Z describes | Z | = J2 > 1 positively, cr describes negatively a closed 
(simple) contour, and i 7 ' describes positively a closed (simple) contour <7. 
Let J — J (JR) be the (positive) area of the interior of C, and let 

F(Re i9 ) = u($)+iv(0 ). 

By the formula for an area (note that the sign is correct : the point is 
vital to the argument) 

J — (uv r — u’v)d0 = j* uv f dO 
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We need consider only terms of the product independent of 6, and obtain 
J= V R % —7rin\a n \ 3 R- i ’'. 

Since on the one hand / > 0, and on the other R may be arbitrarily 
near 1, we must have 

Remarks . (1) As increases G expands. For, by Theorem. 117, Cor., 
the cr contour shrinks. (Or we may observe that two C ’ s for different jR’s 
do not intersect, and C is approximately a large circle when R is large.) 
It can be shown that lim J ( R ) is the area of the region left uncovered in 

R-+1 

the w-plane when Z ranges over the whole exterior of the unit circle. 

(2) A variant of the proof of Theorem 246 proceeds on lines which we 
may sketch as follows. We prove first that Ji(R), the area of the image 
of 1<|Z|<B, is of the form 

irR 2 — 7 r + 7r-2ft | an o(l), 

i 

when R is large. Next, it is not difficult to show that for large R J(R) 
differs infinitesimally from the area of the ellipse w = Z+a x Z~ l , and so 
that J(R) = 7ri? 2 -|-o(l). Since / ^ J x we obtain the desired result when 
we make R ao . 

We can now deduce Theorem 241. Given a <r(z), let 

</> is regular and “schlicht” in y. [<f>(z) = a 0 has at most two solutions, 
of type z = But <£(—£) = — and +£ cannot both give <f> = a.] 
Let Z = z" 1 and 

F(Z) = ll<p(z) = Z-\<r % Z~'+...; 

F is “schlicht” in \Z\>1. By Theorem 246 

l^| a = l a il a <2*|o«| a <l, 

| <r 2 ) < 2. 

27 . 32. We proceed now to develop the ideas for another proof of 
Theorem 241. 

Theorem 247. Suppose that f(z) is regular in Let p be 

the maximum number, for varying w, of solutions in | z | ^ r of f(z) = w. 
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Let p 0 p ) be the number of zeros of f(z) in | z |< r. Let 

M = Max | / 1, m = Min j / 1 

for [ z | = r. Finally let f(z) = Re'* and let h(x) be a monotonic and abso- 
lutely continuous function of 0. Then (i), if his increasing we have 

(1) p 0 h{m) < 1 ^ p 0 h(m)-]-p {hiMj—him)}, 

(ii), if h is decreasing we have 

(2) p 0 h(m)+p\h(M) — h(m)} < I< p 0 /i(m), 
where 

1 = = h L mir - 9,1 ? % ?d9 - 


Case (ii) reduces to case (i) if we change the sign of h. In case (i) 
we have p 0 — ~ | d<t> and so, defining 

J\zl=r 

f 0 (R <; m) 
fh(R) - j 

U(jR) — A(w) (R > m), 

Ii = I <Jh) = I—p 0 h(m). 

Also I t = ~ f d$ T ^ tdt. 

2'7rJ| , 1 = r Jo C 


This, on the one hand, is the integral of the non-negative function 
h[(R)/B over the area (multiplicity counting) of the image of \z \ ^.r by 
w =f(z ), and is therefore non -negative ; on the other, it does not exceed 
p times the same integral taken over the circle jwj = M. Thus 


0 < Ii <2? Jii(R)dR = pk^M), 


which is equivalent to (1). 

A more geometrical version of the proof may be sketched, taking for 
simplicity the case p 0 = P = 1* Consider the curve which is the image 
of [ z | = r. It contains the ^-origin O , and the radius vector from 0 
meets the curve in an odd number of points P l9 P 2 , ^n+i* ^ 

increases points with odd suffixes move in the positive direction round 
the curve, points with even ones in the negative direction. The sector 
d$> contributes to 2rr I = j h d$> an amount 

2 irdl = (7ij — Zt a 

p 2 
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This lies between and li^^d#, a fortiori between h(m)d$ and 

h(M)d&. Thus I lies between h(m) and h(M), the appropriate result. 

Corollary . — For a function <r(z) we have 

(3) \inHp) <PJ p \ M k(p)\ < A MHp) (A > 0), 

(4) P f | <rOr) |"^e<0 (/8 > 0). 

For any /( pe w ) = we have, by the Cauchy-Riemann equations, 

sf 

de ~~ r dp m 

Hence, by the main theorem with^ 0 = p = 1, h(x) ~ x x and x~^ respec- 
tively, we have 

(£{»<") = 

P T P (j 2 * - ** 0 ) = — < o, 

which are the desired results. 

To prove Theorem 241 let now 

/(*) =(^ ) ) _i = 

a function regular in y. Then 

= />-> ^ Jl/ | 2 <W = p " 1 (l+i WV+J 2 k n p* n ), 

where k n ^ 0. The differential coefficient of this with respect to p is 
non-positive, by (2) of the Corollary, with ft = 1. Hence 

— P~ 2 +J| cr a | 2 -f 2(2n — 1 )A; to/ o 2t> ' 2 < 0, 

ka| 3 < dp>“ 2 , 

and so |cr,| a ^ 4. 

27 .41. So far we have succeeded in proving best possible results in 
all cases. Our remaining theorems about functions cr are (in general) 
not best possible. 
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Theorem 248. — 


^i0 P> <r) < t - , 

1— p 

I °-n | < 


Proof (i). Clearly 

<})(z) = {<rC? 2 )}* = ^4'^a^ 2 +^3^ 3 +-.- 

is regular and “schlicht” in y, and in virtue of Theorem 242 (applied 
to er) } 

(1) I^Kr 1 -, 

X— p 

Now 

TrXtt| 6 n | 2 p 2n = j rdr ^27rE| nb n = j rdr J | 0'(re w ) | a <20 

= | area of the transform of | z\ ^ p by w = <f>(z)\ 

(2) <7rJf 2 (p, <f>), 

since <f> is ‘schlicht so that the area does not exceed tt times the square 
of the greatest radius from w — 0. Hence 

Integrating this from 0 to p we obtain 

(3) 2|6 B |V n < i-A. 

l x — p 

But 

^ | <r(f? «*+) | drfr = £" | r(p* c™) | d6 

= r i \ i de= < iT^\ b» i a P *\ 

Jo 1 

Hence (3) becomes 

2t rM^ip', a) < ^4. 

l—p 

We may write p for p* in this, obtaining the first part of the theorem. 
The second part follows by the usual inference from to c n . 
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27.43. Proof (ii). This extends naturally to prove the more general 
result (obtainable also by the other method) : 

Theorem 249. — 


(1) 

A j* m x (r) y < M\{p, a) < A ^ 

(A > 0). 

( 2 ) 

2\tt j > r x-1 (l-)-r)“ 2X ir < M\(p, a) < 2Aw | o rX_1 (l _ 

1 

1 

$5 

* 


In particular 


(3) 

M x (p,o)<A(\)(l-p)-* +1 (A> 


(4) 

M x (p, a) < A (A) (A < ^). 



(1) foEows by integration from Theorem 247, Cor. (3), and (2) from 
(1) and Theorem 242. It is interesting to observe in connexion with the 
second inequality in (1) that for any function regular in y and vanishing 
at the origin we have the opposite inequality 



It follows from (4), the theorem mentioned in §26 . 10, and Theorem 
210, Cor., that functions 8 and 8 tend almost always to a limit as z tends 
radially to the circumference of y. 

We actually use j the result for 8 m a moment, and therefore digress 
to give an ad hoc proof of it. 

If jS is a missing value of S and </> = ($—/})* (say), it follows from (4) 
that M 2 {<f>) — 0(1). It is therefore enough to prove that a function u, 
harmonic in y and satisfying M 2 (u) = 0(1), has a p.p. radial limit. If 

u = 2 (a n cos n9-\-b n si xin9)p n i 

the condition M 2 {u)^0{ 1) is E(|u„| 2 -f \b n \ 2 )p 2n = 0(1), equivalent to 
S ( | a n | 2 + I b n | 2 ) convergent. By the Riesz-Fischer Theorem (Theorem 44) 
2(a w cos n6-\-b n smnd) is the Fourier series of a function U (of L 2 ), and 
by Theorem 36 cr n (d)-+U(d) p.p. This is a stronger result than the p.p. 
convergence of w to U as p ->1, (The “Abel limit 55 exists if the Cesaro 
mean converges, the proof being a summation twice by parts.) 


t Unexpectedly ! 
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27.43. — Theorem 250. — The perimeter of the transform of \ z\~ p 
by w = <r(z) does not exceed -- ^ p . a . 

(1 — p) 

f2ir 

The perimeter being \ | cr' (pe' d )\ pdd = pM^p, cr'), our result follows 

Jo 

from Theorem 248 and the following lemma : — 

If f(z) is regular in y, and 

Mx (p, /) < K(l— p)“* (a > 0), 


then M t (p, f) < A(a)K(l—p) 

Let 1 — pi = £(1 — p), x = pe**, z = p 1 e i +. We have 

A 








J 2 ir /* 2 w 

o ^i/wij o 

Miifiit f). 


dO 




and 


-p ^ 1 “P 

/)• < JST(1-pO- < KA(a)a-p)— 


Alternatively we can argue from Theorems 245 and 248 (without the 
lemma) : 


M i (p> <*') = 


2tt 



a 


d6< 


p-Hi+p) 

1 -p 


(p, a) < 


l±P 
(i -pr 


27.44. Let /i(z) = z+n 3 z 3 +n s z i +... be ail odd function, “ schlioht ” 
in y. p?(z) = z 2 +2p. 3 z* -J---- has different values for different values of 
z 2 in y. Hence /x(z) = (ct(z 2 )}*, where 


o-(z) — z+2p 3 z 2 +... 


is “schlioht” in y. Conversely, for any a, the function /x so defined is 
an odd schlioht function. This relation enables us to deduce properties 
of functions /x from those of general <r. For example, Theorem 241 gives 
f/x 3 | < 1 : this is a best possible result, as is shown by /x(z) = z/(l — z a ). 
We prove now 

Theobem 251. — |/^ n |<-4i- 

The best possible A x is not known. It is known, however, that for 
any assigne d odd w > 3 it is possible to have |/x n |>l. To prove 


f If a 


0 it is possible to prove a little more, viz. that 


u ,(/>, f) = o{(l-p)- 1 }. 
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Theorem 251 consider p x (z) = {pi* 2 )} 1 and /x 2 (s) — {/xi(2 2 )}^ /* i( z ) and 

so £t 2 (s) are “ schlicht” in y. Also 

where cr(2) is 44 schlicht If z = and p ^ 

S fj »*'<»> I " - s il = £ f. j *. Wriw I * 

= p-*pi<2». 

By Theorem 249 (3). 

Now Q= 2” j ^lM2'(p ie '0| 2 ^ 

increases with p, so that 

Hence, by (2) in §27 .41 f and Theorem 242, 

^ <A(l-p)~ 1 M‘ i (pK pi) <A(l-p)~ 1 MHp, or) 

(2) <A(l—p)- 1 (l—p)- i <A(l—p)-*. 

It follows from. (1) and (2) that 

ij’_ \p'{z)\ dd<A(l-p)~\ 

and so, taking p= 1—l/n, n > 1, 

« | p n | < p- n+1 ^ J J p! (2) | ^ ( ] 1 -p)- 1 = An > 

the desired result. 


•j* Valid for any " schlicht ” We take <f> — and pt for p. 



Functions 8 and 8 . 


217 


27.5. We have seen (Theorem 241) that |cr a |<2. It can also be 
proved (by a long and difficult argument) that | or 8 | < 3. Since | a n \ < en, 
by Theorem 248, it is natural to inquire whether | a n \ < n is true generally. 
(No stronger result is possible, as the example <r 0 (z) shows.) This problem 
is still unsolved f. It is therefore interesting that we can answer it in 
the affirmative for two important sub-classes of functions a (the function 
o 0 (z) belonging to both of them). 

27.51. Theorem 251. — Suppose that cr{z) has real coefficients. Then 


Since a is real on the real axis of z, the image D of y by w = a(z) is 
divided symmetrically by the real axis of w, and the two halves are 
images of the two z semi-circles. Thus 

v(p, .6) — 3o(pe ie ) = Xa n p n sin w# ^0 (0 ^0 ^ir), 

1 

(this being the sense of the inequality for small p). Now | sin n0/ sin 9 j ^ n 3 
and so 


a) 


v(p, 6) sin nddQ 


^ — i v(p } 9) sinOdO = n<r 1 =^ n. 


This, in the limit p->l, gives the desired result. 


27 . 52. A domain (containing w = 0) is called ‘ *' starshaped ’ * (with 
respect to w = 0) if, for any point w of the whole radius vector from 
0 to w belongs to A closed (simple) contour is called 4 4 starshaped ” 
if its interior is a “ starshaped ” domain. 

The following results are so striking and complete that we include 
them, but the proofs are rather difficult, and the reader may omit them if 
he wishes. 


Theorem 252. — Suppose that o(z) transforms y into a “ star shaped” 
domain. Then [ a n | 


The proof of this is based on 

Theorem 253. — For a(z) to transforms y into a “ starshaped ” domain 
it is necessary and sufficient that , in y, 


0. 

o(z) 


f The corresponding result for function /u(z), viz . |/a* |< 1, is false. There are, how- 
ever, differences in the two cases which make this no presumption against the truth of 
{ <r n | < n. 
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Corollary. If 15> (cr) is “ starshaped” the transform by o(z) of each 

circle 1 2 1 = p is “ star shaped 

We must use the result noted in § 27 . 42, that <7 (pe ie ) a (0) as p -> 1 for 
almost all 6. a(0) is a point of T (see § 27 . 1), and a (6) ^ 0. 

Let 0 < 0 < 277 , and define <t>( P , 9) = arg a( P e ie ) by continuation along 
the radius P e« starting with 0(0, 9) = 9. Then 0(0) = lim 0( P , 9) exists 
and is finite for a p.p. set E of 0. For a 0 of E we denote by c x (0) the 
transform of the radius 2 = P e is , 0 < P < 1. c x (0), joins w = 0 to a(0). We 

denote by c a (0) the “ray” w = Xa(9), A>1. If W(a) is “starshaped” c x (0) 
and c a (0) have only the point a(0) in common, so that c(0) = c a (0)+c a (0) 
is 'a simple curve extending from w == 0 to infinity. Let 0 X , 0 a be 0 of E 
satisfying O<0 1 <0 a <27r. The curve Cxt#*) has with c(0 x ) (besides 
* = 0) at most the point cr(0 a ) in common, which then must be on c a (0 x ). 
From this [and our definition of O (p. 0)] we conclude that for 6 X , 0 2 of E 

( 1 ) Min <&(/>, 0 X ) < <!>(/>, 0 a ) < Ma x<P( P , 9 i)+2tt, 

v ’ 


the extremes being finite, and also that 

(2) <^(0 X ) <^*(02) ^ < ^ > (^x)+ 27 ''- 

From (1) we deduce further that j 4>(p, 0)| for all P < 1 and all 0f- 

We may assume, without loss of generality, that <&(0) exists. Now 


(3) 


3012 


q'(2)_ a 
O (z) 00 


<t>(f>, 0). 


Hence, if 2 = P e ie and p < r < 1, Poisson’s formula gives 


3&z 


a(z) 2v](, r z — 2rpcos(4>— 9)+p 




g 


r 2 ~p 2 




r 2 — p2 


' r 2—2rp cos 0+/> 2 


1 f 2?r 0 7* 2 P 2 V I 

~ 2tt Jq ^ r 2 — 2rp cos (i/r — 0)+p 2 


Since <D(r, is uniformly bounded, we may (making r-> 1) replace r by 1, 
obtaining 




i r 2 ’ 


~ 1— 2p cos0+p 2 2 tt Jo 3</> 1— 2p cos (i/>— 9)+ P 2 


I- 0 2 


2#. 


f In the first instance for all 9 of E, but the restriction to E (for a fixed p) can be 
dropped! 
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Now by (2) d>(0) increases from 0(0) to (0)4-277 as 0 increases (in E) 
from 0 to 277. Hence, for a certain mean value 

^ g'.fe) i-p 2 

^ a(z) ~ 1— 2/,008 0+p 2 

[° (0) f o +(« >(0 )+ 2 -) j] ^ l-2pcos^-T)+P^] 

*-p 2 r_ ^~P 2 > Q 

1— 2pcos0+p a J* 1 — 2pcos(£— 0)+p 2 ^ u * 

This proves the necessity part of our Theorem. 

To prove the sufficiency, we note that the inequality 3&zo' (z)/o(z) > 0 
impliesf, by (3), that 0(p, 0), for fixed p, increases as 0 increases. Since 
the transform c(p) of \z \ = p by cr(z) is a simple contour including w = 0, 
this again evidently impliesf that c(p) is “ starshaped This, combined 
with the necessity part, proves the corollary. Finally, since ‘any w 
belonging to l£>(cr) is inside c(p) for sufficiently large p, the whole radius 
from 0 to w will then be inside c(p) and so in W(o-), i.e. 'UD'fc) is “ star- 
shaped”. 

It is now easy to prove Theorem 252. Since oq— 1, we can proceed 
by induction. Let n, > 1 and let us assume that | o k | ^ k for all k ^ n — 1. 
Let 

/(*) ~ 3 = 1 + C 1 Z +<>2 Z2 +---- 

From of = za we obtain, equating coefficients of z n , 

(n — l)o n = C 1 cr w _ 1 + c 2 (T n _ 2 + . . - + On- i- 

By Theorem 253 3&/(z) > 0 in y. This implies \c n \ <2 [Theorem 110]. 
Hence 

(»-l)|a n |<2[(»-l)+(n+2)+... + l]= E f»(n-l), 
the desired result. 

27 . 53. A domain is called convex if, for any two points w t and w 2 
of W , the whole stretch joining w x and w 2 belongs to W. It follows that, 
for any n points w x , w 2 , w n of a convex their arithmetic mean 

W= {w x +w 2 + . . . +w n )/n 

belongs to 1A5*. 


f Actually “ is equivalent to ” (in both, cases marked f ). 
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Theorem 254. — Suppose that a{z) transform y into a convex domain. 
Then |<r m | <1. 

This is a best possible result, sineez(l-z)- 1 = z+z 2 +z 3 +--- transforms 
y into the (convex) half-plane u > — §. 

The proof of Theorem 254 is much the same as proof (iv) of Theorem 110. 

If = e 2l,i/n , 

= | 2 o(a>'zV n ) 

is subor dina te to a(z), since the right-hand side is the arithmetic mean of 
n points of 153'. Hence |cr n | ^(oxl == 1? by Theorem 212. 

27.61. From the theorems about functions a we can draw conclu- 
sions about functions S. 

Theorem 255. — 

M(p, S) < < (i— p)2’ 

where $x = ®i(r) and d = d(F), as defined in § 25 . 1. 

By Theorem 240 S is subordinate to an S with > 0 whose F(S) 
contains T. Hence d(T) > d\T(S)\ = d(S) > Jii, by Theorem 243. 
Theorem 255 now follows from Theorem 242. 

From Theorem 248 we deduce 


Theorem 256. — 


Mfip, S) < 


SlP 

1 ~P 




4dp 

1 =? 


| s n j < es^ < 4 edn, 
where s x = 5 x (r) andd = d(V). 

For si < 4 d, and we use Theorems 213 and 248. 
Theorem 257. — | s 2 1 < 2sj < 8d. 

For, by Theorems 212 and 241, 

|s 2 | <Max (sx, |s 2 |X2sx< 8d. 


27.62. It is another open question whether |«»X»|«i| whenever S 
is subordinate to S ; the function a 0 ( z ) (subordinate to itself) shows that 
more cannot be true We actually know it to be true for n— 1 and 
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n = 2 (Theorems 212 and 257). For general s n we shall now prove some 
results similar to those of §27.5 for a n . We begin with 

Theorem 258. — Suppose that S(z) transform y into a convex domain. 
If S(z) is subordinate to S(z), then ja w | 

The proof is exactly the same as that of Theorem 254. 


27.63. We need the following results, which are of considerable 
intrinsic interest and have other applications f. 

Theorem 259. — Let |$ n (0)| ^ 1 for all real 9, where 

S n (6) = aiSinfl+aa sin 28+...-{-a n si nnd. 

i .e m\ i 

Then i n \ ^ n . 

I sm 9 | ^ 

Corollary 1. — 

\a x +2a 2 +...+na n \ 

Corollary 2. — Let | Q n (z)\ <1 for all z in y , where 

Qn( Z ) = ^0 + ^1 z ~ J T'*' J cb n Z n . 

Then \ Q' n {z) \ in y. 

Both the theorem and the corollaries are “best possible ”, as the 
examples £ n (0) = sinw# and Q n (z) — z n show. 

We may assume 0 ^ 9 < tt. If \irjn ^ 9 ^ then si n 6 ^ 29 /w ^ l/n, 
and so | (sin (0)| Similarly if \tt < 9 ^Tr—^Trjn. Let now 

0 < 6 < far/n or tt— ^tt/u < 6 ^ tt. Let cos 6 = x. The function cos n 9 
is a polynomial T n (x) of degree n , whose zeros are at x k — cosd kf where 
6 k = \{ 2 k— l)njn, l ^n. Also 

(1) T '^ = n3 ^f’ \ T »W\^ n2 - 


This formula shows' that (smd^SJd) is a polynomial in a; of (at most) 
degree to— 1. Hence, using Lagrange’s interpolation formula, 


SJ6) 
sin 8 


s MM 1 LM 

jc~i 8ind k T n (x k ) x x k 


1 2 (-1 )^S n (8 k ) 

n k = i 


T-V) 

x-x k 


| Corresponding inequalities with an extra factor A on the right-hand side are 
comparatively trivial, the essential exact ones not at all. 
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Now for our 6 we have se x < * < 1 or - 1< a: < «», respectively, so that 
T n (x)/(x—x k ) is of constant Sign for all k. Hence 



<-L 


sin0 


X x k 


This completes the proof. 

Corollary 1 is the limiting ease 6 = 0. As for Corollary 2, 

a =6i^ sin 0+ •••+*>»£”• sinn6 (|£|=1) 

-'n V / 2l 

satisfies | S n (6)\ < 1, and so, by Corollary 1, 

| Q’ (£) | = | & (£ ) | = 1 6 X £ + 26, £ 2 + . . . +nb n {* | < n. 

This (and the maximum modulus principle) proves Corollary 2. 


27 64 , Theorem 260. — Suppose that S (z) has real coefficients s n . If 
S(z) is subordinate to S(z) then |s n | ^ | ®i|- 

We recall [§ 22 . 5, Lemma 4 and (3)] that, if S (z) = S(o>(z)), 

S n = £ a <*»«*; *>*(*)= £ a«>8»; 

jfc—i n—k 

and. that in y 


*=i 




£ a<*>Z* 
k = 1 


< 1 , 


z ’ p -(i) 


< 1. 


We may assume that s ± Z> 0. Then by §27.51 (1), 

S — — [ W v(p, 9) £ a<*> p- k sin kddd = — f v{p, 6) S n (9)dd, 

* Jo 1T J ® 

where v(p, 0) = 35 <S (z), 

I (z = P e is ) 


\SJ6) |= 2 a«)p- fc sin/:0 


2 i 


and v(p, 6)^0 if 0 < fl <7r. Hence, using Theorem 259, 

( v(p, 6) sin6d6 = np~ <n ~ 1) s ll . 

** Jo 

Making p 1 we have the desired result 
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27.65. Theorem 261. — Suppose that S(z) transform y into a “star- 
shaped” domain. If S(z) is subordinate to B(z), then \s n \ 

Consider 

G(Z) = fo Hp « = ^ « a +-- 

We have si#' (z) = £(z), and so, by Theorem 253 and §'27 . 52 (3), 

§0 &T S ( izG ' (*))=g§ ar § ( *G' (*) ) = arg S(z) = f >0 (z = pe"). 

Let c(p) be the transform of \z | = p by G(z). Then arg{tz 0'(z)} is the 
angle made with the positive real axis by the tangential vector of c(p) 
at the point u>= G(z) (for increasing 0). If z moves once round the circle 
| z J = p in the positive sense this angle increases steadily by a total 2n. 
This evidently implies that c(p) is convex; thus G{z) is “ sc hli cht ?? in y 
and transforms it into a convex domain f. 

Let now S(z) — S(to). The function 

g(z) = G(£<o(z)) = g 1 z+g i z 2 +... (|£| < 1 ) 

is subordinate to G(£z), which maps y on a convex domain. Hence, by 
Theorem 258, 

Jfc= 1 K I 

Theorem 259, Corollary 2, now gives 

k„l= 

&= l 

27.7. We turn now to type (C), which is particularly simple for 
functions S. We define generally for a function /, 

tv(a) = m{a,f) = II 

where (as in Theorem 214) Zi(a), z 2 (a), ... are the non-zero roots, in order 
of increasing moduli pj(a), p 2 (d), ..., of the equation / — a =0, the 
product being taken over all p n> and a product containing no factors being 

f This result provides a new proof of Theorem 252, since, by Theorem 254, applied to 
the coefficients of G, j S*/n ) < | [• 
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interpreted to be unity, trr(a) < co means, of course, that the product 
is convergent. 

Theobem 262 . — For a function 8, 

(1) ?ar(«) = cr(a, S) < 1 + 2 j~j +2 \/(j^j+|^p) (« ¥= 0), 

(2) OT(0)< fti<tfr 

wftere s v is the first coefficient in 'Es n z n that does not vanish , and where 
d = d (F) is defined as in § 25 . L (2) gives in particular t s y | < ^ id. 

For a “schlicht” function S there is at most one z n (a), z(a) say, when 
a 7 ^ 0 , By Theorems 214 and 243 we have 


( 8 ) 


n (~n) 

n*CN Vn(a)/ 



where N is determined by p^{a) < p < p iY+1 (a). But the left side of (3) 
is not increased either if we increase or if we decrease the value of N 
(for fixed p), and it follows that (3) is valid for all values of n and p . 
Making 1, we have therefore, for any N, 


n ( ~~ 1 <=—. 
n^N \/3»(a)/ M a ) 

Hence 

(4) OT(a) <^j- 

Now by Theorems 242 and 243 


I « | = |S {£(<*) }| < 


[jijjoja) . 4 dp (a) 

U-^(a)} 2 ^ {1 ~-p{a)\" 


8° that ^0< 1 + 2 ! Ti+ 2 V / (|TI + r)' 

and the first part of the theorem follows from (4). 

If a= 0, we have ju = 1, II =s 1, in the right-hand side of the in 
equality of Theorem 214, and so 


k \r l n 



si | < id, 
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first for a special N , and then, as above, for all N and p . Making first 
/> — » 1 and then N > oo we obtain the second part. 

For special functions S p (a) is known, and (4) gives more precise 
results. Consider, for example, functions B (z) (§23.4). Here 

*(*>-&. = (6 = i8o+iyo>f 

which is an S, ^(z) say ; 

z(a, B) = £(a-r-b 0 , /Sj) = 1 (a fe 0 ), 

and we have 


or (a, 5) < 


q+feo 
a — 


(a =£ b 0 )> 


where b r 0 is the conjugate of b 0 . Similar results hold, e.g ., for functions 
(7 (§26.3), and for functions/ satisfying |/| < 1 in y. 


28. Various developments. 

28.1. Theorem 263. — Suppose that f(z) = a 1 2+a 2 J8 8 +--* ^ regular in 
|z|^ 1, and that a } = 1. Let r(/) be the radius of the greatest t cir~ 
cumference \w\ = r [not circle 1 10 | ^ r] , all of whose points are values 
taken by f in |z|^ 1. Then r(f) ^ At. 

If we add the hypothesis that / is “schlicht” the theorem is con- 
tained in Theorem 243 ; the additional hypothesis is , however , unnecessary. 

Before proving the theorem we generalize it a little further. Let 
p(f) = Max | / 1 , and let m replace the hypothesis ai = 1 by /*(/) = I. 

To see that the change does generalize the theorem, suppose the final 
form true. If now ai = 1, Cauchy’s inequality | ai | ^ r~ l M(r) shows that 
2 s whence, writing <£ = ///*(/), we have 

r(/) =r(0) /*(/)> iil,. 

We have, then, to prove : 

If f is regular in \z | ^ 1, /( 0) = 0, and p(f) = 1, then r(f) > A. 


t The values of r, of which r(f) is to be the greatest, form a closed set. 

X It is not known whether r(f) > £ is true; no stronger result is, of course, possible, as 
the example cr Q (z) shows. 



226 


Various developments. 


This follows easily from Theorem 227. In fact, if r{f) < k, then, for 
appropriate values of a and ft, ke ia and 2 ke if> are missing values of /, and 


/- 
2 Jce^—h 


is a P(z), with |p 0 | ^ 1. Hence 

A<t>) < 

l =M/XH3i4 

iXl+8^)- 1 , 

and this proves the result. 


28.2. A theorem on integral functions t . What are the conditions 
that an integral function of an integral function should be of finite order? 
The answer seems very obvious, but the only known proof has to appeal 
to the very sophisticated Theorem 263. 

Theobem 264. — Suppose that j , g,h are integral functions of z, and 
that f = g(h). If now f is of finite order , then either (i) h is a poly- 
nomial and g is of finite order , or (ii) g is of zero order and h is of finite 

order . 

If we set out to prove that g and h are not both of “ large” order 
we naturally begin a reductio ad absurdum : “h is of large order in z 

for some z , say \h\ = g(w) is of large order in R on \w |= R ”. But 

this much does not prove that f(z) is of large order; the difficulty is that 
the h(z) that have | h | = R may have the wrong amplitude to make g(w) 
large in R. The point is met by the following 

Lemma.— L et 


F(r) = M(r,f), G{r) = M(r,g), H(r) = Jf(r, «. 

There exists an absolute positive constant a such that , if h(0) = 0, then 




Let <f>(0 

* is regular in |f | < 1 and = 1. By Theorem 263 (generalized) there 


f No knowledge of the special theory of integral functions is required here. An integral 
function /(i) is said to he of finite order p if \f | < exp (| x |**«) for (arbitrary positive « and) 
large I t ], and if p is the smallest number with this property. 
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exists an absolute constant a and an R^aH{\r) suck that every v> 
satisfying \w\ = R is a value of h(z) in \z \ There is a w 0 such that 

\v>,\=R, | ff (wo)| = G(R) = G(|«; 0 |). 

There exists a z 0 satisfying | z 0 1 ^ r, for which io 0 = h(z 0 ). Then 

< G(| w Q |) = ! giwj | = | g{h(.z,)) | < F(r), 
the result of the lemma. 

28.3. Consider now Theorem 264. We may suppose h( 0) = 0 
[otherwise let h* = h—h(0), g*(w) = g{u? + A(0)j- ; then g(h) = g*(7t*), 
and the result is true for g, h if it is true for g*, fc,*] and that neither 
g nor h is a constant. Let 

^0?) = a^+^. + UnS*-!-..., ^(w) = S5 n to n , 

and let m be an integer for which a m =£ 0. We have 

.F(r) < K exp(r*), 

<?(« | a m | 2-“r m ) < G { aiT(£r) } < F{r) < E exp(A 

(1) G(a | o TO | 2~ m r) < Eex p(A~). 

We now distinguish two cases : 

(a) h is not a polynomial . Then m may be taken arbitrarily large, 
and it follows from (1) that g is of order zero. Further we have, for 
every n, 

(2) | b n | aJ5T(ir) }' * | < G { aH(ir ) f < K exp (r*). 

Since | b n | > 0 for some n > 0 (g not being a constant), (2) shows that h 
is of finite order. 

Case (b). h is a polynomial. Here (1) shows that g is of finite order. 

We observe that case (ii) (with h not a polynomial) is a possible one. 
It occurs, for example, if h is any function of finite order and 

g{w) — 2e~ nt w n . 

A comparison of lle~ n *R n with the integral ^e~ x *R*dx shows without 
difficulty, in fact, that 

G(R) < A exp (A log 2 !?), 

whence if h is of order p, f is of order 2 p at most (in point of fact of order 
2 p exactly). 

Q2 
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28.41. The inequalities (3) for functions G (§2.63) show that a set 
of missing values filling a half -line restricts the “order” of the function 
to that of (1— -/>)~ 2 at most ; Theorem 233 shows that the same restriction 
is effected by a discrete set (— 4 tt 2 n 3 ) of points on a half linet. Finally 
Theorem 242 shows that the same restriction of order is effected by 
any F of missing values, for example, any Jordan curve extending 
to oo J. A comparison of these results inevitably suggests that if the 
curve, in its turn, is replaced by a discrete string of points, with gaps 
not too large, the order of the function will still not exceed (1— 
Since it combines the depth of the very special modular theorems with 
the generality of the “schlicht” functions, this theorem can hardly be 
easy. Provided, however, that we abandon the ideal of a best possible 
power of (1— pp 1 for the order, we can not only prove the suggested 
result, but extend it materially. It will appear, in particular, that a 
very sparse set of missing values is enough to reduce the order of the 
function below a constant power of (1— p) -1 . 


Theorem 265 . — Suppose that we are given an integer k ^ 0, a constant 
c > 1, and an infinite sequence w v w 2 , ..., zvhere | = r n , r x > 0, 

r n < r n + 1 < cr n , and r n oo as n -> go . Suppose now that , in y, 
f{z) = a 0 +a 1 ^4" ... is regular and takes no value iv n more than k times . 
Then 


M(p,f)<A(k)m(l- P r h , 


where h = A (k) 0(^ + 1), rn = Max (1, \a 0 \, \a 1 \, |a*|). 


The proof depends on 

Lemma 4. — Suppose that, in y, = w 0 +^i 2 + ... is regular and 
takes neither of the values 0 and 1 more than k times. Suppose, further , 


that 


(1) 

I u n j < 1 (w 

Then 


(2) 

<p) <. A{k, p), 

(8) 

\ Wfc+i | < A(k). 


f This is, wa may observe in passing, in striking contrast to the effect of even a domain 
of missing values, provided the domain is bounded. Thus the function exp 113(8 a 

domain j w | < 1 of missing values, but its order is as high as exp ^ A L j . 


x A precisely similar group of results holds for the order of the w-th coefficient. 
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The second part follows from the first by taking p = J in 
^*+ 1 ! p k+1 ^M(p). The first is a particular case of 

Theorem 266 . — Given m > 0, n > 0, positive numbers & 0 , k x , k Hf 

0<S<1,jB>0; there exists aH-Aim, ?i, k Qi k n , 9, B) with the 

00 

following property. Let f(z)=1.a v z v be regular and have at most m 

0 

1 -points and n zeros in | z | < R. Further let j a v | < k v {v < »). Then 

\f\<B (|i|<9S). 

28 . 42. This theorem we deduce from two more lemmas. 

Lemma 5 —Let N be integral and N > 0, and let E 0 , K u 6e 

positive numbers . Then there exists aJ=A (N, K 0 , . . jBTy) the follow- 
ing property . Let F(z) — be regular and have exactly N zeros in 

|*| < 1, and let | #, | < ii„ (i/ <; jV). 

P = Min|P|< J. 

I*l-i 

This is true for IV = 0 since P ^ | /3© 1 . Suppose then N > 0 ; also that 
P > 0. Let } £& be the zeros, and let Gift) be defined by 

(1) 5(*-6j = na-fi*).j(*)G(*), 

i i 

where is the conjugate of G(z) = Sy.z 1 2 ' (say) is regular in |*| < 1. 
For | z | = 1 the two H’s are equal in modulus ; hence 

|G|=l/)P|<P-h 

Therefore \/3 v \ < P _1 . The right-hand side of (1) is therefore majorized 

by (1 +| * \) y (K 0 +... +-ffivl M r+ • • •) P- 1 s | # I’, 

o 

a fortiori by 

(2) 2 w 2|*|'CK,+ ...+i l r|*| !, + ...)jP- I 5M r . 

i * 

Hence | coefficient of z N in (1) | ^ coefficient of \z\ N in (2), 

1 ^ 2 N P~ l {coefficient of z N in (HT 0 -{- . . . +.£#(* | w )(l — |*|)~*}, 

P < 7. 

28 . 43. Lemma. 6. — Let E > 0, 0 < Pi < R,. There exists an 
O = A(E, R lt Pa) with the following property. Let f(z) be regular 
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and never equal to 0 or 1 in B x < \ z\ < B 3 , and let B 3 = ^(Bx+Ba) cmd 

Min l/l <B. 

W-* 

Then |/|<0 d«| = 2y. 

Let — JB X = 2r, and let 2 0 be a point on |s| =B 8 for which 
I /(* o) I < -B • By Theorem 227 f 

|/| < 4x(B) = jBx (I^oKH 
Let 2 ^ be the point in which | z— z 0 1 = Jr cuts | z j = B 3 ; then 

|/|<1 1 ( j B 1 ) = ^ 2 (U-^iKir). 

This process can be continued, and covers the circumference 1 2 ? | = jR 3 
in A(r/Rj) = 4(5^ B 2 ) stages. Lemma 6 follows. 

28 . 44. To prove Theorem 266 we now divide the interval &B to B into 
m+w+l equal parts. For at least one of them, which we call (B l3 B a ) 
we have 

/ =£ 0,1 (Bi < |z| < B ? ). 

AIsq, taking F of Lemma 5 to be f(R*z) and observing that 
| ft | < k v B v 3 < k v B\ N < n t we have 

Min |/| = Min | F | < 2? = A(N, Tc x B , ..., foB*) <il(n, fc 0 , ..., fc*, B). 

js | — i 

By Lemma 6 

|/| < Q = A(E, JBx, Bg) = 4(m, n, fc 0 , ..., &*, % B) 
for | js [ =r B 3 . A fortiori this holds for |s| = SB. 

28 . 45. We have now established Lemma 4. Beturn now to Theorem 
265; it is enough to prove j/(p)| ^ A(k)m(l— p)~ h . Let 

F(z)=f\p+(l-p)z\ =6 0 +M+..., 
where b n = — — / (n) (/>). 

71 i 

Since | p -f- (1 — p)z | < 1 in y, the function F(z) is regular in y and 
takes no value w n more than fc times. Let 

(1) m = M(p) = r i+l &ol“H \ !+••• + ) bk \ > r l4 

It is evident from the hypotheses about the w n that there exists a v > 1 
such that 

2m < I w* | < 2c/x. 


Note that Theorem 227 is Theorem 266 with m = n *= 0. 
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Thus 

(2) 

and 

(3) 


Let now 


| io y —w 1 1 < 2 1 to, j < 4 c/UL 


M < 2m— H < \w y |— 1 -tOi 1 < I w„— tCi|. 


<p{z) = 


F(st) 

— W! 


«0 + M l«+---- 


Clearly tj> takes neither of the values 0 and 1 more than k times; also, 
for 0 < n ^ k, 


and 


M n | = 

K 

l< 

w v — w x 

l«ol = 

1*0— Mil 

< 

| w v —w 1 1 


a ^ i 
)« r — ’ 

l*ol+ r l J 

M 


Thus Lemma 4, (3), is applicable to <f>, and we have 

[ Mfc + i| < A{k), 

(4) I 6*4-1 1 = |Mk + i(M)v— IcfxAQt) < c^CiXri+l i 0 | + ... + |6t |) 

< A(i+ 1 *ol+l*il+---+l **l)> 

where we denote by h a constant of the form A (k) c (rj 1) (not always 
the same at different occurrences). (4) may be written 

( 5 ) (i -p) i+1 i/ (i+1) wl < \ ( a - P ) k | f»<p) \+...+a-p) if (p) l ■ +\f(p) 1+ 1 ) 

= Kt, 

say. Now let x/r(p) = (1— P ) K ' +1 T. Since D\ F{ P ) |<| J"0))|, where D<S>(p) 
is the upper right-hand derivate of ‘l* ip), we have 

D^{ P ) = (l-p ) ft ’ +1 I (l-p)“D|/<">(p)| 

n—0 

- 1 (Ai+l+nXl— pf> + *\f*Hp) \-(h 1 +l)(l-p) k ' 

n—0 

< (i-/s'(i- p^i/^Oo)! — (Ai+ixi— /Ws a— pri/ <- V)|+i) 

n — 1 \*—0 

< (i -pp { a - P ) k+1 \f iM \p) | - (l o d-/.) n I / (n V) l+i)} 
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by (5). Hence 

i/rCpX i/KO) = s |/ (n) (0)| + l < ^(fe)(l + | a 0 1 + • ■ • + 1 ®* |) < A(k)m, 

M — 0 

and so finally (1— p)* 1+1 | /(/>) | < \H/>) < A (k) m. 

28.5. It is natural to generalize “schlicht functions’’ to “functions 
of valency p ”, which take (in y) no value more than p times. The questions 
at once arise: are such functions of order 2 p and coefficient order n*- 1 
(at most) ? The answers are affirmative. The proofs, due to Cartwright f, 
are difficult, and depend oh ideas unlike any we have been considering. 
A further important generalization is to functions of “ mean valency p ”, 
which, in a certain defined sense, take values “on the average 5 not more 
than p times : p now need not be integral (and may be less than 1) . [See 
D. C. Spencer, Trans. American Math . Soc 48 (3) (1940), 418-435, 
and references there given.] Cartwright’s theorems (and to a great 
extent their proofs) are, rather surprisingly, true for the wider class, and 
this greatly extends their scope. 


* M. L, Cartwright, Math. Annalen , 111 (1935), 98— ll8. 
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Addenda and Corrigenda. 

P. 25. Before § 3 insert the following : 

Suppose that f n {z) ->f(z) at each point z , or ( x , 2 /)f, of a bounded 
closed set R. Let d n (z) ~/ n — /, so that at each z of JK. 

The convergence of f n to f (or of d n to 0) is uniform in R if and only if 
dniZn)-*® for every function (or sequence) z tl of n (z n always belonging, 
to j R). 

Let M n be the upper bound of \d n \ in R. Uniform convergence 
is equivalent to M n -> 0. Also \d n (z n )\ for all functions z n , 

j d ri (z n ) | ^ \M n for some function z n . 

Suppose f n ~>f at each z of a bounded closed R, and that each f n is 
continuous in R. Then (i) if the convergence is uniform the continuity (of 
f n ) is uniform (in n)J; (ii) conversely , if the continuity is uniform so is the 
convergence. 

Further , (iii) if f n is uniformly continuous in R : and convergent , to f 
say , in a set E dense in R, then f n converges uniformly to a limit f in R. 

(i) Given the convergence uniform, / is continuous, f n —f is con- 
tinuous, and we may suppose /= 0. If all z*s concerned belong to R> 
and A z = z'— z, Aj F = F(z r ) — F(z) i we have 

I A fn |< | fn (»') | -H/n( 2 ) I < h + h = « (» > »o)> 

where 7& 0 = n 0 (e) is independent of z and z' . Also / l5 / s , •••>/«,, are con- 
tinuous. It follows that 

I A/ n | < € for [ As? | < 8 (e), independent of 

(ii) Given the continuity uniform, we have 

|A/J < e for | Az| < 8(e). 

Hence | A/j = lim| A/ n | < e for [ Az j < S ; / is continuous, f n —f is uni- 
formly continuous, and we may suppose /= 0. If tlie convergence is 
not uniform, there exists a function z n giving | f n (z n ) | > a > 0. If £ is 


f The results that follow are true in n dimensions; n — 2 is perfectly typical. 

+ The continuity of an F continuous in (a closed) R being necessarily uniform in z of 
R, reference to it is usually suppressed; any uniformity actually mentioned is with respect 
to some further parameter. The/* of the text is thus continuous uniformly in z and n. 
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a limit point of the z ni f n (£) differs little from f n (z n ) when z n is near £, 
by the uniform continuity. Hence |/ n (£)| > \ a for some large n, 
contrary to f n (0 -> 0. 

(iii) It is enough, by (ii), to prove f n convergent at each z of i?. 
Now given € there exists a 8(e) (independent of n) such that for all n 
| A/J < Je whenever ] | < S. If now 2 is any point of R, there exists a 

point z' = 2 ' ( 2 , e) of E for which | Az| < S. Then 

1 /»(*)-/»« 1 < 1 1+1 a/ m 1+1 a/ ot 1 

The first term on the right, however, is less than for 
m, n >N(z\ e) = N(z, e ), 

on account of the convergence of f n at 7 ! (a point of E). We have, then, 

|/n(^)-/m(25) | < « [»»,»> N (z, c)], 

and f n is convergent at z. 

We can use these results with advantage later. Meanwhile, the 
“ Continuous Selection Principle ”, namely the Corollary of Theorem 5, is 
an immediate consequence. 

Note first, however, a correction and an addition to the Corollary, 
(i) At the end of the first sentence of the enunciation add: “and f n is 
bounded (as 00 ) for some fixed z of D ” (ii) Add at the end : 

There is a corresponding result with a bounded dosed set R in place of 
the open D. If f n is uniformly continuous in R and bounded at some 
fixed point of R> then there exists a subsequence (n r ) such that f Ur converges 
to a continuous f, uniformly in R” 

After the proof of Theorem 5 we continue : A function F n , uniformly 
continuous in a bounded closed set, and bounded at a fixed point of the 
set, is uniformly bounded in the set. (There is a finite network of 
squares covering the set, independent of n , and such that \AF n \ < 1 in 
any one square). Hence f n is uniformly bounded in any Di and in R 
in the respective cases. Choose a denumerable set E dense in D 
(in J2, in the easier “ closed” case); by the Theorem there exists a 
subsequence (n r ) for which f Ur converges to some / in E. Then in 
any D1 f nr converges uniformly to some /, and clearly this involves 
the existence of an /, continuous in D, such that f nr ~>f uniformly in 
any D\ 
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P. 37. Omit Theorem 16 (used only to prove the vital Theorem 21, 
but originally an unpleasant necessity. Theorem 21 now receives a new 
proof). 

P. 42, 1. 6 to 1. 15. Substitute: “By the Addendum to*p. 25 f n con- 
verges uniformly in E 0 to a continuous limit, which must be f c .” 

P. 42, Theorem 21. The first two sentences of the proof stand. For the 
rest substitute : 

We prove first that for any bounded function h(8) 

(1) j g n hdO^-^ ghdd. 

Suppose \h\ ^ O . For arbitrarily small positive e, S there exists, "by 
Theorem 6, a step function h* such that | A* | ^ C and | h — A*| < e except 
in a set X of measure mX < 8. Then 

j (9n h—gh) dO — j (g n h*—gh*) d6 

JCZ JX 

The first term on the right-hand side is small with e [since g is integrable 
L and M x (g^ ^M r {g n ) ^ G]. The second is small with mX since 

\h\ + \h*\ <2C, g is integrable L> and ||gr n | is u.a.c. Hence the right- 

hand side is small with 8 and €. Finally the second integral on the left- 
hand side tends to 0, since A* is a step-function. This proves (1). 

Now let ft = [ g~\ N , ft = \ft\ r ~’ 1 sgn<£. Since ft is bounded, 

^g n ftd0~+^gftd6 

= lim ^ 

< Urn M r (gJ M r . W = A (gt j | <t> l r «») ^ 
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where A=lim M r (g n ). Since \^\4>\ T M is finite this gives 

( 2 ) 

which includes the desired result. 

P. 43, proof of Theorem 22. This should read: “By Theorem 5, 

Corollary, there exists a subsequence (n T ) such that /„,->/ uniformly in 

re 

(the whole of) E 0 . By Theorem 20, /= J gd9+c Conclude with the 
last sentence of the text. 

P. 46, Theorem 26. Por the proof substitute : “ This follows (with /„ for 
g n ) from (2) of the Addendum to Theorem 21 (p. 42) ”. 

P. 64, §5.91, Lemma. Replace from “hence” (1. 1 of the proof) to the 
end of §5.91 by “and if \h\<K, K |< A (Theorem 34), and so 
I a —h\ < 2K. The result follows by Theorem 10.” 

P. 66, §6.1. Add (at appropriate places): “ F(D) is a closed set. . . . 
C is the frontier of each of the domains (and is a closed set). The 
domains have no common point, and a Jordan curve joining a point of 
one to a point of the other must-have a point in common with C 
4 lines from end. Por “ continuous ” read “ bi-continuous ”. 

3 lines from end. Por the second “ D ” read “ A ”. 

P. 67, line 13 on. We must distinguish L v —L 2 , l lt —i 2 , upper and 
lower bounds for positive t and negative t giving p{t) — r, and make the 
obvious modifications in the subsequent argument. 

P. 83. Prom “and” (1. 18) to “>/))•” (1- 19) substitute “and let B be 
a frontier point of E'”. After “Clearly” (1. 19) insert “ B is interior 
to D,”. 

P. 105, end of §9.2. The “ minimum ” idea can be applied to prove 
the existence of a solution of z n = k also ; we therefore give a complete 
proof of the “fundamental theorem”, independent of the theory of 
circular functions (or processes of integration). 
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If /(£) = £ w +ai£ n ~ 1 +...+a n is never zero, then, since |/[ is large for 
large [£|, |/| attains a minimum other than 0, at £ 0 say. Let £ = £ 0 +z, 
f( z ) — A 0 +A m z m +...-\-z n , where A 0 ^= 0, and A m is the first of 
Ai, A 2) ..., A n = 1 that is not 0. If m — 1 we can choose 2 = — S AJA^ 
when |/(£)| = |A 0 |{1— S+0(S 2 )} < | A 0 \ for small S, a contradiction. A 
similar argument succeeds, with z = Sw, and u a solution of — A 0 /A m , 

provided we can always solve 

jF(C) = - 0. 

Repeat the “minimum at £ 0 ” argument on |F(£)| itself. If £ 0 is not 0 
then ££ A x ” is not 0, and the crude form of the argument succeeds. It 
remains only to show that for k^O |F| is not a minimum at £=0. 
We now observe first that we can always solve = ± 1, ±i. For we can 
solve £ 2 = a+ib , being solutions, with 

£= V{§ a +hV( a2 +b 2 )}+i sgn6 y'{~ia+i\/(a 2 -{-6 2 )}; 

and we may therefore suppose m odd, in which case £ m takes the 4 values 
±1, ±i m some order when £ does. Finally, if u y ( v= 1, 2, 3, 4) are 
respectively solutions of u m — ±1, the four points (&u v ) m are at the 
small distance 8 m respectively E , Pf , A, 5 of the origin. Ofie of these 
must be nearer the point k than the origin, and |F| is not a minimum 
at £ = 0. 

Alternatively we can apply the ££ N, S, E, W ” idea at the £ 0 of the 
general cas e/(£). 

The history is interesting. The theorem was stated by d’Alembert 
in 1746, and is called “d’Alembert’s theorem” by Gauss. The first 
“proof”, by modern standards, was given by Gauss in 1799; of this 
Klein says “vom heutigen Standpunkte . . . er ist im Prinzip richtig, 
aber nicht vollstandig ”. His second proof, not merely complete, but 
the best from the purely algebraic standpoint even to-day, is dated 
December 1815. (There is a third of 1816.) In 1815 Argand [Gergonne’s 
Annales , 5 (1815), 204] gave a proof by the “minimum” argument, but 
took the solution of z OT = k for granted (by the “ Argand diagram” and 
circular functions). The ideas of the proof given above are all to be found 
(heavily overlaid with detail) in Cauchy [Journal de VEcole Polytech ., 
11 (1820), 411; also later in Exercices de Mathematiques, 4 (1929), 98, or 
Cours de V Analyse, Ch. X, 331]. The alternative proof indicated above 
is given (still overlaid) in Todhunter’s £ 4 Theory of Equations” (pp. 16-20 
in the 3rd edition, 1875; Cauchy’s name is mentioned). Since then the 
proof seems to have been largely forgotten. 
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P. 110, 1. 15. The regularity of (f> is a consequence of the following very 
general theorem. 

Suppose that for each fixed t of a finite range (a, b) of the real variable t 
F(z, t) is regular in z of a fixed domain D } and that F is continuous in 

f b 

(z, t) for all z of any Di and t of (a, 6). Then J F(z, t)dt is a regular 
function of z in D. The result is valid also for an infinite range (a, b) of 
t, provided j u convergent uniformly in z of any Dl. 

This follows immediately from the following C£ Converse of Cauchy’s 
Theorem” (Morera’s Theorem), which we suppose known. 


If F(z) is continuous and one-valued in a domain D, and if for every 


simple polygon C whose interior is contained in D we have 
then F is regular in D. 



For 


j F{z>t)dt^dz= ^ F(z, t)dzjdt^^ 0cft = 0. 


[The scope of the “ F(z , t) ” theorem and its dependence on Morera’s 
Theorem have not everywhere been recognized. Morera’s Theorem gives 
a similar immediate proof of Weierstrass’s Theorem on the regularity of 
a uniformly convergent series of regular functions (and its differenti- 
ability term by term.)] 


P. 112, after §9.8. We add one or two additional theorems. 

Theorem. Suppose that A>0, and that <f>x(z), •••> w e 

regular in a bounded domain D, and continuous in D f . Then 

s \<f> n (*)\ x 

71=1 

attains its upper bound for D' at a point of F(D). 

We shall have established this if we show that, given any z 0 of D, 
either (i) there is a z x of 1 9' with S(z ± )> S(z Q ) y or (ii) there is a z x of 
F(D) with S(z 1 ) > #(z 0 ). [The bound is attained, at £ say. If £ belongs 
to D (i) is impossible for z 0 = £.] 

Let ft be a typical suffix for which <f>^(z 0 ) = 0, v one for which 
Then the j>){z) are regular at z Q (whatever branches are 
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taken). Let 

F{z) = S#(as) §gn^(z 0 ), 

»* 

so that F(z 0 ) = J F(z 0 ) | = tf(z 0 ). 

If F{z) is not constant there is a z 1 near z 0 , where | F (z x ) | > | F(z 0 ) |, 
and so 

S («i) ^ [ F (Zy) | > | F(z 0 ) | = S(z 0 ) } 

a case of (i). If, however, F is constant, it is constant in the whole of 
D' y and for any point z x of F(D) 

S(z ± ) > | F(z x ) | = | F(z 0 ) | = S(z Q ). 

There is an application of this to prove : 

Let <f>(z) be regular in \z\<B and continuous in \z\ ^B. Then 
M x (r, <f>) is a monotonic increasing function of r in 0 ^ B. 

Let <f> n = <f>(ze 2 ™/ N ) (1 < n < N). 

Let r < R. For any z Q of \z\ = r there exists,' by the Theorem, some z ± 
of\z\ = R, varying with N when that varies, such that 

(1) i Wz 0 e 2 ""- /Jr )| x <4 s \<f>(z ie *™/»)\\ 

jy/ «=»i iv «« i 

Since \<f>(z)\ x is continuous in 8 for |z| = p^.R, we have, for any 
varying with N but satisfying \£ N \ — p, 

lim^S |^e*"*/*)| x = ± \<f>(pe<‘)pdd. 

N— >qo -tV 1 Z7r Jo 

Applying this to (1) with p = r, B ; £> N = z 0 , z l9 we obtain 

M*(r, <f>)^Mt(B, 4), 

and this is equivalent to the desired result. 

Theorem. 8upjpose that f(z) is regular for all ( finite ) z, and suppose 
for simplicity that /( 0)^0. Let M(r) = M(r, /), and let n(r) be the 
number of zeros of f in \z\ Then 

Mr) < 1 °g- M ( 3r )+- £: > 

where K is a constant. 

Let a n [ n = 1, 2, .... N = n(r)] be the zeros off in \z\ and let 
«*>-■«*>/. 
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Then 

\m\ = \m\<M(Zr, ^)<Jf(3r,/)/n(j^-l) <Jf(3r)2-». 

P. 113, L 4. fjz is bounded as z->0 since /'(0) exists. 

P. 116, end of § 10 . 4. Add : As a typical application we have: 

If f(z) is regular for every ( finite ) z and 

e fW = 0(«J* 1*) 

as z~* oo, then f(z) is a polynomial of degree not exceeding Tc. 

Let /(z) = S a n z w . For large positive 

&/(i?£)<2£* (|{|<1). 

By Theorem 110 |a n jR*| < 2(212* — 3BU» 0 ) (* > 0), 

and making i?->oo we have a n = 0 if n> k. 

This result is fundamental in the theory of integral functions, and 
something like Theorem 109 or 110 is indispensable to its proof. 

P. 118, 1. 5. For a Also .... Thus [8 lines lower]” read “Since the 
continuity is uniform in any 

L. 16. For “may . . . deduced” read “follow”. 

P. 119, Theorem 115. Add at the end of the enunciation: tc Further, if 
r' is sufficiently small , / takes no value more than n times in \z— a \ < r' ”. 

Add at the end of the proof [p. 120, 1. 3]: “For the last part we 
observe that if s , r have the foregoing properties, then an / such that 
|/— 6 1 ^5 for all z satisfying |z— a\ ^ r' will have the desired property ”. 

P. 120, 1. 4 Omit “/'(z) # 0 in D, and ” ; and omit the second sentence. 
Add : “ By Theorem 115 /' is never 0 if / is * schlicht * 

P. 121. At the end add: “Similar arguments give the following result 
for a circle, in its way best possible. 

Let f(z) = a 1 z-b££ 2 2 2 +*-- } where =^0, be regular in \z\ ^ r , and never 
zero there except at %■= 0. Let Min | f(z) | = m. Then the inverse function 

</)(w) = biW+b^w^-j-... (certainly regular and “ schlicht ” in some circle 
about w *=<)) is regular and “ schlicht ” in \w\<m, and satisfies \<f>\<r 
there . 
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Suppose the value w satisfies \w\ < ra. Then as z describes \z \ = r 


A arg {/(z)— w] = A arg/(z)+A arg (l— ~) 

= 2itt — { — 0 ? 

since \wjf\ <1 on \z\ = r. Thus f—w has exactly one (and a simple) 
root, say, in \z\ <r. Let w+8w be a value near w;f takes this 
value somewhere near z, and nowhere else: thus <f>(w+8w) = i 
where 8 z is small. Hence (since 0 when Sw is made to tend to 0) 


lim = lim = lim 

° W Sw->0 ° w Sz-X) 


Sz 

8w 


lim 1 

Sz — >-0 




(where the last denominator is not 0 since z is a simple root of f—w). 
Thus <f> is one -valued and differentiable in \iv\<m, and so regular. In 
this domain it is further the inverse function of /, since <j>{w) is a z 
giving w=f(z). 


P. 132, Lemma 4. Whatever the relations of D to the point at oo, if z ± 
and z 2 are points of F(D) a closed contour composed of points of D 
cannot separate z x and z 2 . In the proof of the Lemma we can, without 
reducing to z 2 — oo, suppose z l3 z 2 finite points of F(D) and take 
£= A/ffe— «i )/(«—*#)}• 

L. 2 of the proof. After “ Then ” insert “ the point at”. 

P. 141, Lemma 9. After the first two sentences of (a), substitute the 
following for the rest of the proof of (a): “Since the nuclei D, A are 
domains , they contain z— 0 and £ — 0 as interior points ; also 

/( 0) = lim/ n (0) = lim 0 = 0, 

and similarly cj>( 0) = 0. If now / is constant, its value is 0, and since 
f n — > f uniformly in any 2)1, we have f n (z n )->Q for an arbitrary z n of any 
D\ Let rj be a small positive constant, so that |£[ is a AL, and let 
£ 0 be a point other than 0 ; for large n A rt d A1 and <f> n is defined at £ 0 ; 
let z n = <f> n (l 0 ). </> is continuous, so </>(£ 0 ) is small; so also then is <^ n (£ 0 ), 

since at £ 0 . Hence z n — <f> n {£ 0 ) is small, and belongs to a Dl, and 

also to D n . Consequently f n (z n )-+ 0, a contradiction since the left-hand 
side is £ 0 ”. 
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(6) and the first two sentences of (c) stand. Continue: “ It is enough 
to show that any 81 C A n for large n.> If 27 corresponds to 81 by /, and 
DICjDqCZ), we have D' 0 C.D n , the image of D' 0 by f n contains 81, a 
fortiori A n contains 81 
[(d) stands).] 

P. 142, §17.3. Ini. 8 insert “in A” after In 1. 10 insert “By 

Vitali’s Theorem, in A* ” after the full stop. Substitute for the 

passage from “It follows . . . ” in 1. 11 to the end of Case (i) the 
following: “Thus A* and so 4> are completely determined, and every 
convergent subsequence leads to them. Hence P, and A*, <E> are 
respectively A and the inverse of/”. 

P. 142, last line. Delete from “ and ” to “ 8 ”, and delete “ D 0 For the 
first three lines of p. 143 substitute: “z-domain (D_ contains z=0). 
Since D1 cD n for large n, we have Si cA n ; 8_ being arbitrary this gives 
8 C A, which is false 


Minor or small corrigenda . 

P. 20, f.n. In the second inequality the k> s should be k s. 

P. 33. Delete the Corollary, the line above, and the proof. 

P. 34, Theorem 13. Delete the line after (5). 

P. 35. Delete from “To see ...” (1. 11) to “ = 2” (1. 15). 

P. 39, Theorem 19. The necessity part is a luxury from the point of 
view of applications. 

P. 41, 11. 5-7. Substitute for the expression in 1. 7 “ Bm/(0) 

Note : the same points occur several times later ; we shall sometimes 
indicate the alteration by the phrase “ use Em ”. 

P. 48, 1. 4 from bottom. For f n read f nr . 

P. 71, Theorem 49. Use “ Em 

in D 

P. 78, last four lines. “ U + (i/t 0 ) = Em U ($, U_(f) = hrn 

P. 81, Theorem 63. In the second and third lines of the proof, for D 
read D', and insert “continuous ” before “ limit”. 
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P. 90. A less awkward notation would be w + , u_ for u lt u 2 (leaving the 
rest, e.g. U t 2 , unaltered). Note a slip : in 1. 9 below (2), for u x read n z . 

P. 103, Theorem 101. Use “ lim [ /| ^ M”. 

z — in JD 

P. 104, Corollary 3, 1. 2. Before “ constant ” insert “the same”. 

P. 105, Theorem 102; p. 106, Theorem 102a; p. 107, Theorem 103: Use 
lim l/KJf”. 

in D 

P. 107, 1. 3 from bottom. After “ H 99 insert “depending on € (at any 
rate in the possible case of M = 0) ”. 

P. 108. In lines 1, 2 for “ M 99 substitute “ Jf+e Add at the end of 
1. 3: “and then e->0”. Compare the f.n., p. 109. 

P. 110, Theorem 106. Use “lim 

P. 113, 1. 3. <f> is bounded near z — 0 since /'(0) exists. 

P.114,1.13. For “A” read “U”. 

P. 117, 1. 2. For |»/| read i j' \&f\d6. 

P. 121, 1. 5 from bottom. For lying in D read containing only points 
of D. 

P. 122, 1. 12. After “every” insert “convergent”. 

P. 123, §11.52, (2). After the parenthesis insert “We show that if £ 
is any point of A then/=£ £ in D” 

P. 133, 1. 12. For DP read P . 

P. 138, 11. 6, 7 from bottom. . For since . . . = M (<I>) read by Theorem 120, 
Cor. 1. 

P. 142, 1. 4. Should begin “ (d) AcS”. 

In Theorems 62, 63, 64, 102, 102a, 106, 113, 116, and in Lemma 8 
(p. 134), the domain D should be given bounded. 
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